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1.  INTRODUCTION 


This  final  technical  report  presents  a  comprehensive  summary  of  the  research 
accomplishments  supported  by  Grant  #AFOSR-89-0403  over  the  period  July  1,  1989 
to  November  30,  199^.  The  report  reviews  the  objectives  of  the  research  in  Section 
1.1.  The  status  of  the  research  effort  is  reported  in  Section  1.2.  Section  1.3  of  Chapter 
1  presents  a  comprehensive  list  of  written  publications  resulting  from  this  research 
effort.  Following  this,  Section  1.4  presents  a  recapitulation  of  the  advanced  degrees 
awarded,  a  list  of  thesis  titles,  and  a  history  of  the  professional  personnel  associated 
with  this  grant.  Seminars,  presented  papers,  and  advisory  meetings  with  Air  Force 
and  other  DOD  laboratories  are  reviewed  in  Section  1.5. 

Chapter  2  presents  some  recent  progress  in  the  computational  fluid  dynamics 
research  associated  with  the  study.  Some  additional  work  dealing  with  the  modeling 
of  liquid-structure  interaction  is  also  described. 

Appendix  A  describes  the  computer  simulation  of  the  test  rig  using  a  pendulum 
analogy  to  model  the  sloshing  liquid.  Also  included  is  a  comparison  of  the  results 
with  those  obtained  by  another  rigid  body  dynamic  modeling  package  and  from 
experimental  instrumentation  of  the  test  rig. 

Appendix  B  discusses  the  study  of  the  test  rig  stability  which  depends  on  such 
physical  parameters  as  the  masses,  inerticis  and  linear  dimensions.  The  work  is  based 
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upon  experimental  results  and  computer  simulations  completed  using  the  software 
package  SATELL  developed  at  Iowa  State  University. 

Appendices  C,  D,  and  E  describe  the  finite  element  modeling  of  the  test  rig  to 
account  for  the  elastic  deformation  of  the  spinning  structure  in  addition  to  the  rigid 
body  motion.  A  Lagrangian  approach  was  used  to  develop  the  equations  of  motion 
which  include  nonlinear  relationships  for  the  unknown  rigid  body  motions  and  linear 
terms  for  the  relatively  small  el<istic  deformations  of  the  members. 

Appendix  F  outlines  a  sequential  implicit-explicit  numerical  technique  developed 
to  solve  the  system  of  nonlinear  differential  equations  which  describe  the  rigid  body 
and  elastic  motions  of  the  structure.  The  technique  employs  a  Newmark  algorithm 
which  is  often  used  in  conjunction  with  finite  element  methods. 

Appendix  G  describes  the  basic  concepts  of  the  primitive  variable  coupled  strongly 
implicit  solution  procedure  that  was  eventually  employed  in  a  revised  form  in  the 
three-dimensional  surface  fitting  sloshing  code,  SLOSH3D.  The  version  described  in 
Appendix  G  is  applicable  to  all  flow  regimes.  For  use  in  the  simulation  of  sloshing 
flows,  the  scheme  of  Appendix  G  was  eventually  extended  to  three  dimensions  and 
specialized  to  incompressible  flow. 

Appendix  H  contains  the  first  numerical  solutions  obtained  for  three-dimensional 
liquid  sloshing  using  the  surface  fitting  scheme  developed  under  the  present  grant. 
The  paper  also  describes  the  mathematical  modeling  required  to  correctly  account 
for  the  general  rotating-nutating  motion  of  the  container.  Results  for  five  different 
free  surface  calculations  are  presented. 

Appendix  I  presents  both  experimental  and  computational  results  for  the  slosh¬ 
ing  inside  a  partially  filled  spherical  container  undergoing  an  orbital  rotating  motion. 
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Solutions  of  the  unsteady,  three-dimensional  Navier-Stokes  equations  for  the  case  of  a 
gradual  spin-up  from  rest  are  compared  with  experimental  data  obtained  using  a  ro¬ 
tating  test  rig  fitted  with  two  partially  filled  spherical  tanks.  The  numerical  solutions 
were  found  to  compare  favorably  with  the  experimental  data. 

1.1  Research  Objectives 

This  project  has  involved  the  study  of  the  dynamics  of  spin-stabilized  satellites 
carrying  sloshing  liquid  stores.  It  represents  a  continuation  of  work  completed  during 
an  initial  three  year  funding  period  from  the  Air  Force  Office  of  Scientific  Research. 
During  the  previous  three  year  period,  a  test  rig  capable  of  spinning  an  assembly 
with  two  liquid-filled  spherical  tanks  was  designed,  built  and  instrumented.  Initial 
experimental  runs  were  completed  for  a  limited  number  of  physical  parameter  values. 
In  a  parallel  effort  a  computer  simulation  model  was  developed  which  treated  the 
sloshing  liquid  as  a  two  degree-of-freedom  pendulum.  Numerical  results  showed  good 
agreement  with  the  empirical  data.  However,  in  an  attempt  to  produce  an  even  better 
mathematical  model,  an  effort  was  initiated  to  replace  the  pendulum  analogy  by  a 
more  exact  characterization  based  upon  computational  fluid  dynamics  (CFD).  The 
research  conducted  during  the  current  three  year  period  has  continued  the  spacecraft 
dynamic  studies  started  during  the  initial  phase.  The  objectives  of  this  continuation 
grant  have  included: 

•  To  define  regions  of  stability  for  the  existing  test  rig  and  to  evaluate  the  effect 
on  stability  of  such  design  parameters  as  tank  fill  ratios,  liquid  viscosity,  and 
moments  and  products  of  inertia. 


•  To  modify  and  expand  the  mathematical  model  of  the  satellite  simulator  to 
include  a  finite  element  analysis  of  the  precessing  and  deforming  structure. 

•  To  identify  the  fluid  reaction  on  its  container  (tank)  by  the  dynamic  modeling 
of  the  sloshing  free  surface  liquid.  To  fully  develop  the  computational  fluid 
dynamic  model  of  this  free  surface  liquid  with  its  time-varying  reaction  on  the 
spherical  tank. 

Development  of  such  a  model  was  undertaken  to  provide  a  state-of-the-art  repre¬ 
sentation  of  the  test  rig  to  accurately  predict  the  motion  of  the  system  and  its  various 
elements  and  to  provide  insight  into  the  interactive  nature  of  the  structural  and  liq¬ 
uid  components.  Such  a  computational  model  should  provide  a  valuable  tool  for  the 
study  of  parameters  and  physical  phenomena  governing  the  stability  and  motion  of 
complex  space  systems. 


1.2  Status  of  Research 

Work  under  the  previous  AFOSR  grant  hcis  provided  a  solid  foundation  for  the 
current  effort.  During  the  previous  phase  of  the  research,  a  test  rig  was  built  and 
instrumented,  and  a  software  package  (SATELL)  was  developed  to  the  simulate  the 
rigid  body  motion  of  the  test  assembly.  A  pendulum  analogy  was  used  to  model  the 
sloshing  liquid  in  that  early  program.  Several  numerical  simulations  were  carried  out 
and  results  were  compared  with  those  from  another  rigid  body  dynamics  package 
called  CAMS.  Simulation  output  was  also  compared  with  experimental  data  for  a 
few  select  cases  (see  Appendix  A). 

Experimental  work  and  numerical  simulations  using  SATELL  have  continued 
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during  the  current  research  effort.  Attention  hcis  been  focused  on  stability  analysis 
of  the  test  rig’s  dynamic  motion.  Various  ctises  have  been  studied  to  determine 
the  influence  of  physical  parameters  such  as  masses,  inertias  and  linear  dimensions. 
Results  have  verified  the  conclusion  that  stable  motion  for  such  a  system  with  energy 
dissipation  due  to  flexible  members  and/or  a  sloshing  viscous  liquid  requires  spin 
about  the  axis  of  maximum  principal  moment  of  inertia.  However,  certain  instances 
were  discovered  when  that  requirement  was  not  sufficient  to  guarantee  stable  motion. 
This  was  found  to  be  true  for  both  experimental  and  numerical  procedures  (see 
Appendix  B). 

While  the  rigid  body  model  provided  results  that  were  in  general  agreement 
with  the  experimental  data,  a  more  exact  model  to  account  for  the  elastic  and  rigid 
body  motions  was  needed  to  better  predict  the  motion  of  the  assembly.  A  finite 
element  approach  was  utilized  along  with  a  Lagrangian  formulation  to  develop  the 
equations  of  motion.  Both  the  rigid  body  degrees  of  freedom  and  the  elastic  degrees 
of  freedom  were  considered  as  unknown  generalized  coordinates  of  the  entire  system 
in  order  to  accurately  reflect  the  nature  of  mutually  coupled  rigid  body  and  elastic 
motions.  Nonlinear  coupling  terms  between  the  rigid  body  and  elastic  motions  were 
fully  derived  and  explicitly  expressed  in  matrix  form  (see  Appendices  C,  D  and  E). 

The  equations  developed  for  the  overall  rigid  plus  elastic  motion  described  above 
contain  rigid  body  motion  coordinates  that  appear  in  a  highly  nonlinear  fashion  along 
with  small  elastic  motion  coordinates  that  can  be  handled  adequately  by  linearized 
relationships.  Furthermore,  the  overall  system  of  equations  involves  time-varying 
coefficient  matrices  which  greatly  complicate  the  solution  process.  A  sequential, 
implicit-explicit  integration  method  is  utilized  to  handle  these  difficulties.  In  this 
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technique,  the  equation  system  is  first  mapped  to  a  subsystem  in  which  the  specified 
generalized  coordinates  are  eliminated.  The  subsystem  is  then  partitioned  into  two 
sets  of  coupled  equations.  The  set  describing  elastic  motion,  which  is  linear  with 
respect  to  the  elastic  generalized  coordinates  is  integrated  implicitly.  The  set  gov¬ 
erning  the  rigid  body  motion,  which  contains  the  highly  nonlinear  coupling  terms,  is 
integrated  explicitly  with  back  substitution  of  the  elastic  kinematic  properties  deter¬ 
mined  from  the  first  set  of  equations.  A  Newmark  algorithm  is  used  to  integrate  the 
second  order  systems  of  equations  directly  (see  Appendix  F). 

Two  numerical  strategies  for  computing  liquid  sloshing  flows  have  been  pursued 
under  this  grant.  Both  provide  a  numerical  solution  to  the  full  three-dimensional 
unsteady  incompressible  Navier-Stokes  equations  which  govern  the  liquid  motion. 
Both  schemes  utilize  primitive  variables  and  an  artificial  compressibility  approach. 
The  schemes  differ  primarily  in  the  way  in  which  the  free  surface  and  the  grid  are 
treated. 

The  most  widely  tested  and  “advanced”  scheme  utilizes  “surface  fitting”  whereby 
the  free  surface  becomes  one  of  the  boundaries  of  the  computational  domain.  In  this 
approach  the  grid  points  are  moved  after  each  time  step.  The  computer  code  based 
on  this  approach,  SLOSH3D,  utilizes  a  coupled  strongly  implicit  procedure  (SIP)  to 
solve  the  resulting  algebraic  equations.  The  basic  concept  of  the  primitive  variable 
coupled  SIP  scheme  is  discussed  in  a  paper  by  Chen  and  Pletcher  (see  Appendix  G). 
Results  from  the  SL0SH3D  code  are  described  in  Appendix  H  and  Appendix  I. 

The  second  scheme  utilizes  “surface  capturing.”  The  main  motivation  for  pur¬ 
suing  this  strategy  is  that  surface  capturing  does  not  require  a  moving,  surface  con¬ 
forming  grid.  Such  surface  conforming  grids  become  difficult  to  generate  as  the  free 
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surface  topologies  become  more  complex.  In  addition,  the  establishment  of  a  new 
grid  at  each  time  step  does  require  computational  resources.  The  surface  capturing 
permits  the  calculation  of  a  more  general  class  of  flow  than  with  surface  fitting.  The 
surface  fitting  approach  allows  computation  of  only  the  liquid  in  a  container  whereas 
with  surface  capturing,  the  flow  in  both  phases,  liquid  and  gas  (or  vapor)  can  be  re¬ 
solved.  In  some  applications,  information  on  both  phcises  is  desired.  This  formulation 
and  the  results  obtained  to  date  are  described  in  Section  2.2. 

Calculations  of  fluid-structure  interactions  have  been  successfully  carried  out. 
Two  codes  developed  under  this  grant,  STRUCTURE,  which  calculates  the  flexible 
system  dynamics,  and  SL0SH3D,  which  computes  the  sloshing  motion  of  the  fluid 
contained  in  the  tank,  have  been  joined  into  a  single  unit  that  enables  the  transfer 
of  information  between  the  two  component  modules  at  each  time  step  of  the  simula¬ 
tion.  Such  interactive  calculations  permit  much  more  realistic  predictions  of  system 
behavior  and  are  likely  to  become  widely  used  in  design  procedures  in  the  future. 
More  details  of  the  formulation  and  the  preliminary  results  are  reported  in  Section 
2.3. 


1.3  Publications 


Listed  below  are  technical  reports  previously  submitted  to  the  Air  Force  Office  of 
Scientific  Research; 

Baumgarten,  J.R.,  Flugrad,  D.R.,  and  Fletcher,  R.H.  (1990).  “Investi¬ 
gation  of  Liquid  Sloshing  in  Spin-Stabilized  Satellites,”  Technical  Report 
No.  ISU-ERI-Ames  90410,  Iowa  State  University,  Ames,  lA. 

Baumgarten,  J.R.,  Flugrad,  D.R.,  and  Fletcher,  R.H.  (1991).  “Investi¬ 
gation  of  Liquid  Sloshing  in  Spin-Stabilized  Satellites,”  Technical  Report 
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No.  ISU-ERI-Ames  92400,  Iowa  State  University,  Ames,  lA. 


Listed  below  are  technical  publications  resulting  from  this  work  during  the  current 
grant: 


Chen,  K.-H.,  Kelecy,  F.J.,  and  Fletcher,  R.H.  (1992).  “A  Numerical  and 
Experimental  Study  of  Three-Dimensional  Liquid  Sloshing  in  a  Rotating 
Spherical  Container,”  AIAA-92-0829,  presented  at  the  30th  Aerospace 
Sciences  Meeting,  Reno,  NV. 

Chen,  K.-H.  and  Fletcher,  R.H.  (1991).  “A  Frimitive  Variable,  Strongly 
Implicit  Calculation  Frocedure  for  Viscous  Flows  at  all  Speeds,”  AIAA 
Journal,  Vol.  29,  No.  8:  1241-1249. 

Chen,  K.-H.  and  Fletcher,  R.H.  (1991).  “A  Frimitive  Variable,  Strongly 
Implicit  Calculation  Frocedure,”  Technical  Report  Grant  No.  AFOSR- 
89-0403,  Report  No.  ISU-ERI-Ames  91401. 

Flugrad,  D.R.  and  Obermaier,  L.A.  (1992).  “Computer  Simulation  of  a 
Test-Rig  to  Model  Liquid  Sloshing  in  Spin-Stabilized  Satellites,”  ASME 
Journal  of  Dynamic  Systems,  Measurements,  and  Control,  Vol.  114,  No. 

4:  689-698. 

Kassinos,  A.C.  and  Frusa,  J.M.  (1990).  “A  Numerical  Model  for  3D  Vis¬ 
cous  Sloshing  in  Moving  Containers,”  Froceedings  of  the  ASME  Winter 
Annual  Meeting,  Symposium  on  Recent  Advances  and  Applications  in 
CFD:  pp.  75-86. 

Listed  below  are  the  papers  which  have  been  accepted  for  publication: 

Chen,  K.-H.  and  Fletcher,  R.H.  (in  press).  “Simulation  of  Three-Dimensional 
Liquid  Sloshing  Flows  Using  a  Strongly  Implicit  Calculation  Frocedure,” 
AIAA  Journal. 

Hill,  D.E.  and  Baumgarten,  J.R.  (in  press).  “Control  of  Spin-Stabilized 
Spacecraft  with  Sloshing  Fluid  Stores,”  ASME  Journal  of  Dynamic  Sys¬ 
tems,  Measurements,  and  Control. 
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Xu,  J.,  and  Baumgarten,  J.R.  (1991).  “A  Finite  Element /Lagrangian  For¬ 
mulation  of  Dynamic  Motion  Prediction  for  a  Flexible  Satellite  Simulator 
with  Both  Rigid  and  Elastic  Bodies,”  Proceedings  of  the  2nd  National  Ap¬ 
plied  Mechanisms  and  Robotics  Conference,  Cincinnati,  OH,  November  3 
-  6,  91AMR-VIIB-5:  1  -  8. 


Xu,  J.,  and  Baumgarten,  J.R.  (1992).  “Modeling  of  Flexible  Multibody 
Articulated  Structures  with  Mutually  Coupled  Motions.  Part  I:  General 
Theory,”  ASMS  Flexible  Mechanisms,  Dynamics,  and  Analysis,  DE-Vol. 
47:  411  -  419. 


Xu,  J.,  and  Baumgarten,  J.R.  (1992).  “Modeling  of  Flexible  Multibody 
Articulated  Structures  with  Mutually  Coupled  Motions.  Part  II:  Applica¬ 
tion  and  Results,”  ASME  Flexible  Mechanisms,  Dynamics,  and  Analysis, 
DE-Vol.  47:  421  -  429. 


Xu,  J.,  and  Baumgarten,  J.R.  (1992).  “A  Sequential  Implicit-Explicit  In¬ 
tegration  Method  in  Solving  Nonlinear  Differential  Equations  from  Flexi¬ 
ble  System  Modeling,”  ASME  Flexible  Mechanisms,  Dynamics,  and  Anal¬ 
ysis,  DE-Vol.  47:  561  -  566. 


Listed  below  are  the  papers  which  are  currently  under  review  for  publication  in  the 
technical  literature: 


Chen,  K.-H.,  Kelecy,  F.J.,  and  Pletcher,  R.H.  (1992).  “A  Numerical  and 
Experimental  Study  of  Three-Dimensional  Liquid  Sloshing  in  a  Rotating 
Spherical  Container,”  under  review  by  AM  A  Journal  Thermophysics  and 
Heat  Transfer. 


Schick,  T.E.  and  Flugrad,  D.R.  (1992).  “Motion  Study  of  A  Spin-Stabilized 
Satellite  Test  Rig,”  under  review  by  AMA  Journal  of  Guidance,  Control, 
and  Dynamics. 
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1.4  List  of  Research  Personnel,  Thesis  Titles,  and  Degrees  Awarded 


The  investigation  of  rigid  body  and  flexural  structure  response  of  the  satellite 
simulator  is  directed  by  J.R.  Baumgarten  and  D.R.  Flugrad. 

J.  R.  Baumgarten  served  as  principal  investigator  for  the  project  until  his  re¬ 
tirement  in  June  1992.  D.  R.  Flugrad  and  R.  H.  Fletcher  have  served  as  co-principal 
investigators  and  have  continued  to  share  that  responsibility  following  Baumgarten ’s 
retirement. 

J.  R.  Baumgarten  supervised  the  work  of  Jiechi  Xu,  a  Ph.D.  student  who  has 
developed  software  to  model  the  elastic  and  dynamic  motions  of  the  satellite  test 
rig.  This  is  a  particularly  difficult  problem  because  of  the  unspecified  rigid  body  mo¬ 
tions  of  the  assembly  which  are  best  characterized  by  nonlinear  differential  equations 
coupled  with  small  elastic  deformations  of  the  structure  which  can  adequately  be 
described  by  linear  relationships.  Flexible  components  of  the  structure  were  modeled 
by  finite  element  beam  members  and  a  sequential  implicit-explicit  integration  tech¬ 
nique  was  developed  to  solve  the  combined  system  of  differential  equations.  He  also 
worked  with  others  on  the  project  in  developing  a  numerical  procedure  for  simulating 
the  interaction  between  the  spinning,  elastic  structure  and  the  sloshing  liquid.  Xu  is 
expected  to  graduate  in  May  1993.  His  dissertation  is  entitled: 

Xu,  J.,  (1993).  “Dynamic  Modeling  of  Multibody  Flexible  Structures,” 

Ph.D.  Thesis,  Iowa  State  University,  Ames,  lA. 

Troy  Schick  studied  the  dynamic  stability  of  the  satellite  test  rig.  Under  the 
direction  of  D.  R.  Flugrad  he  extended  the  work  of  Lisa  Obermaier,  a  former  M.S. 
student  who  worked  on  the  project  during  the  previous  three  year  grant.  Obermaier 
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developed  a  computer  program  named  SATELL  to  simulate  the  rigid  body  motion  of 
the  test  rig  using  a  pendulum  analogy  to  model  the  sloshing  liquid.  Schick  used  that 
program  to  run  a  number  of  cases  to  study  motion  stability  of  the  system  based  on 
physical  parameters  such  as  masses,  inertias  and  linear  dimensions.  He  was  also  able 
to  verify  expected  results  experimentally.  He  graduated  in  May  1991  and  is  currently 
employed  by  Olin  Corporation  in  Indianapolis,  IN.  His  thesis  title  is: 

Schick,  T.  E.  (1991).  “Motion  Study  of  a  Spin-Stabilized  Satellite  Test 
Rig,”  M.S.  Thesis,  Iowa  State  University,  Ames,  lA. 

Tom  Thompson  joined  the  project  as  a  Ph.D.  student  in  1992.  Under  D.  R. 
Flugrad’s  supervision,  he  has  assisted  in  the  experimental  work  associated  with  the 
effort  to  combine  the  rigid  body/elastic  model  and  the  CFD  model  to  study  the 
liquid/structure  interaction.  He  expects  to  graduate  in  1994. 

The  computational  fluid  dynamics  effort  was  directed  by  R.  H.  Fletcher.  He  was 
assisted  by  Ph.D.  students  Kuo-Huey  Chen,  Franklyn  Kelecy,  and  Babu  Sethuraman, 
Mr.  Chen  graduated  with  the  Ph.D.  in  December,  1990.  His  dissertation  was  entitled 

Chen,  K-H.  (1990).  “A  Primitive  Variable,  Strongly  Implicit  Calcula¬ 
tion  Procedure  for  Two  and  Three-Dimensional  Unsteady  Viscous  Flows: 
Applications  to  Compressible  and  Incompressible  Flows  Including  Flows 
with  Free  Surfaces,”  Ph.D.  Thesis,  Iowa  State  University,  Ames,  lA. 

Mr.  Kelecy  expects  to  complete  degree  requirements  in  1993,  and  Mr.  Sethuraman, 
in  1994. 


1.5  Seminars,  Presentations,  and  Laboratory  Visits 

J.  R.  Baumgarten  visited  Dr.  Spencer  Wu  at  AFOSR  Bolling  AFB  in  March 
1990.  The  visit  coordinated  the  work  of  various  technical  personnel  with  the  mission 
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of  the  grant.  Baumgarteii  attended  the  1990  Supercomputing  Institute  at  AFSC  Kii  t- 
land  AFB,  21-25  May  1990.  He  conducted  the  seminar  titled  “Tumbling  Satellites” 
at  Afdeling  VVerktuigkunde,  K.  U.  Leuven,  Leuven,  Belgium  on  Jan.  15,  1990. 

R.  H.  Fletcher  held  a  seminar  titled  “Numerical  Simulation  of  Unsteady  Viscous 
Flows”  on  Jan.  16,  1990  at  NASA  Lewis  Research  Center  in  which  he  covered  the 
early  results  of  Mr.  Chen’s  calculations.  His  host  was  Dr.  Meng  Liou,  Branch  Chief, 
Computational  Fluid  Mechanics. 

Kuo-Huey  Chen  held  a  seminar  titled  “A  Primitive  Variable  Strongly  Implicit 
Calculation  Procedure  for  Two  and  Three  Dimensional  Flows  ”  on  June  4,  1990  at 
CFD  Research  Corporation,  Huntsville  Alabama. 

R.H.  Fletcher  held  the  seminar  entitled,  “Numerical  Simulation  of  Unsteady 
Viscous  Flows”  at  the  University  of  Alabama,  Huntsville,  Feb.  15,  1991.  Results  of 
liquid  sloshing  simulations  were  featured.  The  seminar  was  part  of  the  1991  Propul- 
sion/CFD/Mechanical  Engineering  Series  attended  by  faculty,  students,  industrial 
representatives,  and  personnel  from  NASA  Marshall  Labs.  Fletcher  visited  NASA 
Lewis  Research  Center  on  three  occasions  to  discuss  future  research  in  liquid  sloshing. 
He  visited  NASA  Ames  Research  Center  in  March  1991  to  collaborate  on  research  in 
turbulence  modeling. 

D.R.  Flugrad  and  J.R.  Baumgarten  visited  the  Federal  Microelectronics  and 
Instrumentation  Laboratory,  Limrick,  Ireland  in  March  while  participating  in  the 
seminar  FAIM  91.  Drs.  Flugrad  and  Baumgarten  both  presented  lectures  on  path 
planning  for  open  chain  multiple  body  mechanisms. 

All  three  principal  investigators  participated  in  the  1991  Air  Force  Office  of 
Scientific  Research  Contractors  Meeting  on  Structural  Dynamics  held  in  Dayton, 
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Ohio  in  October  of  1991.  A  presentation  of  progress  and  plans  wcis  made  as  a  part 
of  the  scheduled  program. 

During  July,  1991,  R.  H.  Fletcher  presented  a  seminar  on  “Recent  Results  in  the 
Numerical  Simulation  of  Unsteady  Viscous  Flows”  at  the  NASA  Lewis  Research  Cen¬ 
ter.  In  September,  1991,  he  presented  an  invited  lecture  on  “Numerical  Simulation 
of  Unsteady  Viscous  Flows”  at  the  Fourth  Nobeyama  Workshop  on  Supercomput¬ 
ing  and  Experiments  in  Fluid  Dynamics,  Nobeyama,  Japan.  In  November,  1991, 
Fletcher  presented  a  seminar  at  Iowa  State  University  “On  the  Numerical  Solution 
of  the  Compressible  Navier-Stokes  Equations  at  Very  Low  Mach  Numbers.” 

In  January,  1992,  Dr.  K.-H.  Chen,  a  former  graduate  student  participant  in  the 
present  grant,  presented  a  paper  describing  some  of  our  most  recent  results,  “A  Nu¬ 
merical  and  Experimental  Study  of  Three-Dimensional  Liquid  Sloshing  in  a  Rotating 
Spherical  Container”  at  the  1992  Aerospace  Sciences  meeting  in  Reno,  Nevada. 

In  November  of  1991,  Mr.  Xu  presented  a  paper  entitled  “A  Finite  Element /Lagrangian 
Formulation  of  Dynamic  Motion  Frediction  for  a  Flexible  Satellite  Simulator  with 
Both  Rigid  and  Elastic  Bodies”  at  the  2nd  National  Applied  Mechanisms  and  Robotics 
Conference  in  Cincinnati,  Ohio. 
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2.  RESEARCH  IN  PROGRESS 


The  following  sections  summarize  some  of  the  more  recent  results  obtained  in  the 
present  research  program.  The  first  section  discusses  the  progress  made  in  the  liquid 
sloshing  calculations  using  the  surface  fitting  approach.  The  next  section  describes 
recent  advances  in  the  surface  capturing  approach  along  with  some  results  for  two 
test  cases.  The  last  section  presents  some  experimental  results  obtained  from  the  ISU 
satellite  test  rig  for  the  case  of  a  simple  orbital  spin-up.  The  experimental  data  are 
compared  with  numerical  solutions  obtained  from  a  fluid-structure  interaction  code. 

2.1  Recent  Progre3s  in  the  Surface  Fitting  Approach 

Most  of  the  effort  in  the  surface  fitting  approach  has  been  directed  towards 
eliminating  some  of  the  problems  with  the  current  code  and  enhancing  its  overall 
capability.  The  two  areas  which  received  the  most  attention  were  the  handling  of 
the  free  surface  motion  and  speeding  up  the  code  execution  particularly  through 
vectorization.  Progress  in  these  two  areas  will  be  discussed  below. 

2.1.1  Free-surface  motion 

A  key  feature  of  the  free  surface  fitting  approach  is  that  the  location  and  shape 
of  the  free  surface  at  each  time  step  is  not  known  beforehand  and  thus  has  to  be 
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evaluated  part  of  the  solution.  The  free-surface  location  is  obtained  by  solving  the 
equation  that  states  the  free-surface  kinematic  (FSK)  condition  which  is  based  on 
the  principle  that  ‘particles  on  the  free  surface  remain  on  the  free  surface’. 

Knowing  the  flow  solution  (the  velocity  components  u,v,  and  w  in  the  three 
directions  and  the  density  p)  at  all  the  grid  points  at  a  particular  point  in  time,  the 
location  of  the  free  surface  after  one  time  step  must  be  evaluated.  This  is  done  by 
solving  the  free  surface  kinematic  equation,  which  is  of  the  form: 


dt  '  dxi  dx2 


(2.1) 


where  F  =  F{xi,X2,t)  is  the  free-surface  function  that  describes  the  location/shape 
of  the  free-surface.  In  this  equation,  coefhcients  Ci,  C2,  and  the  source  term  5  are 
functions  of  the  flow  field  and  certain  other  grid  related  parameters.  As  we  are  trying 
to  estimate  F  at  time  step  ‘n  -f  1’,  the  flow  solution  as  well  as  the  grid  are  known 
only  at  the  current  time  level,  n.  Hence  the  coefficients,  Ci,  C2  and  the  source  term 
S  are  also  known  only  at  the  time  level  n.  In  trying  to  solve  for  F"'*'*  (superscript 
denotes  time  level),  these  coefficients  and  the  source  term  are  ‘lagged’  to  the  previous 
time  level.  In  short,  it  can  be  said  that  the  equation  solved  was  equivalent  to 
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(2.2) 


In  the  pcist,  this  equation  was  solved  just  once  to  get  F"'*'*.  The  approach  has 
been  modified  in  the  following  way:  The  above  procedure  of  lagging  the  unknown 
coefficients  is  used  once  to  get  F"'*"*.  Using  the  new  free-surface  information  and 
the  subsequently  converged  flow  solution,  the  coefficients  and  the  source  term  are 
evaluated  at  the  new  time  level  n  -h  1.  Using  the  new  information,  the  following 
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equation  was  solved  to  refine  : 

”+2  ^n+1  _  jpn 

At 

2 

,  ig^r[^l"+ic»r'[^]*'" .  i5r+i5r- 

2  2  . 

(2.3) 

The  system  of  algebraic  equations  resulting  from  approximating  the  spatial 
derivatives  by  appropriate  (one-sided  or  central,  depending  on  the  situation)  fi¬ 
nite  difference  forms,  was  solved  using  a  two-dimensional  strongly  implicit  procedure 
(2DSIP).  Terms  that  did  not  fall  within  the  5  point  2DSIP  molecule  (including  terms 
from  previous  time  level)  were  moved  to  the  right  hand  side  in  the  solution  algorithm. 

This  method,  which  is  more  like  the  trapezoidal  or  Crank-Nicolson  time  differ¬ 
encing,  was  expected  to  give  better  results  as  the  scheme  is  closer  to  being  second 
order  accurate  in  time  as  compared  to  the  first  order  accuracy  of  the  old  scheme.  It 
should  be  noted  that  the  above  procedure  can  be  repeated  (using  the  latest  values 
of  Cl,  C2,  and  S  for  time  level  n  -|-  1)  until  the  changes  in  F  are  small  at  each  time 
step. 

As  the  location  of  the  free  surface  determines  the  amount  of  liquid  in  the  con¬ 
tainer,  the  more  accurate  scheme  is  likely  to  better  conserve  mass  globally.  Numerical 
calculations  to  date  tend  to  support  this  idea.  For  one  spin-up  calculation,  the  error 
between  the  initial  volume  of  liquid  and  the  final  volume  was  about  10  %  when  the 
free  surface  calculations  were  done  only  once  per  time  step.  It  was  found  that  this 


dt 
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error  could  be  reduced  to  approximately  4  %  when  the  free  surface  calculations  were 
done  twice  per  time  step,  and  to  sightly  below  2  %  when  the  calculations  were  done 
four  times  per  time  step. 

2.1.2  Contact  line  boundary  conditions 

The  boundary  condition  used  along  the  line  of  contact  between  the  free-surface 
and  the  solid  container  wall  has  been  changed  to  avoid  some  problems  associated  with 
computing  higher  Reynolds  number  flows.  The  grid  in  the  interior  of  the  liquid  is 
generated  algebraically  so  that  the  grid  lines  conform  to  the  shape  of  the  free-surface. 
In  other  words,  the  free-surface  shape  is  one  of  the  main  factors  that  determines  the 
placement  of  interior  grid  lines. 

The  free-surface  kinematic  equation  is  solved  in  the  interior  of  the  free  surface 
(i.e.  the  entire  free-surface  excluding  the  line  of  contact  between  the  free-surface  and 
the  container  wall)  and  the  position  of  the  contact  line  is  estimated  through  separate 
procedures.  The  method  that  is  currently  being  used  is  to  estimate  the  contact  line 
such  that  the  condition  1  =  0  is  satisfied.  In  this  condition,  n  denotes  a  direction 
normal  to  the  wall  of  the  container.  This  method  ensures  that  the  free-surface  is 
locally  normal  to  the  solid  wall  along  the  contact  line.  This  is  an  attempt  to  avoid 
grid  cells  with  very  sharp  corners  near  the  container  wall  and  associated  numerical 
instabilities. 

The  improved  method  of  solving  the  free  surface  kinematic  (FSK)  equation  along 
with  the  revised  boundary  condition  has  shown  much  promise.  In  earlier  attempts 
at  trying  to  solve  some  severe  spin-up  cases,  the  code  displayed  a  tendency  to  slow 
down  in  convergence  as  time  marching  continued,  and  eventually  blow  up.  This 
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problem  was  eliminated  by  using  the  new  approach  described  above.  One  spin-up  case 
corresponding  to  a  Reynolds  number  of  250  has  been  successfully  computed.  Further 
numerical  experiments  are  underway  to  study  the  usefulness  of  this  procedure. 

2.1.3  Code  reRnement  efforts 

Earlier  attempts  at  using  the  SLOSH3D  code  to  simulate  spin-ups  of  spherical 
tanks  encountered  some  difficulties  beyond  a  certain  range  of  Reynolds  numbers 
(based  on  tank  radius  and  linear  velocity  of  tank  center).  For  a  particular  case 
{Re  ss  180),  the  calculations  suddenly  began  to  diverge,  and  eventually  blew  up. 
Another  problem  associated  with  such  calculations  was  a  large  difference  (more  than 
10%)  between  the  initial  volume  of  the  liquid  in  the  tank  and  the  calculated  volume 
after  sufficiently  large  number  of  time  steps. 

It  was  felt  that  the  use  of  a  finer  grid  might  eliminate  such  problems.  A  major 
difficulty  associated  with  grid  refinement  was  that  the  time  taken  for  the  computa¬ 
tions  began  to  grow  out  of  control.  At  that  stage,  it  v/as  realized  that  enhancing 
the  execution  speed  of  the  code  was  vital  to  the  simulation  of  finer  grid  and  high 
Reynolds  number  cases. 

Two  different  approaches  were  taken  to  make  the  code  execution  faster.  The 
first  one  is  a  direct  consequence  of  the  fact  that  the  code  w«is  developed  to  suit 
the  capability  of  the  workstations  on  which  the  code  was  primarily  expected  to  run. 
These  machines  had  restrictions  on  the  memory  size  that  prohibited  the  use  of  finer 
grids.  So,  it  was  decided  to  use  larger  memory  vector  machines  like  the  Cray  Y-MP 
with  a  code  that  was  different  in  the  following  ways: 

1.  Removing  repetitive  calculations: 
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As  pointed  out  earlier,  the  initial  code  development  was  tailored  to  suit  the 
capability  of  workstations  available  on  campus  which  had  very  limited  mem¬ 
ory.  Hence,  as  far  as  possible,  the  code  was  based  on  repetitive  generation  of 
the  same  sets  of  numbers  rather  than  generating  them  just  once  and  storing 
them  in  large  arrays.  The  enhanced  memory  on  large  computers  like  the  Y-MP, 
permitted  switching  to  larger  storage  and  fewer  calculations.  This  eventually 
resulted  in  faster  code  execution.  In  fact,  a  significant  speed-up,  by  a  factor 
of  as  many  as  ten  times  could  be  achieved  by  modifying  the  code  along  these 
lines. 

2.  Vectorization: 


The  SL0SH3D  code  uses  a  three-dimensional  coupled  strongly  implicit  pro¬ 
cedure  (CSIP3D)  to  solve  the  system  of  algebraic  equations  which  results  from 
the  finite  difference  discretization.  This  CSIP3D  routine  is  a  critical  and  time 
consuming  part  of  the  overall  calculations.  It  was  realized  that  this  part  of  the 
calculations  was  responsible  for  a  large  fraction  of  the  computer  execution  time 
due  to  high  data  dependence  of  the  implicit  procedure  and  the  consequent  time 
consuming  scalar  execution  loops. 

The  algorithm  was  vectorized  along  surfaces  of  constant  index  sums  (f-|- j  +  k  = 
constant).  In  other  words,  the  three-dimensional  calculations  were  converted 
to  two  dimensions:  surfaces  containing  points  whose  indices  add  to  the  same 
number.  Surfaces  were  identified  by  their  index  sums  (ranging  from  i  +  j  +  k  = 
imin  -f-  jmin  -|-  kmin  to  i  +  j  +  k  =  imax  -f-  jmax  -t-  kmax)  and  each  of  these 
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surfaces  contained  all  the  points  (one  or  more)  that  satisfied  the  property  that 
their  indices  add  up  to  a  certain  constant.  Vectorizing  the  calculations  along 
these  lines  was  possible  because  of  the  fact  that  the  calculations  (in  the  CSIP3D 
procedure)  for  points  lying  on  any  one  surface  was  not  dependent  on  any  param¬ 
eters  related  to  any  other  point  on  the  same  surface.  Hence,  the  calculations 
for  all  such  points  lying  on  the  same  surface  could  be  done  simultaneously; 
this  results  in  more  vector  operations  and  consequent  higher  rate  of  execution. 
The  overall  execution  speed  of  the  code  was  increased  approximately  to  about 
sixteen  times  the  original  speed. 

2.2  Recent  Progress  in  the  Surface  Capturing  Approach 

This  section  highlights  progress  made  in  the  development  of  the  surface  cap¬ 
turing  approach  for  modeling  sloshing  flows  in  moving  containers.  As  discussed  in 
previous  reports  [4]  [5],  the  primary  motivation  for  pursuing  this  strategy  is  that  sur¬ 
face  capturing  does  not  require  a  moving,  surface-conforming  grid,  and  hence  is  free 
of  the  grid  generation  problems  associated  with  the  surface  fitting  approach.  More¬ 
over,  multiple  free  surfaces  and  complex  surface  interactions  can  be  handled  without 
any  special  treatment. 

Initial  work  on  the  free  surface  capturing  approach  was  begun  as  part  of  the 
ongoing  satellite  propellant  sloshing  research  at  Iowa  State  University.  The  evolution 
of  the  present  surface  capturing  methodology  has  been  documented  in  the  previous 
annual  reports  [4]  [5].  Many  ideas  have  been  tested  during  the  course  of  the  research, 
with  the  goal  of  obtaining  a  reliable,  robust,  and  accurate  computer  code.  The  most 
significant  developments  will  be  discussed  in  the  sections  below,  along  with  some 
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results  for  two  validation  test  cases 

2.2.1  Formulation  of  the  governing  equations 

Consider  a  container  partially  filled  with  a  liquid,  the  remaining  regions  being 
occupied  by  a  gas.  If  it  is  assumed  that  both  the  liquid  and  gas  behave  as  isothermal, 
incompressible  fluids,  the  equations  which  govern  the  fluid  motion  within  a  discrete 
control  volume  H  intersected  by  the  free  surface  (Fig.  2.1)  can  be  written  as  follows: 


jv-dS  =  0  (2.6) 

s 

where  p  is  the  fluid  density,  V  is  the  velocity  vector,  T  is  the  stress  tensor,  B  is  the 
body  force  acceleration  vector,  and  cr  is  the  surface  tension. 

Equations  2.4,  2.5,  and  2.6  represent,  respectively,  the  conservation  of  mass,  the 
conservation  of  momentum,  and  an  incompressibility  constraint.  Note  that  the  con¬ 
servation  of  mass  and  incompressibility  constraint  equations  become  identical  away 
from  the  interface  since  the  density  of  each  fluid  is  considered  constant. 

While  the  foregoing  equations  appear  unusual  at  first  glance  (due  to  the  presence 
of  an  equation  for  density),  they  do  in  fact  constitute  a  solvable  set  of  equations  given 
appropriate  initial  and  boundary  conditions.  Detailed  discussions  of  the  mathemat¬ 
ical  properties  of  solutions  to  differential  analogs  of  these  equations  can  be  found  in 
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recent  works  by  Simon  [12]  and  Antontsev  et.  al  [2]. 

It  should  be  noted  that  the  density  is  considered  here  to  be  a  discontinuous 
function  of  space  (the  discontinuity  occurring  at  the  free  surface).  This  comment 
also  applies  to  other  fluid  properties  such  as  the  viscosity.  As  a  result,  the  solution 
of  Eq.  (2.4)  provides  a  means  of  locating  the  free  surface  through  knowledge  of  the 
density  field. 

The  inclusion  of  a  surface  tension  force  term  into  the  conservation  of  momentum 
equation  is  valid  only  for  control  volumes  containing  the  free  surface.  Away  from  the 
free  surface  (in  the  single  phase  regions)  this  term  will  vanish.  Therefore,  in  order 
for  surface  tension  to  be  included  in  the  numerical  formulation  described  below,  it  is 
necessary  to  identify  the  location  of  the  free  surface  within  the  computational  domain. 
However,  for  most  of  the  sloshing  problems  of  interest  in  the  present  research,  surface 
tension  effects  should  be  small  (thus  allowing  the  surface  tension  force  to  be  neglected 
from  the  formulation). 

2.2.2  Numerical  methods 

The  numerical  algorithms  developed  to  date  have  employed  the  finite  volume 
method  [Ij.  In  the  finite  volume  method,  the  computational  domain  is  divided  up  into 
a  system  of  non-overlapping  control  volumes.  The  dependent  variables  are  assigned 
values  at  node  points  located  at  the  centroids  of  these  control  volumes.  Numerical 
approximations  of  the  fluid  conservation  laws  (e.g.  Eqs.  2.4  -  2.6)  may  then  be 
derived  for  each  control  volume. 

In  order  to  couple  the  incompressibility  constraint  with  the  conservation  of  mass 
and  momentum  equations,  the  pseudo-compressibility  method  of  Chorin  is  employed 
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[6].  The  pseudo-compressibility  approach  adds  a  fictitious  pressure  derivative  term 
to  Eq.  (2.6),  yielding 


^  J  Pdil  +  13  fv-dS  =  0 


(2.7) 


n  s 

where  ^  is  a  constant  parameter,  and  r  is  the  pseudo-time.  It  should  be  noted  that 
the  pseudo-time,  which  has  no  physical  meaning,  is  essentially  an  iteration  parameter 
for  which 


lim|^=0 

T— oo 


(2.8) 


\\mf(r)  =  fit  +  At)  (2.9) 

where  /  is  any  flow  field  variable.  Equations  (2.8)  and  (2.9)  suggest  that  the  solution 
at  any  given  future  time  level  t  +  At  corresponds  to  a  steady  state  solution  in  pseudo 
time.  For  consistency  in  the  formulation,  pseudo-time  terms  are  also  added  to  the 
other  equations.  This  practice  does  not  affect  the  solution  since  all  pseudo-time 
derivatives  are  required  to  go  to  zero  at  steady  state  (in  pseudo-time). 

The  discretized  equations  form  a  coupled  system  containing  five  (in  three  di¬ 
mensions)  unknowns  at  each  point.  The  current  formulation  solves  this  system  using 
an  LU-factored  implicit  algorithm  similar  to  that  of  Yoon  et.  al.  [14].  Transient 
calculations  are  carried  out  using  a  constant  physical  time  step  in  conjunction  with 
subiteration.  The  subiterations  are  needed  in  order  to  drive  the  pseudo-time  deriva¬ 
tives  to  zero,  and  hence  converge  the  solution  at  the  next  physical  time  level. 
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2.2.3  Test  case  results 


Results  for  two  test  cases  are  presented  in  this  section.  The  first  test  case  is 
the  “broken  dam”  problem  [13],  which  was  chosen,  primarily  due  to  its  use  by  other 
authors  as  a  validation  case  [7]  [9]  [11],  the  availability  of  experimental  data  [10],  and 
the  complex  behavior  of  the  flow  field  and  free  surface.  In  the  broken  dam  problem 
(Fig.  2.2),  a  rectangular  liquid  column  is  initially  held  up  by  a  thin  partition  (the 
dam).  At  time  t  =  0"^,  the  partition  is  removed,  thereby  allowing  the  liquid  to  collapse 
under  the  influent'  .>f  gravity.  Of  interest  for  comparison  with  the  experimental  data 
from  the  literati. .e  are  the  positions  of  the  free  surface  at  the  bottom  wall  (the  surge 
front)  and  back  wall  as  functions  of  time. 

The  case  presented  here  employed  a  square  initial  liquid  profile  of  length  a  placed 
within  a  container  5a  units  long  by  1.25a  units  high  by  a  units  wide.  The  liquid  was 
assumed  to  be  water  and  the  gas  air,  both  at  standard  conditions. 

In  previous  calculations  of  this  test  case,  a  three  dimensional  grid  v/as  used. 
However,  as  the  major  flowfield  features  are  principally  two  dimensional,  the  decision 
was  made  to  employ  a  two  dimensional  version  of  the  original  three  dimensional  code. 
This  permitted  a  faster  turn  around  time  in  the  individual  calculations  (which  tended 
to  be  quite  lengthy  due  to  the  nature  of  the  unsteady  flowfield). 

In  order  to  examine  the  effect  of  grid  refinement,  numerical  solutions  were  com¬ 
puted  using  three  grid  sizes  of  80  x  20,  120  x  30,  160  x  40  control  volumes.  A  constant 
time  step  was  prescribed  for  each  calculation  as  follows  (time  units  are  dimension¬ 
less):  0.01  for  the  80  x  20  grid,  0.0067  for  the  120  x  30  grid,  and  0.005  for  the  160  x  40 
grid. 

Some  selected  results  derived  from  the  computed  solutions  are  presented  in  Figs. 
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2.3  -  2.6.  Figure  2.3  shows  the  position  of  the  density  interface  (free  surface)  at  various 
times  during  the  transient  for  the  120  x  30  grid  solution.  The  corresponding  velocity 
fields  are  shown  in  Fig.  2.4.  Notice  the  formation  of  a  large  vortex  in  the  vicinity  of 
the  free  surface  due  to  the  shear  induced  by  the  motion  of  the  liquid  relative  to  the 
gas.  The  free  surface  profiles  are  quite  similar  to  those  shown  in  photographs  from 
experiments  in  Ref.  [10]. 

A  more  quantitative  comparison  of  the  numerical  solution  with  the  experimental 
data  is  given  in  Figs.  2.5  and  2.6.  Here  the  position  of  the  free  surface  along  the 
bottom  and  back  walls  of  the  container  are  plotted  versus  non-dimensional  time.  The 
agreement  between  the  numerical  solution  and  the  experimental  data  is  good  con¬ 
sidering  the  uncertainties  inherent  in  the  experimental  data  and  the  approximations 
used  in  the  numerical  solution. 

The  second  test  which  was  recently  attempted  is  depicted  in  Fig.  2.7.  Here,  a 
two-dimensional,  rectangular  tank  half-filled  with  water  is  subjected  to  a  prescribed 
horizontal,  oscillating  acceleration.  This  acceleration  is  of  the  form 

=z  A5rsin(u;^)  (2-10) 

where  A  =  0.01  is  an  amplitude  parameter,  g  is  the  acceleration  due  to  gravity,  and 
u;  =  27r/  =  5.592  Hz  is  the  oscillation  frequency.  The  motion  of  the  tank  gives  rise 
to  a  periodic  sloshing  motion  of  the  water.  This  case  has  been  studied  numerically 
by  Huerta  and  Lin  [8]. 

The  calculations  were  performed  on  a  48  x  64  control  volume  grid.  The  time 
step  was  set  to  0.025  (dimensionless  time  units),  and  the  calculations  carried  out  for 
400  time  steps. 
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Selected  plots  of  the  density  interface  position  are  presented  in  Fig.  2.8.  The 
position  of  the  free  surface  at  the  front  and  back  walls  of  the  tank  is  plotted  as 
a  function  of  time  in  Fig.  2.9.  The  periodic  motion  of  the  water  waves  is  clearly 
indicated  in  this  figure.  Notice  that  the  free  surface  motions  at  front  and  back  walls 
appear  to  be  out  of  phase  with  one  another. 

2.2.4  Concluding  remarks 

The  encouraging  results  obtained  thus  far  have  spurred  additional  efforts  to  refine 
the  methodology.  Current  work  is  focusing  on  enhancing  the  stability,  accuracy,  and 
robustness  of  the  method.  Application  of  the  method  to  other  test  cases  and  to  the 
satellite  propellant  sloshing  problem  will  follow. 

2.3  Progress  in  Fluid-Structure  Interaction 

Experimental  meaisurements  of  fluid  and  structural  displacement  for  the  case  of 
a  simple  orbital  spin-up  from  rest  were  recently  obtained  on  the  satellite  test  rig  at 
Iowa  State  University.  The  purpose  of  these  experiments  was  to  provide  data  for  ver¬ 
ifying  the  accuracy  of  the  fluid-structure  interaction  computer  code  (STRUCTURE- 
SLOSH3D).  A  detailed  summary  of  this  work  is  presented  in  the  sections  below. 

2.3.1  Equipment 

The  test  rig  is  shown  in  Figure  2.10.  Its  upper  body,  which  emulates  an  orbit¬ 
ing  satellite,  is  mounted  on  a  universal  joint  driven  by  a  1/4- horsepower  DC  motor 
through  a  gear  train.  In  the  spin-up  tests,  a  collar  was  positioned  so  that  the  up¬ 
per  body  could  only  rotate  about  a  vertical  axis.  The  two  6-inch-diameter  spherical 
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Figure  2.2:  Schematic  of  the  broken  clam  problem. 
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t  =  0.6 


DIMENSKDNLESS  SURGE  FRONT  POSITION 


SURGE  FRONT  POSITION  VS  TIME 

BROKEN  DAM  PROBLEM 


Figure  2.5:  Surge  front  position  versus  dimensionless  time  for  the  broken  dam  prob¬ 
lem. 
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DIMENSIONLESS  BACK  WALL  FREE  SURFACE  POSITION 


BACK  WALL  FREE  SURFACE  POSITION  VS  TIME 

BROKEN  DAM  PROBLEM 


Figure  2.6: 


Back  wall  free  surface  position  versus  dimensionless  time  for  the  broken 
dam  problem. 
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Figure  2.7:  Schematic  of  oscillating  tank  problem. 
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OSCILLATING  TANK  TEST  CASE 

FREE  SURFACE  POSITIONS  AT  THE  TANK  WALLS 


DIMENSIONLESS  TIME 


Figure  2.9:  Free  surface  position  versus  time  for  front  and  back  tank  walls. 


to  data  acquisition 
computer 


tanks  (50%  filled  with  glycerine)  were  mounted  using  segments  of  5/16-inch  threaded 
rod  extending  downward  from  a  horizontal  crossbar  attached  to  the  upper  body  axis. 
The  position  of  the  center  of  the  tanks  under  stationary  and  weightless  conditions 
would  be  10  inches  from  the  vertical  spin  axis  and  14  inches  below  the  crossbar. 

In  order  to  allow  a  useful  validation  of  the  computer  simulation  code,  the  fol¬ 
lowing  quantities  had  to  be  measured  for  the  spin-up  test:  angular  velocity  of  the 
upper  body,  displacement  of  the  tank  position  due  to  bending  of  the  threaded  rods, 
and  fluid  displacement  in  the  tanks.  Transducers  mounted  on  the  rig  itself  provided 
signals  (through  slip  rings  when  necessary)  to  the  data  acquisition  personal  computer 
as  described  below.  A  list  of  specifications  is  given  in  Table  2.1. 

A  tachometer  connected  to  the  drive  train  of  the  rig  provided  a  voltage  nearly 
proportional  to  the  speed  of  the  rig.  See  the  Calibration  section  for  details  on  the 
calibration  curve. 

Strain  gages  were  mounted  on  the  inboard  and  outboard  sides  of  both  of  the 
threaded  rods  on  which  one  of  the  tanks  was  mounted.  These  four  strain  gages 
comprised  a  Wheatstone  bridge  which  generated  a  signal  proportional  to  the  dis¬ 
placement  of  the  center  of  the  tank  from  the  axis  of  the  upper  body.  A  conditioning 
circuit  mounted  on  the  upper  body  amplified  the  signal  before  it  was  sent  through 
the  slip  rings  to  the  terminal  block  on  the  data  acquisition  computer.  This  circuit  is 
shown  in  Figure  2.3.1. 

Three  photopotentiometers  were  mounted  on  the  tank  in  order  to  .sense  the  fluid 
displacement  of  the  free  surface  along  vertical  sections  of  the  tank.  Photopoten¬ 
tiometer  1,  2,  and  3  measured  fluid  displacement  along  the  “inboard,”  “outboard,” 
and  “lag”  axis,  respectively.  These  sensors  were  positioned  so  that  their  single- valued 
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Table  2.1:  Description  of  Equipment 


Component 

Maker 

Description 

Data  Acquisiton  Computer 

IBM 

PS/2  Model  50 

Data  Acquisition  Board 

National  Instruments 

MC-MI016-9 

Power  Supply 

Raytheon 

QSAlO-1.4 

O-IOVDC,  0.6A 

Photopotentiometers 

Light  Bulbs 

SK46 

Strain  Gages 

SR^ 

Instrumentation 

Amplifler 

Analog  Devices 

AD524BD  8913 

DC  Motor 

General  Electric 

Model  5BPB56HAA100 

90VDC,  1/4  hp 

1725  RPM 

Figure  2.11:  Strain  Gage  Conditioning  Circuit 


Slip  Ring  Block 


GND 


-lOV 


Figure  2.12:  Photopotentiometer  Circuit 


range  of  measurement  along  these  axes  would  include  as  much  as  possible  of  the  fluid 
motion  during  spin-up.  They  acted  as  voltage  dividers,  sending  on  a  portion  of  the 
10-volt  input  signal  in  accordance  with  the  amount  of  light  which  the  moving  fluid 
blocked.  The  resulting  signal  passed  through  the  slip  rings  to  the  terminal  block  of 
the  data  acquisition  computer.  The  circuit  diagram  is  shown  in  Figure  2.12. 

Each  of  the  two  tanks  was  equipped  with  an  SK46  light  bulb  whose  filement  was 
positioned  about  1-1/8  inch  below  the  top  of  the  tank.  The  two  bulbs  were  wired  in 
series  across  the  10-volt  power  supply,  which  also  supplied  power  to  the  strain  gage 
and  photopotentiometer  circuits. 

Figure  2.13  shows  the  termination  connections  of  the  data  acquisition  computer 
used  in  the  experiment.  An  IBM  PS/2  equipped  with  a  National  Instruments  Data 
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board)  and  2  (outboard).  (About  200  data  points  were  taken  at  each  spin  rate.) 

These  curves  were  then  fit  with  polynomials  as  shown  in  Figures  2.14  and  2.15. 
All  photopotentiometer  calibrations  and  spin-ups  were  performed  with  room  lights 
off  and  tank-mounted  light  bulbs  illuminated. 

At  the  same  time,  the  tachometer  was  also  calibrated.  Precise  values  of  angular 
speed  were  obtained  by  adjusting  the  motor  rheostat  and  counting  revolutions.  After 
the  speed  was  adjusted  to  the  desired  value,  the  tachometer  voltage  readings  along 
with  those  of  Photopotentiometers  1  and  2  were  taken  by  the  computer. 

Figure  2.16  shows  the  tachometer’s  voltage  output,  which  is  nearly  linear  with 
speed.  The  above  procedure  did  not  provide  a  large  enough  range  for  Photopoten¬ 
tiometer  3  (lag),  since  fluid  displacement  at  this  sensor  is  small  for  a  steady-state 
speed.  Therefore,  this  sensor  was  calibrated  manually.  The  tank  assembly  was  dis¬ 
connected  at  the  cross-bar  and  was  tilted  enough  to  achieve  fluid  surface  displacement 
at  0.1  to  0.5-inch  increments  on  a  graduation  strip  along  the  photopotentiometer. 

At  each  position,  the  data  were  recorded  by  hand.  The  resulting  correlation  of 
voltage  output  to  free-surface  position  was  fit  with  a  polynomial,  and  is  shown  in 
Figure  2.17. 

Finally,  the  strain  gage  circuit  had  to  be  calibrated.  This  was  done  by  inserting 
various  gage  rods  between  the  tanks  in  order  to  separate  them  by  a  known  distance 
and  sampling  the  resulting  strain  gage  voltage  output. 

The  gage  rods  were  first  fabricated  to  lengths  of  11.50,  12.00,  12.50,  and  13.00  ± 
0.01  inches.  Next,  the  strain  gage  bridge  circuit  was  balanced  by  adjusting  its  balance 
potentiometer  so  that  the  voltage  output  w<is  approximately  zero  when  the  12.00- 
inch  gage  rod  was  inserted  (this  causes  the  tank  to  be  in  the  zero-gravity  equilibrium 
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position,  centered  10  inches  from  the  axis  of  rotation).  Also,  the  gain  potentiometer 
on  the  bridge  circuit  amplifier  wcis  set  so  that  the  voltage  output  would  increase 
approximately  one-tenth  volt  for  each  additional  0.5  inches  of  spread  between  the 
two  tanks. 

Once  the  strain  gage  bridge  circuit  had  been  adjusted,  calibration  could  begin. 
Each  gage  rod  was  inserted  between  the  bottom  plates  of  the  tank  housings,  one-half 
inch  in  from  the  corners  of  the  plates,  on  the  side  of  the  axis  where  the  terminal 
strip  is  located.  For  each  rod,  about  200  voltage  samples  were  taken  by  the  data 
acquisition  computer,  and  the  process  was  repeated  twice.  Figure  2.18  shows  the 
resulting  curve  fit,  which  is  quite  linear. 

2.3.3  Experiments 

Three  spin-ups  were  performed  at  each  of  the  following  target  speeds:  30,  60, 
and  90  rpm  (revolutions  per  minute).  Each  spin-up  procedure  consisted  of  starting 
the  rig  at  a  near-zero  rotational  speed  and  smoothly  accelerating  the  rig  to  a  set 
target  rotational  speed  by  manually  turning  the  rheostat  control  of  the  DC  motor. 
Since  the  duration  of  the  acceleration  Wcis  on  the  order  of  one  second,  significant 
sloshing  was  induced. 

Data  acquisition  began  just  before  spin-up  in  each  case.  One  hundred  samples 
per  second  were  taken  on  each  channel  for  a  duration  of  4  seconds.  The  resulting 
sample  times  and  voltages  were  saved  to  a  computer  data  file. 

A  FORTRAN  program  was  written  to  put  the  raw  data  into  meaningful  form. 
After  reading  the  raw  data  files,  it  used  the  polynomial  curve  fits  from  the  calibration 
to  translate  the  voltages  into  speed,  ration  of  free  surface  height  to  tank  radius  (hfr). 
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and  tank  displacement.  For  photopotentiometers  2  and  3,  a  subroutine  was  used  to 
find  the  solution  to  the  polynomial  equations,  since  photopotentiometer  voltage  was 
plotted  in  terms  of  /i/r.  It  then  wrote  the  reduced  data  to  a  file. 


2.3.4  Results 

The  results  of  all  three  of  the  0-30  rpm  spin-ups  were  very  similar;  the  same  was 
true  for  0-45  rpm  and  0-60  rpm.  Therefore,  the  results  of  only  the  first  run  at  each 
speed  are  presented  here. 

Figures  2.19,  2.20,  and  2.21  show  the  angular  speed,  free-surface  position,  and 
tank  deflection  for  these  runs.  Zeroes  are  shown  on  the  plots  of  photopotentiometer  3 
for  times  when  its  output  went  beyond  the  range  of  calibration.  This  type  of  clipping 
was  also  necessary  for  photopotentiometer  1  (inboard)  in  the  time  period  just  before 
t  =  \  second  because  the  output  voltage  dropped  below  the  -7.05-volt  calibration 
limit.  In  this  range,  the  calibration  was  very  sensitive. 

The  general  behavior  of  the  system  was  what  one  might  expect:  as  the  speed 
increased  from  a  near  standstill,  the  fluid  sloshed  toward  the  outer  part  of  the  tank, 
resulting  in  positive  readings  of  hjr  on  the  outboard  side,  and  negative  ones  on  the 
inboard.  At  the  same  time,  the  flexibility  of  the  structure  allowed  the  tank  to  flair  out 
by  about  3/4  inch  in  the  0-60  rpm  case.  It  is  interesting  to  note  the  approximately  2 
to  3  hz  oscillations  superimposed  on  the  fluid  displacement  and  tank  position  curves 
in  each  Ccise.  This  seems  to  indicate  coupling  between  fluid  slosh  and  tank  position. 
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2.3.5  Numerical  simulation 


Two  of  the  experimental  runs  described  above  were  taken  for  comparison  with 
results  from  computer  simulations.  As  part  of  the  research  on  liquid  sloshing  in  spin- 
stabilized  satellites,  two  codes  have  been  developed:  the  first  one,  STRUCTURE, 
calculates  the  flexible  system  dynamics  and  the  second,  SL0SH3D,  computes  the 
sloshing  motion  of  the  fluid  inside  the  tank. 

These  two  codes  have  been  integrated  into  one  unit,  where  the  two  can  exchange 
information  about  the  tank-fluid  system.  At  each  time  step  of  the  calculations,  the 
instantaneous  positions,  velocities,  and  accelerations  (in  the  three  coordinate  direc¬ 
tions)  of  the  tank  are  passed  on  from  STRUCTURE  to  SLOSH3D.  Similarly,  STRUC¬ 
TURE  gets  the  location  of  the  mass  center  and  the  six  components  of  moments  of 
inertia  of  the  liquid,  as  input  at  the  beginning  of  every  time  step. 

One  of  the  primary  inputs  to  the  numerical  computations  is  the  rotational  speed 
of  the  test  rig  as  a  function  of  time.  The  data  obtained  from  the  experiment  were 
smoothed  to  remove  measurement  noise  before  being  input  to  the  numerical  com¬ 
putations.  This  was  done  to  minimize  possible  numerical  instabilities  due  to  the 
oscillatory  data.  Figure  2.22  a  shows  the  data  that  was  experimentally  measured  and 
the  smoothed  data  that  were  input  to  the  computations. 

The  computations  were  performed  on  a  Cray  Y-MP  and  took  approximately  200 
minutes  of  CPU  time  for  each  spin-up  calculation.  The  calculations  involved  marching 
the  solution  in  time  for  3000  timesteps  (each  equal  to  0.001  seconds)  corresponding 
to  a  total  time  of  3.0  seconds  of  the  actual  spin-up  experiment. 


46 


2.3.6  Discussion  of  results 


Two  computer  runs  were  attempted:  one  for  the  final  spin-up  speed  of  60  RPM 
and  the  other  for  30  RPM.  As  the  trend  of  the  computed  results  was  similar  in  both 
the  cases,  only  one  of  them  (corresponding  to  a  final  spin-up  speed  of  60  RPM)  is 
discussed  here. 

Figure  2.22  shows  the  comparison  of  the  computed  and  experimentally  measured 
results  for  the  60  RPM  case.  Figure  2.22b  shows  the  comparison  of  the  free  surface 
positions  (inboard  and  outboard)  between  the  experimental  and  computed  results 
for  the  60  RPM  case.  It  can  be  seen  that  the  transients  compare  recisonably  well  for 
the  inboard  end.  The  outboard  data  do  not  compare  as  well  (this  aspect  is  discussed 
later  in  more  detail). 

Figure  2.22c  shows  the  comparison  between  the  experimental  and  numerically 
computed  radial  positions  of  the  tank  center.  It  can  be  seen  that  the  comparison  is 
reasonably  good. 

The  difference  in  the  final  outboard  free-surface  position  between  the  experiment 
and  the  numerical  computation  is  due  to  several  factors,  the  more  important  of 
these  being  the  experimental  uncertainties  in  measuring  the  free-surface  position,  the 
uncertainty  in  the  amount  of  liquid  in  the  tank  (computations  assumed  a  fill  ratio 
of  0.5),  and  computation  of  a  tank  angle  that  wcis  too  small  due  to  the  rigid  cross- 
arm  assumption.  The  numerical  results  also  seem  to  be  smoother  as  compared  to 
the  experimental  data.  This  is  attributed  to  the  relatively  coarse  grid  used  in  the 
computations  (41  x  11  x  11). 

The  final  radial  position  of  the  tank  appears  to  have  been  predicted  well  by  the 
code.  The  most  significant  source  of  discrepancy  in  the  radial  deflection  values  is 
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probably  due  to  the  tissumption  made  in  the  STRUCTURE  code  of  a  perfectly  rigid 
cross  arm  on  the  upper  body  of  the  test  rig.  In  reality,  a  small  deflection  in  this  bar 
most  likely  results  in  a  relatively  large  deflection  in  the  tank  position. 

The  rigid  cross-arm  assumption  could  also  be  responsible  for  the  higher  frequency 
of  oscillation  in  the  computed  case,  which  can  be  seen  in  Fig.  2.22c.  The  transient 
oscillations  in  the  first  one  second  of  the  computed  results  is  due  to  the  initial  condi¬ 
tion  used  and  the  absence  of  viscous  damping.  The  numerical  computations  assume 
that,  at  time  =  0.0  seconds,  the  tank  is  at  its  vertical  position  without  any  static 
load  and  is  suddenly  subjected  to  the  load  due  to  the  fluid  meiss  at  time  greater  than 
zero.  This  is  thought  to  be  the  main  cause  of  the  oscillations  seen  in  the  computed 
results. 

2.3.7  Concluding  remarks 

Given  sufficient  time  and  resources,  the  experimental  and  computational  results 
for  the  spin-up  case  could  be  brought  into  even  closer  agreement.  Improvements  which 
could  be  implemented  include;  (1)  photovoltaic  fluid  level  sensors,  which  could  be 
calibrated  more  reliably  over  a  broader  range,  (2)  inclusion  of  a  flexible  crossbar  in 
the  STRUCTURE  code,  and  (3)  a  finer  grid  size  for  computing  high-frequency  fluid 
oscillations  in  the  SLOSH3D  code. 


48 


PHOTOPOTENTIOMETER  1  CALIBRATION  AND  CURVE  FIT  12-4-92 
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Figure  2.14:  Photopotentiometer  1  Calibration 
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PHOTOPOTENTIOMETER  2  OUTPUT,  volts 


PHOTOPOTENTIOMETER  2  DATA  AND  CURVE  FIT  12-4-92 


Figure  2.15:  Photopotentiometer  2  Calibration 
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ROTATIONAL  SPEED,  rpm 


TACHOMETER  CALIBRATION  AND  CURVE  FIT  12-4-92 


TACHOMETER  OUTPUT,  volts 
Figure  2.16:  Tachometer  Calibration 
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PHOTOPOTENTIOMETER  3  DATA  AND  CURVE  FIT  12-4-92 


0.6  -0.4  -0.2  0.0  0.2  0.4  0.6 

h/r  ratio 

Figure  2.17:  Photopotentiometer  3  Calibration 
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SEPARATION  OF  TANK  HOUSINGS,  inches 


I 


STRAIN  GAGE  CALIBRATION  DATA  AND  CURVE  FIT  12-8-92 


OUTPUT  OF  STRAIN  GAGE  CIRCUIT  TIMES  D/A  GAIN  OF  10.  volts 

Figure  2.18:  Strain  Gage  Calibration 
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inches  h/r  ratio  SPEED,  rpm 


SPEED  VS.  TIME.  RUN  0-30  C 


0  12  3  4 

TIME,  sec 

FLUID  DISPLACEMENT  h/r  VS.  TIME.  RUN  0-30  C 


0  12  3  4 

TIME,  sec 

Figure  2.19:  Results  of  Spin-up  of  0  to  30  rpm:  trial  A. 
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inches  h/r  ratio 


SPEED  VS.  TIME.  RUN  0-45  A 


0  12  3  4 

TIME,  sec 


FLUID  DISPLACEMENT  h/r  VS.  TIME.  RUN  0-45  A 


TIME,  sec 


0  12  3  4 

TIME,  sec 

Figure  2.20;  Results  of  Spin-up  of  0  to  45  rpm,  trial  A 
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inches  h/r  ratio  SPEED,  rpm 


SPEED  VS.  TIME,  fiUN  0-60  A 


0  12  3  4 

TIME,  sec 


FLUID  DISPLACEMENT  h/r  VS.  TIME,  RUN  0-60  A 


TIME,  sec 


0  12  3  4 

TIME,  sec 

Figure  2.21:  Results  of  Spin-up  of  0  to  60  rpm,  trial  A 
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inches  h/r  ratio  SPEED,  rpm 


(a)  SPEED  VS.  TIME.  RUN  0-60  A 


0  12  3  4 

TIME,  sec 


0  12  3  4 

TIME,  sec 


(c)  TANK  POSITION  VS.  TIME.  RUN  0-60  A 


Figure  2.22:  Comparison  of  numerical  and  experimental  results  of  spin-up  of  0  to 
60  rpm:  trial  A. 
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Computer  Simulation  of  a  Test  Rig 
to  Model  Sloshing  in  Spin- 
Stabilized  Satellites 

Certain  communications  satellites  carry  liquid  stores  on  board  for  station  tending 
and  attitude  adjustment.  Hoy/ever,  sloshing  of  the  liquid  can  cause  an  undesirable 
nutational  motion  of  the  spin-stabilized  vehicle.  In  previous  work  a  test  rig  was 
designed,  built  and  instrumented  to  study  the  interaction  between  the  rotating  struc¬ 
ture  and  liquid.  To  augment  that  experimental  project,  a  computer  model  of  the 
test  rig  has  been  developed  to  simulate  the  dynamic  motion  of  the  system  for  various 
parameter  values.  The  sloshing  liquid  was  replaced  by  a  two  degree-of-freedom 
pendulum  in  the  mathematical  model.  Simulation  results  were  compared  with  those 
from  a  general  multibody  dynamics  program  and  with  experimental  measurements 
of  the  test  rig  motion  to  demonstrate  the  mathematical  model's  validity.  Good 
agreement  was  achieved  in  both  instances. 


Introduction 

Extensive  research,  both  analytical  and  experimental,  has 
been  conducted  on  the  stability  of  spacecraft  having  liquid 
propellant  stores.  A  rigid  body  can  be  stabilized  by  spinning 
about  an  axis  of  either  maximum  or  minimum  moment  of 
inertia.  Common  examples  of  spin  stabilization  about  an  axis 
of  minimum  moment  of  inertia  include  a  spinning  top  or  a 
football.  However,  systems  containing  a  significant  amount 
of  liquid  mass,  such  as  the  INTELSAT  IV  (Marin,  1971  and 
Slabinski,  1978)  and  the  STAR  48  (Hill,  1985)  communications 
sateUites,  as  well  as  the  XM761  artillery  projectile  (Miller. 
1982),  have  e.xperienced  instability  when  spun  about  an  axis 
of  minimum  moment  of  inenia.  Sloshing  of  liquid  payloads 
has  been  suspected  of  causing  instability  of  the  spin-stabilized 
bodies. 

Viscous  dissipation  resulting  from  relative  movement  be¬ 
tween  a  liquid  and  its  container  tends  to  reduce  the  kinetic 
energy  of  a  system.  The  body,  attempting  to  conserve  angular 
momentum,  is  then  forced  to  seek  a  lower  energy  state.  For 
a  given  amount  of  angular  momentum,  spin  about  an  axis  of 
maximum  moment  of  ineria  represents  the  mimmum  energy 
state  possible.  If  a  body  spun  about  its  axis  of  minimum  mo¬ 
ment  of  inertia  experiences  energy  dissipation,  it  will  seek  the 
lower  energy  state  and  will  end  up  spinning  about  its  axis  of 
maximum  moment  of  inertia  if  unrestrained.  This  is  known 
as  a  flat  spin. 

Agrawal  (1981)  states  that  for  a  body  with  flexible  elements, 
the  ratio  of  the  moment  of  inertia  of  the  spin  axis  to  that  of 
the  transverse  axis  must  be  greater  than  one  for  stability.  Thus, 
to  be  stable,  a  body  containing  liquid  must  be  spun  about  an 
axis  of  maximum  moment  of  inertia. 

Several  launchings  of  the  STAR  48  communications  satellites 
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resulted  in  a  coning  motion  of  the  spacecraft.  Hill  (1985)  used 
am  equivalent  mechanical  pendulum  model,  along  with  a  mass 
representing  the  main  body  and  rocket  motor  to  appro.ximate 
the  STAR  48  system.  He  developed  control  laws  using  line¬ 
arized  equations  of  motion. 

The  INTELSAT  IV  communicauons  satellite  also  expen- 
enced  instability  once  launched.  Slabinski  (1978)  conducted 
in-orbit  testing  of  the  satellite,  as  well  as  a  theoretical  analysis, 
to  study  the  sloshing  phenomenon  inside  the  tanks  containing 
liquid  propellant.  He  developed  relationships  between  driving 
frequencies  and  nutation  frequencies.  .Maran  (1971)  e.xpen- 
mented  with  tanks  of  liquid  propellant  on  earth.  Manin. 
through  his  expenmental  investigations,  found  that  when  a 
spinning  tank  is  subjected  to  angular  oscillations  about  an  a.xis 
which  is  not  parallel  to  an  a.\is  of  symmetry  of  the  tank, 
turbulent  fluid  motion  is  e.xcued.  However,  when  the  tank  is 
accelerated  rectilinearly,  the  motion  of  its  contents  is  relatively 
calm,  like  that  of  a  rigid  body.  Because  a  sphere  is  axisym- 
metnc.  liquid  in  a  sphere  did  not  experience  the  turbulent 
mouon  that  it  did  in  differently  shaped  tanks.  In  the  sphencal 
tanks,  the  liquid  behaved  like  a  pendulous  rigid  body. 

Many  analytical  attempts  to  quantify  the  movement  of  liq¬ 
uids  m  tanks  have  used  a  pendulum  analogy.  Such  an  analogy 
assumes  that  the  liquid  inside  the  tank  moves  as  a  sphencal 
pendulum  would  under  the  same  conditions.  Sumner  (1965) 
developed  relations  to  describe  a  pendulum  representing  the 
liquid  in  spherical  and  oblate  spheroidal  nonrotating  tanks  as 
a  function  of  tank  geometry  and  fill  fraction.  The  mass  of  the 
pendulum  is  not  equal  to  the  mass  of  the  liquid  in  the  tank. 
A  nonsloshing  mass  is  fixed  at  approximately  the  center  of  the 
tank.  The  sum  of  the  nonslosh  mass  and  the  pendulum  mass 
is  equal  to  the  total  liquid  mass.  Sayar  and  Baumgarten  ( 1982) 
included  a  rotational  damper  and  a  cubic  spring  in  then  pen¬ 
dulum  analogy  to  improve  Sumner's  model  in  the  nonlinear 
range. 

Zedd  and  Dodge  (1985)  examined  the  energy  dissipated  by 
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liquids  in  rotating  spherical  tanks  using  a  pendulum  analogy. 
Their  model  included  a  pendulum,  a  rotor,  and  a  viscous  dash- 
pot.  Through  this  analogy,  they  developed  equations  for  nat¬ 
ural  frequencies  of  the  pendulum  as  funaions  of  tank  location, 
tank  nil  fraction,  and  the  spin  rate  of  the  tank. 

Cowles  (1987)  built  a  test  rig  to  model  a  satellite  containing 
liquid  fuel  stores.  His  model  consisted  of  a  motor  driven  shaft 
which  supported  a  semi-rigid  assembly.  The  assembly  was  con- 
neaed  to  the  vertical  input  shaft  by  a  Hooke’s  type  universal 
joint.  The  assembly  held  two  tanks  which  were  partially  filled 
with  water.  By  altering  the  location  of  the  tanks  and  the  di¬ 
mensions  of  the  assembly,  Cowles  was  able  to  achieve  a  variety 
of  test  conditions,  including  spin  about  axes  of  maximum, 
intermediate,  and  minimum  moments  of  inertia.  When  spun 
about  an  axis  of  maximum  moment  of  inertia,  the  assembly 
was  extremely  stable,  even  when  penurbed.  The  assembly, 
however,  fell  immediately  into  a  flat  spin  when  spun  about  an 
axis  of  intermediate  moment  of  inertia.  Though  a  configu¬ 
ration  was  designed  and  built  for  spin  about  an  axis  of  min¬ 
imum  moment  of  inertia,  tests  were  never  completed  because 
it  was  felt  the  assembly  might  be  damaged  in  a  collision  with 
the  supporting  structure  if  it  attempted  to  go  into  a  flat  spin. 

Anderson  (1988)  redesigned  the  mechanical  assembly  built 
by  Cowles.  Anderson’s  assembly  included  a  restricting  collar 
so  that  even  an  unstable  test  assembly  could  not  damage  itself 
or  the  supponing  structure.  The  redesign  included  instrumen¬ 
tation  in  order  to  acquire  quantitative  measurements  of  the 
motion  of  the  assembly  and  the  liquid  contained  in  it.  Just  as 
predicted,  .Anderson  found  the  case  of  spin  about  an  axis  of 
minimum  moment  of  inertia  to  be  unstable. 

The  work  described  in  this  study  develops  the  equations  of 
motion  for  the  test  rig  designed  and  constructed  by  Cowles 
and  Anderson.  Equauons  of  motion  were  derived  using  La¬ 
grange’s  equations.  State  variables  were  chosen  to  best  match 
the  quantities  measured  by  Anderson’s  instrumentation. 

The  liquid  in  each  of  the  tanks  was  modeled  as  a  two  degree- 
of-freedom  pendulum.  This  approach  can  only  account  for 
free  surface  liquid  oscillations  which  will  have  natural  fre¬ 
quencies  greater  than  the  coning  frequency  for  the  test  rig.  In 
order  to  account  for  lower  liquid  oscillation  frequencies  of  the 
type  associated  with  internal  or  inertial  waves,  a  more  complete 
model  would  have  to  be  used.  This  would  be  important,  for 
instance  if  one  wanted  to  study  oscillations  strongly  coupled 
to  the  coning  motion. 

The  equations  of  motion  developed  for  the  pendulum  anal¬ 
ogy  were  numencally  integrated.  Results  of  the  numerical  sim¬ 
ulation  were  compared  with  those  from  an  existing  rigid  body 
dynamic  analysis  program  to  verify  the  validity  of  the  nu- 


mencal  simulation.  Simulation  results  were  also  compared  with 
Anderson’s  experimental  results. 

Development  of  Equations 

A  schematic  drawing  of  the  mechanical  system  modeled  ;s 
shown  in  Fig.  1 .  The  model  contains  four  rigid  bodies.  A  lower 
shaft  which  rotates  in  pillow  block  bearings  supports  the  struc¬ 
ture.  The  upper  assembly  is  connected  to  the  lower  shaft  by 
a  Hooke’s  type  universal  joint.  Two  pendula.  each  with  two 
degree-of-freedom  motion  representing  the  sloshing  liquid,  are 
symmetrically  attached  to  the  centers  of  the  tanks.  The  pendula 
are  assumed  to  be  point  masses  suspended  from  the  upper 
assembly  by  rigid,  massless  rods. 

A  note  of  clarification  is  perhaps  necessary  to  define  ter¬ 
minology  of  bodies  in  the  system.  The  "test  rig"  is  defined  as 
the  struaure  that  encloses  the  liquid  and  its  associated  sup¬ 
ports,  as  well  as  the  contained  fluid.  This  basically  includes 
everything  supported  by  the  universal  joint  on  the  mechanical 
assembly.  The  "upper  assembly”  is  associated  with  the  math¬ 
ematical  model  and  does  not  have  a  direct  physical  represen¬ 
tation.  The  upper  assembly  is  defined  as  the  test  rig  minus  the 
enclosed  liquid  plus  the  nonslosh  masses. 

To  develop  the  equations  of  motion  for  the  system,  a  La- 
grangian  formulation  was  used.  Through  the  use  of  coordinate 
transformations,  position  vectors  were  determined  for  each  of 
the  bodies.  The  position  vectors  were  then  differentiated  with 
respea  to  time  to  determine  velocities  for  the  bodies.  The 
kinetic  and  potential  energies  of  the  bodies  were  then  devel¬ 
oped.  Once  the  equations  of  motion  were  determined  according 
to  Lagrange’s  equations,  they  were  numerically  integrated  us¬ 
ing  a  double  precision  version  of  DIFFEQ,  a  numencal  inte¬ 
gration  program. 

Coordinate  Transformations  and  Body  Positions.  The  po¬ 
sitions  of  the  bodies  were  determined  through  simple  coor¬ 
dinate  transformations  consisting  of  rotations  and  translations 
of  Cartesian  coordinates.  All  coordinate  systems  used  were 
defined  to  be  right-handed. 

Thexi-y,-;,  coordinate  system  is  stationary  and  is  positioneo 
at  the  center  of  the  universal  joint.  The  Z]  axis  is  directed 
vertically  upward.  Positioning  of  the  i,  andjPi  axes  is  arbitrary. 

Transformation  to  the  .’c;-y;-c;  coordinate  system  is  achieved 
by  a  nght  hand  rotation  about  the  C]  axis.  The  xz-yyZ:  co¬ 
ordinate  system  is  attached  to  the  lower  shaft  of  the  test  rig 
and  Its  origin  is  at  the  center  of  the  universal  joint.  The  .V;->;- 
C;  axes  are  fixed  in  such  a  way  that  when  the  d-  and  d;  axes 
are  aligned,  the  >;  components  of  the  position  vectors  of  t.-.e 
pendulum  supports  are  zero.  Generally,  the  matnx  i,-l  ,j  ;s 
defined  such  that 

^  j jfe]  n, 

Tj  ITJ 

The  transformation  matrix  from  the  X;-y;-d:  coordinate  system 
to  the  i.-ypii  coordinate  system.  [A,:],  is  given  in  the  Ap¬ 
pendix. 

The  rotation  of  the  upper  assembly  relative  to  the  lower 
shaft  is  defined  by  the  two  rotation  angles.  \.  First,  a  rotation 
by  an  amount  X,  about  the  jP;  axis  defines  the  trauisformation 
to  the  ii-yi-dj  coordinate  system.  Then  the  coordinate  system 
is  rotated  through  an  angle  Xj  about  the  ij  axis  to  arrive  at 
the  system. 

The  jf.-.Vj-Ci  coordinate  system  is  fixed  to  the  upper  assembly 
in  such  a  way  that  the  >’«  components  of  the  position  vectors 
from  the  universal  joint  to  the  pendulum  suppons  is  zero.  The 
origins  of  the  ij-yri’  Xt-yi-Z4  systems  are  located  at  the 
center  of  the  universal  joint.  The  rotations  between  tne  2. 
and  4  coordinate  systems  are  shown  in  Fig.  I. 
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pit,  it  can  be  expressed 


Ftg.  2  Rotatton  coordlnalaa  lor  panduluma 


Because  the  body  is  assumed  to  be  axisymmethc,  the  position 
vector  of  the  upper  assembly  is  given  by 

(2) 

where  p  is  defined  to  be  the  height  of  the  center  of  gravity  of 
the  upper  assembly  above  the  universal  joint  when  and  X; 
are  equal  to  zero. 

The  pendula.  which  represent  the  water  in  the  spherical 
tanks,  are  displaced  from  the  universal  joint.  The  physical 
constants  r  and  (eg)  are  defined  such  that  the  position  vector 
of  the  support  of  pendulum  1  is  rxi  -  Consequently, 

the  orig  n  of  the  xt-yrii  system  is  defined  to  be  at  rx^  - 
(cg)ZL.  This  is  the  location  of  the  hinge  point  of  pendulum  I. 
and  als''  the  location  of  one  of  the  nonslosh  masses  of  the 
upper  as-sembly.  Similarly,  the  origin  of  the  .Vi-.vj-i)  system  is 
located  ik  -Af4  -  (cg)i,  which  is  the  location  of  the  hinge 
point  of  the  second  penduium.  as  well  as  the  second  nonsiosh 
mass.  There  are  no  relative  rotations  for  the  Xi-yi-L.  .iryris> 
and  .fr/vdi  coordinate  systems. 

The  radial  rotation  of  the  pendula  are  defined  by  the  angles. 
9.  The  angle  6,  is  defined  by  right  hand  rotation  of  the  i«-,V 
Ci  systen.  about  the  y,  a.xis.  In  a  parallel  fashion,  the  angle 
is  defined  by  right-hand  rotation  of  the  .vj-vV.fi  system  about 
the  yt  ax  3.  Note  that  if  both  penduia  are  flarea  outward  from 
the  universal  joint  by  an  amount  9.  then  j-  =  -9  while  = 

-e. 

Circumferential  (or  tangential)  rotations  of  the  pendula  are 
describeo  by  the  o  angles.  The.f-y-ir  a.\es  are  rotated  through 
the  angle  ©,  about  the  .f^  axis.  The  x-y-z-  coordinate  system 
is  fixed  to  pendulum  1.  Similarly,  the  .v.o-.v;o-'io  axes,  which 
are  fixed  to  pendulum  2,  are  rotated  through  an  angle  o:  about 
the  .C9  axis.  Rotations  of  the  penduia  relative  to  the  upper 
assembly  are  represented  in  Fig.  2. 

The  local  position  vectors  of  the  pendula.  r^,  and  r^j  are 
easily  defined  as 

=  (3) 

and 

r;^.=  -/c.o  (4) 

where  /  is  the  length  of  the  pendulum.  This  length  is  a  function 
of  tank  size,  tank  shape,  and  fill  height. 

By  direct  substitution,  the  position  vectors  of  the  bodies  can 
be  expressed  in  terms  of  world  coordinates.  Thus. 


The  overall  transformation  matrix.  [A  ui.  is  simply  the  product 


given  by  [A  ij  [>l23l  Mm)  -  Since  * 
as 

r„  =  p(cos  sin  X|  cos  X^-t-sin  ^  sin  Xi).X| 

■rp(sin  V  sin  ^1  cos  Xj-cos  y  sin  X:)>. 

-rp  cos  X|  cos  XjZi  (6) 

In  similar  fashion. 


=  M  i2JMy]M}4]Mis]M5«lM«7] 


(7) 


and 

y.'  =  M  iilMiilM  nU/ljalM  wlMv.iol  (8) 

The  position  vectors  and  r^,  e.xpressed  in  terms  of  world 
coordinates,  are  presented  in  the  Appendix. 


Body  Velocities  and  Energies.  The  translational  velocities 
of  the  center  of  mass  of  the  upper  assembly  and  the  two  pendula 
can  be  determined  by  differentiating  their  position  vectors  with 
respect  to  time.  Using  the  chain  rule  of  calculus. 

dt  4-'  dq,  dt 
<•1  ^ ' 

Thus,  differentiation  of  Eq.  (6)  produces 
''•4a  =  o{w(cos  <i  sin  X^-sin  v  sin  X,  cos  Xj) 
cos  -J/  cos  X|  cos  X; 

-  X.(-cos  sin  X|  sin  X;-sin  cos  X^jl.X: 

-p(v(cos  ’i  sin  X|  cos  X:-rsin  sin  X;) 

-  A.  sin  --i  cos  X.  cos  X; 

-  \;(-cos  <i  cos  X;  -sin  -j  sin  X,  sin  X;)ly, 

-ptXi  sin  X|  cos  X;-  Xk  cos  X|  sin  X;):,  (10) 


Velocity  vectors  of  the  pendula  are  determined  in  an  identical 
fashion.  Due  to  their  lengthiness,  however,  they  are  shown  in 
the  Appendix  rather  than  here. 

Using  the  addition  theorem  for  angular  velocities,  the  an¬ 
gular  velocity  of  the  upper  assembly  can  be  expressed  as  a  sum 
of  simple  components  as 

=  lizi X  XiX)  (11) 

or  expressed  in  terms  of  body  fixed  axes: 

Wjif  =  ( —  'i/  sin  X I  —  X  2^X4 

cos  X|  sin  Xk-f  X,  cos  X2)>4 
-*-(0  cos  X,  cos  Xk- X,  sin  X2)Z4  (12) 

The  inertia  dyadic  of  the  upper  assembly,  can  be  expressed 
as 

■T’  Ifjy^yt  I^ZaZa 

+  I„{Xty,-^yi£t)+I^{y,ZA-^ZAyA)  (13) 

where  is  defined  to  be  the  inenia  scalar  of  the  upper  as¬ 
sembly  relative  to  its  center  of  gravity  for  unit  vectors  <4  and 
tia.  Note  that  the  body  is  assumed  to  have  zero  products  of 
inertia  about  its  center  of  gravity  for  the  Xt  and  L  axes. 

The  angular  velocity  of  the  lower  shaft  is  simply 

asiiCi  (la) 
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Table  1  Test  rig  data  for  comparison  between  CAMS  and 
SATELL.  For  these  runs  the  transverse  principal  momenu  of 
inertia  were  both  equal  to  /,. _ 


run 

total 

sphere 

<^4 

r  {eg) 

spin 

/, 

I, 

mass 

diam 

fiU 

speed 

slug 

ft 

ft  ft 

rpm 

slug  ft* 

slug  ft* 

IS 

2.0 

1 

50 

1  0 

too 

2.22 

1.39 

1C 

1 

30 

1  0 

100 

2.22 

1.39 

3S 

2.0 

1 

50 

100 

2.0S 

3.47 

3C 

2.0 

1 

30 

1  0 

100 

2.08 

3.47 

Fig.  3  Comperiaon  of  upper  astambly  relation  given  by  X,  for  CAMS 
Cate  1C  and  SATELL  Cate  IS 


Fig.  4  Compariton  of  upper  atsembly  rotation  given  by  X,  for  CAMS 
Case  1C  and  SATELL  Case  IS 
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y  V  1  V  *  1 
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Fig.  5  Comparison  of  radial  rotation  of  pendulum  1  given  by  t,  lor  CAMS 
Case  1C  and  SATELL  Casa  IS 


•  ic  ' 


Fig.  6  Comparison  of  eireumferential  rotation  ot  pendulum  1  given  by 
e,  for  CAMS  Casa  1C  and  SATELL  Case  IS 


.10  ' 


Fig.  7  Comparison  el  hall  cone  angle,  d.  lot  CAMS  Casa  1 C  and  SATELL 

Casa  IS 


where  m,  is  the  mass  of  a  pendulum  and  is  the  mass  of 
the  upper  assembly. 

The  kinetic  energy  is  expressed  in  matrix  form  as 

r-i  U)’'[Ml|o)  (16) 


where  the  matrix  [AfJ,  shown  in  the  Appendix,  is  symmetric. 
The  vector  |<7l  is  defined  as 


|i7l  = 


hi 

B,  } 


(I-) 


The  potential  energy,  V,  of  the  system  is  determined  from 
the  elevation  of  each  of  the  bodies.  Thus, 

cos  cos  +  sin  X|(sin  8]  cos  o, 

-i-sin  6i  cos  oz)-l  coi  X|  cos  X.fcos  8i  cos  ©i  -‘■cos  6.  cos  ©:) 

-‘-/cos  X,  sin  Xjfsin  Oi-i-sin  Oi)-i-2(cg)cos  X|  cos  X;)  (18) 


The  relevant  term  of  the  inertia  dyadic  for  the  lower  shaft 
is  the  moment  of  inertia  of  the  shaft  about  the  axis,  h,. 
Because  the  pendula  are  assumed  to  be  point  masses,  their 
inertia  dyadics  are  zero. 

The  kinetic  energy,  T,  of  the  system  can  now  be  calculated 
by  summing  the  rotational  and  translational  kinetic  energies 
of  all  the  bodies; 

_  1  1  1 
T=-  m.Vpi  •I'pi  * ^  ^ 2 

I  ! 

*7  (15) 


Lagrangian  Formulation.  The  Lagrangism,  Z.,  for  the  sys¬ 
tem  is  defined  simply  as  I  =  T  -  V.  Equations  of  motion 
can  be  determined  from  Lagrange’s  equations  of  the  second 
kind  as 


_d _3I_ 
dt  \dq,)  dq. 


(19) 


The  generalized  force.  due  to  viscous  damping  can  be 
expressed  as 

r=l _ 7  (20) 

where  c,  is  the  viscous  damping  coefficient  expressed  in  di¬ 
mensions  of  torque  per  unit  angular  velocity. 
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Table  2  Test  rig  data  for  comparison  between  experimenial 
results  and  SATELL.  For  these  runs  the  transverse  principal 
moments  of  inertia.  l,\  and  In.  were  slightly  different. 


run 

total 

mass 

slug 

height 
of  c.g. 

ft 

spin 

speed 

rpm 

I. 

slug  ft^ 

A, 

slug  ft* 

4: 

slug  ft' 

IE 

0.507 

-0.080 

-  100 

0.223 

0.343 

0.340 

ISE 

0.507 

-  0.080 

-  100 

0.223 

0.343 

0.340 

2E 

0.431 

-0.121 

-70 

0.324 

0.280 

0.289 

2SE 

0.431 

-0.121 

-70 

0.324 

0.280 

0.289 

Substituting  L  =  T  -  V  into  Eq.  (19)  and  noting  that  V 
does  not  depend  on  q  we  have 


dt\dqr}  dqr  dQr 


(21) 


Since  T  =  0.5  |  <?  1  [A/]  |  q )  where  [A/)  does  not  depend  on 
q.  the  first  term  on  the  left  hand  side  of  Eq.  (21)  is  determined 
by 


il 

dq. 


=  (Af]{<7l 


and  by  the  chain  rule  of  calculus, 

For  the  second  term  on  the  left-hand  side  of  Eq.  (21), 
bT  1  dM,. 


aj  1  viviij  .  . 

dq'l^,  dq, 


/-I 


So  that  the  equations  of  motion  become 


(22) 


(23) 


(24) 


2  (M,rq,fM,rq,)  -  2  q,q, 
fZ  -TT  \ 


/-I 

+  — =  r=l . 7  (25) 

oq, 

These  equations  are  assembled  into  a  matrix  form, 

[Afllql-lAfliqi-lDELMriql-  —  =|f,l  (26) 

C^<7J 

where  (DEL.M)  is  defined  by 


(27) 


This  system  of  equations  was  numerically  integrated  using 
a  double  precision  version  of  DIFFEQ,  a  numerical  integration 
program.  The  user  of  DIFFEQ  must  supply  a  subroutine  which 
computes  the  derivatives  of  the  state  variables  with  respect  to 
the  independent  variable,  given  the  current  values  of  the  in¬ 
dependent  variable  and  the  state  vanable. 


Simulation  Results 

To  ensure  the  accuracy  of  the  equations  of  motion,  simu¬ 
lation  results  were  compared  with  those  from  a  multibody 
dynamics  program  called  CAMS.  Results  were  also  compared 
with  experimental  data. 

CAMS  (Control  Analysis  for  Mechanical  Systems),  a  three- 
dimensional  multibody  program,  was  used  to  verify  the  ac¬ 
curacy  of  the  previously  denved  equations  of  motion.  To  run 
CAMS,  a  user  creates  a  data  file  specifying  the  type  of  con¬ 
nection  existing  between  bodies,  as  well  as  the  inenial  prop- 
enies.  initial  positions,  and  initial  orientations  of  all  of  the 
bodies  in  the  system. 

Because  CAMS  is  more  generic  than  the  program  tailored 


specifically  to  solve  the  satellite  problem,  it  was  considerably 
more  time  consuming  to  generate  an  input  data  file  for  CA.MS 
than  for  SATELL,  the  specific  program  written  for  this  study. 
Several  runs  were  completed  using  CAMS.  However,  only  two 
representative  runs  are  displayed  here  for  brevity. 

The  physical  values  of  the  test  rigs  used  for  the  analyses  are 
given  in  Table  1.  /,  is  defined  as  the  moment  of  inertia  of  the 
test  rig  about  its  spin  axis.  I,  is  defined  as  the  moment  of  inertia 
of  the  test  rig  about  a  transverse  axis  through  its  center  of 
gravity.  For  all  runs  in  this  section,  the  center  of  gravity  of 
the  test  rig  at  its  initial  speed  is  located  at  the  universal  joint. 

Figures  3-7  compare  the  output  of  CAMS  and  SATELL  for 
a  case  in  which  half  filled,  one  ft  diameter  spheres  spin  about 
an  axis  of  maximum  moment  of  inertia  (specifically,  /,//,  = 
1.6).  Results  for  angles  associated  with  pendulum  2  were  very 
similar  to  those  for  pendulum  1,  and  thus  are  not  displayed. 
Figure  7  shows  the  half  cone  angle  versus  time  for  each  of  the 
programs,  where  the  half  cone  angle,  is  defined  to  be  the 
angle  between  the  i*  and  Zi  axes.  Mathematically. 

j3  =  cos"‘(cos  X|  cos  XJ  (28) 

These  two  runs  verify  that  the  motion  of  the  system  is  stable 
for  spin  about  the  axis  of  maximum  moment  of  inertia.  This 
can  be  seen,  for  example,  in  Figs.  3  and  4  where  the  magnitudes 
of  the  oscillating  upper  assembly  rotation  angles  are  decreasing 
with  time.  The  effect  of  decreasing  amplitude  with  time  is  even 
more  pronounced  for  the  radial  rotation  angles  for  the  pendula 
as  illustrated  in  Fig.  5.  .More  important,  however,  is  the  ex¬ 
ceptionally  close  agreement  apparent  between  the  CAMS  and 
SATELL  simulations.  The  output  motions  for  the  two  runs 
displayed  in  Figs.  3-6  are  so  close,  in  fact,  that  they  are  in¬ 
distinguishable.  There  is  slight  disagreement  in  the  half  cone 
angle  curves  depicted  in  Fig.  7,  but  even  that  difference  is  very 
small,  with  a  phase  difference  of  less  than  0.01  s  appearing 
early  in  the  simulation. 

Figures  8-11  compare  the  results  of  CAMS  and  SATELL 
for  the  case  of  spin  about  an  axis  of  minimum  moment  of 
inertia.  Both  simulations  indicate  that  the  resulting  motion  is 
unstable  as  seen  in  Fig.  10  where  the  magnitude  of  the  radial 
rotation  angle  for  pendulum  2  is  increasing  with  time.  Figure 
1 1  shows  that  the  half  cone  angle  also  increases  as  the  system 
seeks  to  reorient  itself  to  spin  about  the  axis  of  maximum 
moment  of  inertia.  Once  again,  the  two  simulations  agree  so 
well  that  the  pairs  of  curves  plotted  in  Figs.  8-11  are  identical 
except  for  a  very  slight  difference  that  can  be  detected  in  the 
half  cone  angle  of  Fig.  1 1 . 

Comparison  With  Experimental  Data.  To  determine  the 
validity  of  the  mathematical  model,  output  from  SATELL  was 
compared  with  Anderson’s  (1988)  experimental  results. 

In  his  experiments.  Anderson  used  six-inch  plastic  spheres. 
Physical  properties  of  two  of  the  test  rigs  used  in  experiments 
are  given  in  Table  2.  In  both  cases,  the  spheres  were  half  full. 
Two  transverse  moments  of  inertia  are  listed,  with  /.,  the  mo¬ 
ment  of  inertia  of  the  test  rig  about  the  i*  axis  and  I,,  the 
moment  of  inertia  of  the  test  rig  about  the  y,  axis. 

Figures  12-15  show  a  comparison  of  experimental  data  and 
SATELL  output  for  spin  about  an  axis  of  minimum  moment 
of  inenia.  runs  IE  and  ISE.  Only  about  ten  seconds  of  ex- 
penmentai  data  could  be  acquired  before  the  unstable  upper 
assembly  came  to  rest  on  a  supporting  collar. 

Figures  12-15  clearly  show  that  the  system  is  unstable  for 
spin  about  an  axis  of  minimum  moment  of  inenia  with  ail  the 
displayed  variables  increasing  with  time.  Funhermore,  as  might 
be  expeaed.the  SATELL  simulation  results  do  not  agree  as 
well  with  experimental  results  as  they  did  with  the  C.A.MS 
simulation. 

However,  the  overall  results  are  very  siimlar  in  a  number  of 
imponant  respects.  For  instance.  Figs.  12  and  13  show  that 
the  oscillating  magnitudes  for  the  upper  assembly  rotation 
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Fig.  8  Comparison  of  uppor  asstmbly  rotation  givan  by  X,  for  CAMS 
Casa  3C  and  SATELL  Casa  3S 


Fig.  9  Companson  of  uppar  assambly  rotation  givan  by  X,  for  CAMS 
Casa  3C  and  SATELL  Casa  3S 


SiC 

Fig.  10  Companson  of  radial  rotation  of  pandulum  2  givan  by  tor 
CAMS  Cass  3C  and  SATELL  Casa  3S 


:.2af 


Fig.  11  Companson  of  half  eons  angla,  S,  tor  CAMS  Casa  3C  and  SA¬ 
TELL  Casa  3S 

angles  are  quite  close  as  are  the  primary  frequencies,  even 
though  the  initial  conditions  for  the  simulation  did  not  exactly 
match  those  for  the  experimental  run. 

Figure  1 4  displays  rotation  angles  for  pendulum  2  which  do 
not  agree  as  well  as  the  upper  assembly  rotation  angles  of  Figs. 

1 2  and  13.  Once  again,  though,  the  curve  does  show  significant 
similarities.  The  overall  oscillation  magnitude  and  the  fun¬ 
damental  frequency  are  roughly  the  same.  The  phase  difference 
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Fig.  12  Companson  of  upptr  assambly  rotation  givan  by  X,  for  axpar. 
Imontal  Casa  1E  and  SATELL  Casa  1SE 
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se: 

Fig.  13  Companson  of  uppar  assambly  rotation  givan  by  x,  lor  axpar- 
imantal  Casa  IE  and  SATELL  Casa  ISE 
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Fig.  14  Comparison  of  radial  rotation  of  pandulum  2  given  by  lor 
axpanmantal  Casa  IE  and  SATELL  Case  ISE 


Fig.  15  Companson  of  hall  cone  angla,  S,  for  axpanmantal  Case  1E 
and  SATELL  Casa  ISE 

of  Fig.  14  can  again  be  attributed  at  least  partly  to  a  difference 
in  initial  conditions. 

The  half  cone  angle  depiaed  in  Fig.  15  shows  quite  a  bit  of 
difference  between  the  experimental  results  and  the  SATELL 
simulation.  The  osciUaung  magnitude  for  the  expenmental  run 
appears  to  be  about  twice  that  of  the  SATELL  simulation. 
Funhermore,  the  simulation  displays  a  single  higher  frequency 
which  is  approximately  twice  that  of  the  pnmary  frequency 
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found  in  the  experimental  curve,  although  there  does  appear 
to  be  a  secondary  frequency  of  lower  magnitude  in  the  ex¬ 
perimental  results.  The  one  significant  similarity  between  the 
two  curves,  though,  is  the  general  increasing  trend  in  the  half 
cone  angle  associated  with  the  overall  unstable  motion  of  the 
system. 

Even  though  the  comparison  results  between  the  SATELL 
simulation  and  the  experimental  runs  are  not  as  dramatic  as 
the  comparison  between  the  two  simulation  packages,  there  is 
still  a  good  deal  of  qualitative  and  a  reasonable  level  of  quan¬ 
titative  agreement.  Since  there  were  certainly  small  discrep¬ 
ancies  in  parameter  values  for  such  things  as  the  masses  and 
principal  moments  of  inertia  used  in  the  SATELL  simulations, 
it  is  perhaps  surprising  that  the  results  agreed  as  closely  as  they 
did. 


Conclusions 

This  work  has  developed  the  equations  of  motion  for  a  test 
rig  designed  to  model  a  spin-stabilized  satellite.  The  applica¬ 
bility  of  the  equations  of  motion  to  the  motion  of  a  satellite 
is  based  on  two  assumptions.  The  first  is  that  the  mechanical 
assembly  is  a  valid  model  of  a  satellite,  and  the  second  is  that 
the  mathematical  model  is  a  valid  model  of  the  mechanical 
test  rig. 
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The  major  accomplishments  of  the  study  have  included; 

•  Development  of  the  equations  of  motion  of  a  spacecraft 
simulator  using  a  Lagrangian  formulation. 

•  Numerical  integration  of  the  developed  equations  of  mo¬ 
rion  in  order  to  simulate  the  motion  of  the  test  rig. 

•  Comparison  with  a  multibody  dynamics  program  to  verify 
accuracy  of  the  equations. 

•  Comparison  with  experimental  results  to  determine  the 
validity  of  the  mathematical  model. 

Basic  theories  were  confirmed.  That  is,  that  a  body  con¬ 
taining  a  sloshing  fluid  is  stable  when  spun  about  an  axis  of 
maximum  moment  of  inertia  and  unstable  w  hen  spun  about 
an  axis  of  minimum  moment  of  inertia. 

Comparison  of  the  results  of  SATELL  with  the  results  of 
C.AMS  showed  good  agreement.  The  resuits  agreed  very  closely. 
The  relative  ease  in  calculating  the  input  values  for  SATELL 
supports  its  use  over  that  of  C.AMS  for  this  particular  appli¬ 
cation. 

■Agreement  between  experimental  data  and  the  output  of 
SATELL  was  reasonable.  The  results  showed  similar  frequen¬ 
cies  and  magnitudes.  Difficulty  in  modeiing  the  experimental 
setup  arose  in  determining  values  for  mass  moments  of  inertia 
of  the  test  rig.  These  values  were  calculated  using  formulas 
for  mass  moments  of  inenia  of  basic  geometric  shapes.  .An¬ 
other  difficulty  was  encountered  in  determining  damping  coef¬ 
ficients  at  the  universal  joint  and  pendulum  supports. 

Now  that  a  computer  program  has  been  developed  to  sim¬ 
ulate  the  dynamics  of  a  spin-stabilized  structure  carrying  liquid 
stores,  many  additional  factors  can  be  studied.  For  example, 
different  size  tanks  and  different  inenias  can  be  considered. 
The  absence  of  gravity  in  outer  space  can  also  be  simulated 
by  simply  setting  the  acceleration  of  gravity  equal  to  zero. 
Furthermore,  plans  call  for  additional  development  of  the  com¬ 
puter  program  to  handle  cases  where  the  liquid  tanks  are  not 
perfectly  symmetric  and  may  not  even  hold  the  same  quantity 
of  liquid. 
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X  (sin  0\  cos  ©1  sin  ©1  -1-  sin  02  cos  ©2  sin©2) 

+  2m,(cg)^  cos  X|  cos  X2  sin  X2-i-ms/r[sin  X|  cos  Xi 
x(sin  ©i-sin  ©2)-!- sin  X,  sin  X2(cos  0^  cos  ©, 

-cos  02  cos  ©2)]  -i-/ns/(cg)[-cos  X,(cos*  X2 
-sin*  X2)(sin  ©i-fsin  ©2) -2  cos  Xi  cos  X2  sin  X2 
x(cos  0]  cos  ©1 -t-cos  02  cos  ©2) -i-sin  X|  sin  X2 
X  (sin  01  cos  ©I  -I-  sin  ^2  cos  ©2)] 

+  muafi'  cos  X|  cos  X2  sin  X2 cos  X,  cos  X2  sin  X2 
-/«  cos  \|  cos  X2  sin  \2-lxy  cos  X|  sin  X,  sin  X2 
+  Iy.  COS  Xi(cos*  X2-sin*  X2) 
iV/,3  =  /ns/*(-sin  Xi(sin*  ©i-hcos*  Sicos*  ©i-i-sin*  ©2 

-I- cos*  02  cos*  ©2) -cos  X|  cos  X2(cos  0\  sin  t),  cos*  ©i 
-t-cos  02  sin  02  cos*  ©2)-!- cos  Xi  sin  X2 
X  (sin  0;  cos  ©1  sin  0|  -t-  sin  O2  cos  02  sin  ©2)! 

-2m, (eg)'  sin  X, -t- t«j/r[cos  X|  cos  X2(cos  0,  cos  o, 
-cos  02  cos  ©:)^cos  X|  sin  X2(sin  ©i-sin  ©2)) 

+  m,l{cg)[2  sin  Xi(cos  f/.  cos  ©1-1- cos  02  cos  ©2) 

-t-cos  X|  cos  X2(sin  0i  cos  0|  -^sin  0]  cos  ©i)) 

-m.jcfi'  sin  X|  -/„  sin  X|  + 1„  cos  X|  sin  X- 

\f\i  =  m,l''(co%  X|  cos  X2  cos  0\  cos  0|  sin  ©1 

cos  Xi  sin  X2  cos*  ©i  -  sin  X,  sin  0\  cos  o,  sin  ©i) 
-m,/r  cos  Xi  sin  X2  sin  0^  cos  ©1 

-  m,/{cg)(-cos  Xi  sin  X-  cos  0^  cos  ©i) 

■Vfi5=  -  m,l'(co%  X|  cos  X2  sin  5,  ^  sin  X,  cos  S,) 

+  m,lr(cos  X|  cos  X2  cos  ©1  -  cos  X|  sin  X2  cos  0^  sin  ©1) 
+  m,l{cg){s\n  X|  cos  ©i  -  cos  X,  sin  Xj  sin  9,  sin  ©,) 

=  m,l'{cos  X|  cos  X2  cos  02  cos  02  sin  ©2 
-t-cos  X|  sin  Xi  cos*  ©2 -sin  Xi  sin  02  cos  o-  sin  ©2) 

-I-  m,lr  cos  X|  sin  Xi  sin  02  cos  ©2 

-  m,l(cg)(-cos  X|  sin  Xi  cos  9i  cos  ©2) 

/V/|7=  -m,l^(cos  X|  cos  X2  sin  92-1- sin  X,  cos  02) 

■rm,lr(cos  Xi  cos  X2  cos  ©2 -cos  Xi  sin  X-  cos  02  sin  ©2) 
-i-rni/(c?)(sin  X|  cos  ©2-1- cos  X,  sin  X2  sin  ^2  sin  ©2) 

iVf22  =  m,/*tcos*  X2{cos*  9|  cos  ©I  -I- cos*  02  cos  ©2) 

-I-sin*  X2(sin*  ©i  -i-sin*  ©2)-!- (sin*  0^  cos*  ©1 
-I-sin*  02  cos*  ©2) -2  cos  X2  sin  Xi(cos  0\  cos  ©1  sin  ©1)) 
-I- 2m/^ -I- 2m, (eg)*  cos*  X2-2m,/r(sin  9,  cos  ®i 
-sin  02  cos  <t>2)  +  2m,l{cg)[-cos'  Xi(cos  0\  cos  ®i 
-I-  cos  02  cos  ©2)  -I-  cos  X2  sin  X2(sin  ©1  -1-  sin  ©2)) 
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cos’  X; +  cos’  X;  +  /«  sin’  X; 

-  /,-  cos  X;  sin  X: 

A/;3  = /ri,/*[cos  X;(sin  9|  cos  C;  sin  o,  +  sin  cos  o;  sin  o;) 

+  sin  Xj(cos  S|  sin  9i  cos'  ot  +  cos  9;  sin  6:  cos'  ®;)] 
-m,/r(cos  X2{sin  ®|-sin  ©2)  + sin  X2(cos  di  cos  ©1 
-cos  0:  cos  ©2)]  -mr/(cg)sin  XiCsin  9|  cos  o; 

+  sin  02  cos  ©2)  +  /n-  cos  X2 

M2i  =  m,l\cos  X:  cos'  <61  -  sin  Xi  cos  cos  o,  sin  o,) 

-mj/rcos  X2  sin  dy  cos  o, -m,/(cj)cos  Xi  cos  cos  ©i 
=  sin  X2  sin  8\-rm,l{cg)  cos  Xi  sin  8\  sin  ©i 
-m,/r(sin  Xi  cos  ©i-rcos  X2  cos  8,  sin  0|) 

<V/26  =  m,/^(cos  X2  cos'  ©2 -sin  X2  cos  8;  cos  02  sin  ©:) 

-rm,lr  cos  X2  sin  82  cos  O2-m,Hcg)c0i  X:  cos  82  cos  02 
M2-  =  m,t'  sin  X;  sin  S: -  m,/(cj)cos  X2  sin  6;  sin  ©: 

-  WjMsin  X2  cos  ©2  -  cos  X2  cos  62  sin  ©2) 

;V/.;  =  mj/'[(sin  ©!  -  sin  ©2)  -  (cos'  fli  cos'  o,  -  cos'  82  cos'  ©2)] 


■^lm,(cg)'  -lin,t(cg)(zQS  8,  cos  ©i  -^cos  82  cos  ©2) 
+  friuaP'  ~  I XI 

=  sin  81  cos  0|  sin  ©1 

M2;  =  ffij/*  cos  5)  -  m,l(cg)  cos  ©; 

Af36  =  m,!'  sin  62  cos  ©2  sin  ©2 
A/37  =  m,/*  cos  82-m;l(cg)  cos  ©2 
Mu  =  m,l‘  cos*  ©1 
M,;  =  0. 

Mx-^0. 

M;;  =  m,l‘ 

M<i  =  0. 

;V/s-  =  0. 

=  COS'  ©2 

.V/6T=0. 

;V/-  =  /T!,/* 
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Abstract 


This  paper  demonstrates  a  stability  analysis  of  a  spin-stabilized  satellite  test 
rig.  Stability  requirements  are  analytically  derived  by  modeling  the  test  rig 
as  a  system  of  rigid  bodies.  The  stability  requirements  are  numerically  and 
experimentally  verified.  Experimental  and  numerical  data  is  presented  which 
shows  instability  for  spin  about  the  axis  of  maximum  principal  moment  of 
inertia. 


1  Introduction 


In  the  late  1970s  the  Air  Force  launched  several  Star  48  communication  satel¬ 
lites.  Once  in  their  geosynchronous  earth  orbit,  these  simple  spin-stabilized 
satellites  began  to  nutate  and  tumble.  Hill  !l]  identified  sloshing  fluid  stores 
as  the  likely  source  of  the  attitude  control  problems  on  these  satellites.  Slosh¬ 
ing  fluid  has  also  caused  stability  problems  in  other  satellites,  such  as  the 
Intelsat  IV,  a  dual  spin-stabilized  satellite,  which  was  investigated  by  Slabin- 
ski  [2]  and  Martin  [-3]. 

To  enable  investigation  of  the  sloshing  fluid  problem,  Cowles  4'  de¬ 
signed  and  constructed  a  test  rig  with  two  spherical  fluid  tanks  symmetrically 
mounted  in  a  rigid  framework.  The  upper  assembly  was  attached  to  a  lower 
drive  shaft  with  a  Hooke’s  type  universal  joint.  Figure  1  shows  a  schematic 
of  the  test  rig  that  Cowles  constructed.  The  test  rig  is  driven  by  a  1/4  hp 
variable  speed  electric  motor.  .A  collar  is  used  to  restrain  the  universal  joint 
while  bringing  the  test  rig  up  to  speed.  Once  the  test  rig  has  reached  the 
desired  speed,  the  collar  is  lowered  to  allow  f'“e  motion  about  the  universal 
joint. 

Anderson  [.5]  instrumented  Cowles’  test  rig.  A  tachometer  was  used  to 
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enable  measurement  of  the  input  spin  rate.  The  pitch  and  yaw  axis  rotation 
angles  of  the  upper  assembly  were  measured  with  two  rotating  potentiometers 
that  were  mounted  on  the  drive  shaft  below  the  universal  joint.  Finally,  three 
photo  potentiometers  were  mounted  on  each  tank  to  track  the  location  of 
the  liquid  free  surface.  The  signals  from  these  transducers  were  transmitted 
through  a  slip  ring  assembly  mounted  on  the  lower  drive  shaft.  .Anderson 
recorded  data  from  the  test  rig  which  produced  radial  slosh  frequencies  and 
precession  rates  that  agreed  with  actual  in-orbit  data  for  the  Intelsat  I\' 
satellite  reported  by  Slabinski. 

Obermaier  [6]  wrote  a  simulation  program,  SATELL,  which  numerically 
integrates  the  equations  of  motion  for  the  test  rig  described  above.  Obermaier 
modeled  the  sloshing  fluid  in  the  test  rig's  spherical  tanks  by  pendulums 
as  described  by  Sumner  [7]  and  Sayer  and  Baumgarten  [8].  The  equations 
of  motion  for  the  test  rig  were  derived  using  the  Lagrangian  formulation. 
Obermaier  found  excellent  agreement  between  the  results  of  her  simulation 
program  and  the  experimentally  measured  response  of  the  test  rig.  This 
agreement  makes  SATELL  very  useful  for  testing  different  configurations  of 
the  test  rig  to  identify  the  test  setups  which  warrant  experimental  evaluation. 
Obermaier  also  identified  frequencies  from  the  simulation  output  that  agreed 
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well  with  the  predictions  of  Slabinski  and  the  work  of  Zedd  and  Dodge  '9l. 

In  the  first  part  of  this  study,  sWibility  requirements  for  the  test  rig  mod¬ 
eled  as  a  single  rigid  body  and  as  a  system  of  rigid  bodies  are  presented. 
Agrawal  [10]  suggests  that  for  stability  a  spin-stabilized  satellite  test  rig  must 
be  spun  about  a  principal  axis  with  a  moment  of  inertia  that  is  greater  than 
the  transverse  principal  axes  by  a  calculated  margin.  This  margin  was  found 
by  modeling  the  test  rig  as  a  system  of  rigid  bodies  and  using  the  approach 
of  McIntyre  and  Miyagi  [llj.  This  approach  considers  the  effects  of  products 
of  inertia  that  result  from  certain  sloshing  modes  of  the  fluid  in  the  test  rig 
tanks. 

In  the  final  part  of  this  study,  experimental  and  simulation  runs  are  pre¬ 
sented  to  verify  the  stability  rules.  The  effects  of  gravity  are  also  discussed 
for  each  case. 


2  Stability  Analysis  of  the  Test  Rig 

According  to  well-established  criteria  developed  in  past  experimental  research 
by  Cowles  [4]  and  Anderson  [.5],  a  spin-stabilized  satellite  test  rig  must  be 
spun  about  its  axis  of  maximum  principal  moment  of  inertia  to  be  stable. 


3 


Greenwood  [12]  analytically  derived  this  rule  is  by  assuming  that  a  satellite 
behaves  as  a  single  torque-free  rigid  body,  and  by  noting  that  kinetic  energy 
is  dissipated  by  the  sloshing  viscous  fluid  in  the  satellite  fuel  tanks  while  the 
total  angular  momentum  remains  constant.  Since  each  axis  of  the  test  rig 
has  a  different  moment  of  inertia,  the  kinetic  energy  level  for  spin  about  each 
axis  is  different  for  a  given  angular  momentum.  To  conserve  momentum  the 
test  rig  will  seek  to  spin  about  an  axis  associated  with  a  minimum  energy 
state  as  energy  is  dissipated  by  the  sloshing  liquid.  For  example,  if  the  test 
rig  is  spinning  about  a  given  principal  axis  at  a  given  kinetic  energy  level 
and  a  lower  energy  level  e.xists  for  spin  about  a  different  principal  axis,  the 
test  rig  will  try  to  rotate  its  spin  axis  to  align  with  the  axis  of  lower  kinetic 
energy.  The  minimum  kinetic  energy  is  achieved  for  spin  about  the  a.xis  of 
maximum  principal  moment  of  inertia. 

.4s  stated  earlier,  the  above  stability  rule  assumes  that  the  test  rig  behaves 
as  a  single  torque-free  rigid  body.  However,  in  work  by  Obermaier  [6]  the 
test  rig  was  modeled  successfully  as  a  system  of  rigid  bodies  consisting  of  a 
center  body  with  two  attached  pendulums  as  shown  in  Figure  2.  The  two 
pendulums  model  the  fluid  in  the  two  test  rig  tanks  as  described  by  the 
work  of  Sumner  [7|.  Agrawal  [10]  has  shown  that  for  stability,  spin-stabilized 
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satellites  must  be  spun  about  a  principal  axis  with  a  moment  of  inertia  greater 
than  the  other  principal  axes  by  a  calculated  margin.  Stability  rules  for  the 
system  of  rigid  bodies  of  Figure  2  are  found  using  the  approach  of  McIntyre 
and  Miyagi  [11].  This  approach  again  assumes  a  torque-free  condition  and 
involves  considering  the  test  rig  balance  with  respect  to  the  oscillation  modes 
of  the  pendulums.  The  stability  rules  for  this  system  of  rigid  bodies  verify 
Agrawal’s  conclusions  that  spinning  the  test  rig  or  a  satellite  about  its  axis 
of  maximum  principal  moment  of  inertia  is  not  enough  to  insure  stability. 

McIntyre  and  Miyagi’s  approach  begins  with  studying  the  four  fundamen¬ 
tal  pendulum  oscillation  modes  shown  in  Figure  3.  These  oscillation  modes 
must  be  evaluated  for  nonzero  products  of  inertia.  Nonzero  products  of  in¬ 
ertia  can  cause  misalignment  between  the  reference  z-axis  of  the  test  rig  and 
the  axis  of  maximum  principal  moment  of  inertia  or  spin  axis  since  the  spin 
axis  will  be  coincident  with  the  principal  axis.  The  test  rig  is  considered  to 
be  out  of  balance  when  misalignment  between  the  spin  axis  and  the  z-axis 
exists. 

Pendulum  oscillation  Mode  1  from  Figure  3  generates  one  nonzero  prod¬ 
uct  of  inertia,  lyi.  Agrawal  [10]  shows  that  the  misalignment  between  the 
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spin  axis  and  the  z-axis  resulting  from  this  product  of  inertia  is  expressed  as 


where  9^  is  a  rotation  of  the  spin  axis  about  the  test  rig's  x-axis.  It  is  also 
important  to  note  that  /j,.  is  the  product  of  inertia  of  the  test  rig  about  its 
center  of  mass,  and  ly  and  I.  are  composite  moments  of  inertia  of  the  test 
rig  (including  pendulums)  also  about  the  center  of  mass. 

Pendulum  oscillation  Mode  2  from  Figure  .3  also  generates  one  nonzero 
product  of  inertia,  I^y.  However,  this  product  of  inertia  does  not  affect  the 
test  rig’s  balance. 

Since  the  pendulum  oscillation  Mode  3  from  Figure  3  yields  no  products 
of  inertia,  it  also  has  no  effect  on  the  test  rig’s  balance. 

Pendulum  oscillation  Mode  4  from  Figure  3  generates  one  nonzero  prod¬ 
uct  of  inertia,  /^j.  The  misalignment  between  the  spin  axis  and  the  z-axis 
caused  by  this  product  of  inertia  is  expressed  as 


where  9y  is  a  rotation  of  the  spin  axis  about  the  test  rig’s  y-axis.  As  before, 
7x2  is  the  product  of  inertia  of  the  test  rig  about  its  center  of  mass,  and  and 


I.  are  composite  moments  of  inertia  of  the  test  rig  (including  pendulums) 
also  about  the  center  of  mass. 

Equations  (1)  and  (2)  show  that  Modes  1  and  4  are  the  only  modes  that 
offset  the  balance  of  the  test  rig.  Continuing  with  McIntyre  and  Miyagi's 
approach,  we  must  take  precautions  to  prevent  these  modes  from  occurring. 

First,  the  products  of  inertia  for  Equations  (1)  and  (2)  must  be  defined 
in  terms  of  test  rig  dimensions.  Then,  stability  rules  must  be  developed 
with  respect  to  the  products  and  moments  of  inertia  to  prevent  pendulum 
oscillations. 

Figure  4  shows  the  rotation  of  the  spin  axis  about  the  test  rig's  x-axis 
that  results  from  pendulum  oscillation  Mode  1.  Equation  (1)  defines  the 
angle  of  rotation  The  product  of  inertia,  ly;,  for  Equation  (1)  is  defined 
in  terms  of  test  rig  dimensions  as 

4,  =  2M,(C'G)Zsin/5  (3) 

where  M,  is  the  pendulum  mass.  Then,  for  small  3 

ly,  =  2M3CG)L3  (4) 

Figure  4  also  illustrates  that  the  center  of  mass  of  the  test  rig  is  moved  along 
the  y-axis  as  a  result  of  pendulum  Mode  1  by  the  distance  Ey.  The  center  of 
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mass  is  located  by 
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Y'2  must  be  larger  than  V'l.  With  the  help  of  Equations  (8)  and  (9)  this 


results  in  the  following  expression 


R3  >  -2M,L3[ 


1 


Mi 


fot 


I.  -  L 


(10) 


If  3  is  cancelled  and  terms  are  rearranged,  the  stability  rule  becomes 


L 


> 


(CG)- 

R  _l_ 

A/tot 


(11) 


Figure  6  shows  the  rotation  about  the  test  rig’s  y-axis  that  results  from 
pendulum  oscillation  Mode  4.  This  rotation  angle  is  defined  by  Equation 
(2).  The  product  of  inertia  Ixz  in  Equation  (2)  is  written  in  terms  of  test  rig 
dimensions  as 


Ixz  =  M,(R  +  L  cos  a){{CG)  +  L  sin  a)  —  (12) 

M,{R  +  L  cos  a)({CG)  —  L  sin  a) 

Simplifying  for  small  a  and  combining  terms,  one  finds 

Ixz  =  2M,L{R  + L)a  (13) 

How,  if  9y  is  larger  than  a,  a  will  increase  in  the  xz  plane  as  centrifugal 
forces  align  the  pendulums  perpendicular  to  the  spin  axis.  Thus  for  stability. 
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By  must  be  less  than  a.  Equations  (2)  and  (13)  may  be  used  to  develop  the 
following  expression, 


2M,L(B  +  L)a 

I.  -  h 


<  a 


(14) 


After  cancellation  of  a  and  rearrangement  of  terms,  the  stability  rule  becomes 


h-h>  2M,L{R  +  L) 


(15) 


3  Verification  of  Stability  Rules 

The  computer  simulation  program  SATELL,  and  the  experimental  test  rig 
were  used  to  verify  that  Equations  (11)  and  (15)  govern  the  global  stability 
of  the  test  rig.  As  stated  earlier,  these  stability  rules  were  developed  for  a 
torque-free  system  of  rigid  bodies,  but  the  test  rig  is  of  course  subject  to 
torques  produced  by  gravity.  For  this  reason,  SATELL  was  also  used  to 
study  the  influence  of  gravity  on  the  response  of  the  test  rig.  A  zero  gravity 
environment  was  created  by  setting  the  acceleration  due  to  gravity  equal  to 
zero  when  running  SATELL.  Since  SATELL  results  and  experimental  data 
were  used  extensively,  it  is  necessary  to  discuss  the  operational  characteristics 
of  both. 

Obermaier  [6]  modeled  the  test  rig  with  four  bodies  consisting  of  a  rigid 
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upper  assembly  attached  to  a  lower  support  shaft  by  a  Hooke's  type  universal 
joint  and  two  spherical  pendulums  which  are  symmetrically  attached  to  the 
upper  assembly.  She  compiled  the  equations  of  motion  for  this  system  of 
rigid  bodies  and  developed  a  computer  program  named  SATELL  which  is 
run  with  a  double  precision  integration  program  named  DDIFFEQ.  Before 
SATELL  can  be  run,  initial  conditions  must  be  specified  for  the  angles  that 
define  the  positions  of  the  rigid  bodies,  and  all  constants  must  be  defined. 
There  are  four  sets  of  Cartesian  coordinates  which  are  used  to  describe  the 
orientations  of  the  upper  assembly. 

The  ii  -  -  Cl  coordinate  system  is  stationary  and  is  positioned  at 

the  center  of  the  universal  joint.  The  axis  is  directed  vertically  upward. 
Positioning  of  the  Xi  and  yi  axes  is  arbitrary. 

Transformation  to  the  X2  —  y2  —  =2  system  is  achieved  by  a  right  hand 
rotation  by  an  amount  0  about  the  ii  axis.  The  X2  —  1/2  —  ^2  coordinate 
system  is  attached  to  the  lower  shaft  of  the  test  rig  and  its  origin  is  at  the 
center  of  the  universal  joint.  The  X2  — 1/2  ~  ^2  axes  are  fixed  in  such  a  way  that 
when  the  ii  and  £2  are  aligned,  the  ^2  components  of  the  position  vectors  of 
the  pendulum  supports  are  zero. 

The  rotation  of  the  upper  assembly  relative  to  the  lower  shaft  is  defined 
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by  the  two  rotation  angles,  A.  First,  a  rotation  by  an  amount  Aj  about  the  ^2 
axis  defines  the  transformation  to  the  iz  —  ys  —  is  coordinate  system.  Then, 
the  coordinate  system  is  rotated  through  an  angle  A2  about  the  is  axis  to 
arrive  at  the  —  £4  system.  The  14  —  —  i4  system  is  attached  to 

the  upper  assembly  as  shown  on  Figure  1.  Figure  7  shows  the  rotations  for 
the  upper  assembly  on  the  universal  joint  about  the  lower  support  shaft.  It 
should  be  noted  that  when  running  SATELL,  Aj  and  A2  cannot  be  initially 
set  to  zero  since  this  will  cause  singularities  when  integrating. 

The  remaining  inputs  for  SATELL  are  L,  R,  CG,  M,.  A/ua»  h-  4- 
p,  and  spin  rate.  The  inertia  inputs  to  SATELL  are  for  the  rigid  assembly 
including  the  nonslosh  masses,  not  the  steady  state  composite  moments  of 
inertia  as  defined  previously.  The  constant  p  is  defined  to  be  the  height  of 
the  center  of  gravity  of  the  upper  assembly  above  the  universal  joint  when 
Ai  and  A2  are  equal  to  zero.  The  constant  is  defined  as  the  mass  of  the 
upper  assembly  of  the  test  rig  including  the  pendulum  nonslosh  masses.  All 
other  variables  are  as  previously  defined. 

The  test  rig  is  equipped  with  nine  transducers  for  making  measurements. 
There  are  two  rotating  potentiometers,  one  on  the  X2  axis  and  the  other  on 
the  y2  axis,  that  enable  the  measurement  of  variables  that  can  be  used  to  solve 
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for  Ai  and  A2.  There  are  three  photo  potentiometers  on  each  tank  to  measure 
the  fluid  free  surface  location.  Tie  final  transducer  is  a  tachometer  that 
enables  measurement  of  the  spin  rate.  The  signals  from  these  transducers  are 
transmitted  through  a  slip  ring  assembly  mounted  on  the  lower  drive  shaft. 
An  IBM  model  PS/2  equipped  with  a  National  Instruments  data  acquisition 
card  was  used  to  collect  experimental  data  from  the  test  rig.  Eight  channels 
of  input  were  utilized  to  record  data  from  the  rotating  potentiometers  and 
the  photo  potentiometers.  A  voltmeter  attached  to  the  tachometer  was  used 
to  set  the  spin  rate. 

The  first  step  in  the  experimental  procedure  was  to  perform  the  trans¬ 
ducer  calibrations  as  described  by  Anderson  [5]  with  the  rig  in  the  desired 
configuration.  Next,  the  rig  was  brought  up  to  speed  with  the  collar  up.  The 
data  acquisition  program  was  then  started  and  the  collar  was  released.  The 
experimental  data  recorded  with  the  IBM  was  then  down  loaded  onto  a  V.4X 
11/785  mainframe  for  plotting. 

A.  limitation  of  the  test  rig  that  appears  in  the  experimental  data  is  that 
it  can  only  rotate  ±.2  radians  (11.4  deg)  about  the  and  ^2  axes.  Also,  for 
safety,  the  test  rig  spin  rates  were  kept  below  14^^^|j  (133.7  rpm). 

The  global  stability  of  the  test  rig  is  governed  by  Equations  (11)  and 
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(15).  Equation  (11)  must  be  satisfied  to  ensure  stability  about  the  x-axis  or 
to  restrain  the  horizontal  pendulum  oscillation  Mode  1  of  Figure  3.  Equation 
(15)  must  be  satisfied  to  ensure  stability  about  the  y-axis  or  to  restrain  the 
vertical  pendulum  oscillation  Mode  4  of  Figure  3. 

This  section  deals  with  test  rig  configurations  where  the  steady  state 
composite  center  of  mass  is  located  at  the  universal  joint.  This  requirement 
insures  that  gravity  produces  no  net  moments  on  the  test  rig.  .A.lso.  this 
configuration  is  nearest  to  simulating  an  actual  satellite  in  orbit.  Using  the 
dimensions  for  the  two  test  rig  configurations  given  in  Table  1  in  Equation 
(15),  results  in 


-  h  >  QMUlug  -  (16) 

Since  both  of  the  configurations  in  Table  1  satisfy  Equation  (11),  Equa¬ 
tion  (16)  governs  the  stability  of  these  configurations.  Run  1  of  Table  1  does 
not  satisfy  Equation  (16)  and  should  result  in  an  unstable  response  of  Ai 
about  the  y2  axis  caused  by  the  vertical  pendulum  oscillation  Mode  4  of  Fig¬ 
ure  3.  Furthermore,  inspection  of  the  steady  state  inertias  in  Table  1  for  Run 
1  shows  that  the  rig  is  spinning  about  the  maximum  principal  axis.  Figure 
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8  shows  the  experimental  response  of  Ai  and  A2  for  Run  1.  As  predicted, 
the  response  of  Ai  increases  with  time  in  an  unstable  manner.  This  experi¬ 
mentally  verifies  Agrawal’s  conclusion  that  spinning  a  satellite  or  a  test  rig 
about  its  axis  of  maximum  principal  moment  of  inertia  is  not  enough  to  in¬ 
sure  stability.  Figure  8  shows  the  numerical  response  of  Ai  and  A2  of  Run 
1  from  SATELL.  Root  mean  square  difference  calculations  were  performed 
on  the  numerical  and  experimental  responses  over  the  first  second  with  .0-5 
second  increments.  The  results  of  these  calculations  were  .048  radians  rms 
difference  for  Ai  and  .024  radians  rms  difference  for  A2.  These  small  differ¬ 
ences  are  explained  by  the  difference  in  the  initial  conditions  for  Ai  and  A2 
which  were  both  set  at  .050  radians  in  SATELL  and  a  nominal  zero  radians 
on  the  test  rig.  The  nonzero  initial  conditions  for  the  SATELL  run  were 
required  to  avoid  singularities  when  integrating.  Figure  8  also  shows  a  sim¬ 
ulated  response  for  Run  1  from  SATELL  with  zero  gravity  and  the  same 
initial  conditions  as  above.  This  response  also  closely  matches  the  experi¬ 
mental  with  .037  radians  rms  difference  for  A^  and  .028  radians  rms  difference 
for  A2.  When  these  differences  are  compared  to  those  for  the  simulation  with 
gravity,  one  finds  that  gravity  does  not  affect  the  response  of  the  test  rig 
provided  the  center  of  mass  is  located  at  the  universal  joint. 
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Run  2  of  Table  1  satisfies  Equation  (16)  and  should,  therefore,  be  stable. 
Figure  9  shows  the  experimental  and  numerical  responses  for  Run  2  which 
are  stable  for  both  Ai  and  Ao.  The  difference  between  the  experimental  and 
the  numerical  responses  are  .013  radians  rms  for  Aj  and  .008  radians  rms  for 

A,. 

Figure  9  also  shows  the  numerical  simulation  response  for  Run  2  with 
zero  gravity.  This  response  is  stable  and  differs  from  the  experimental  by 
.015  radians  rms  on  Aj  and  .008  radians  rms  on  A2. 

Using  the  dimensions  given  for  the  two  test  rig  configurations  shown  in 
Table  2,  Equation  (11)  becomes 

I;  —  ly  >  .OOZslug  —  ft^  ( 17) 

Since  both  of  the  configurations  in  Table  3.2  satisfy  Equation  ( 15),  Equa¬ 
tion  (17)  governs  the  stability  of  these  configurations.  The  two  tanks  on  the 
test  rig  are  located  on  the  x-axis  which  makes  duplicating  the  four  config¬ 
urations  in  Table  2  with  the  test  rig  impossible.  For  this  reason  only  data 
from  SATELL  is  presented. 

Run  3  of  Table  2  does  not  satisfy  Equation  (17)  and  should  be  unstable 
about  the  T2  axis  as  a  result  of  the  horizontal  pendulum  Mode  1  of  Figure  3. 
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This  statement  is  verified  in  Figure  10  which  shows  the  simulated  response 
of  Run  3  for  the  test  rig  where  Ai  is  steady  and  A2  is  decreasing  with  time  in 
an  unstable  fashion.  Since  the  test  rig  is  spinning  about  its  axis  of  maximum 
principal  moment  of  inertia  for  Run  3,  as  shown  in  Table  2,  the  unstable 
response  agrees  with  Agrawal’s  stability  criteria  as  previously  mentioned. 
Figure  10  shows  the  zero  gravity  simulated  response  of  Ai  and  A,  for  Run 

3  which  matches  the  response  with  gravity.  The  similarity  between  these 
two  responses  implies  that  the  test  rig  responds  similar  to  an  actual  satellite 
when  the  composite  center  of  mass  is  located  at  the  universal  joint. 

Run  4  of  Table  2  satisfies  Equation  (17)  and  should  be  stable.  Figure  11 
illustrates  the  stable  simulated  response  of  Run  4.  Figure  11  also  illustrates 
the  simulated  response  of  Ai  and  A2  for  Run  4  with  no  gravity.  Again,  the 
zero  gravity  response  is  nearly  identical  to  the  response  with  gravity. 

4  Conclusions 

During  this  study,  a  great  deal  of  emphasis  was  placed  on  understanding  the 
motion  of  the  test  rig  with  respect  to  the  sloshing  modes  of  the  fluid.  .As 
these  relationships  became  clear,  the  stability  requirements  for  the  test  rig 
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were  developed.  Simulation  runs  with  SATELL  and  experimental  runs  with 
the  test  rig  were  made  to  verify  the^stability  requirements  and  to  confirm  the 
understanding  of  the  sloshing  fluid  oscillation  modes. 

The  major  accomplishments  of  this  study  include: 

•  Stability  rules  for  the  test  rig  were  analytically  developed  and  verified 
with  SATELL  and  the  experimental  test  rig. 

•  Numerical  and  experimental  data  were  recorded  for  the  test  rig  that 
demonstrated  instability  while  spinning  about  the  axis  of  maximum 
principal  moment  of  inertia.  This  agrees  with  Agrawal's  work. 

•  When  the  composite  center  of  mass  was  located  at  the  universal  joint, 
the  test  rig  responded  as  an  actual  satellite  in  orbit.  This  was  verified 
by  comparing  experimental  runs  with  simulation  runs  for  zero  gravity. 

•  When  the  moment  of  inertia  for  one  of  the  transverse  axes  was  too  large 
for  stability  and  the  composite  center  of  mass  was  at  the  universal  joint, 
experimental  and  simulation  data  showed  that  the  test  rig  attempted  to 
reorient  itself  to  spin  about  that  transverse  axis  as  predicted  by  single 
rigid  body  theory. 
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Future  experimental  research  will  be  focused  on  the  the  effect  that  fluid 
viscosity  has  on  the  stability  of  the  test  rig.  .41so,  elastic  body  effects  will  be 
included  in  a  stability  analysis  of  the  test  rig  by  a  Lyapunov  approach. 
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Figure  1:  Schematic  of  mechanical  system 


Figure  2:  Model  of  test  rig 


Figure  3:  Fundamental  pendulum  oscillation  modes 


Figure  4:  Spin  axis  rotation  caused  by  Mode  1 


Figure  5:  Pendulum  oscillation  plane  for  Mode  1 


Figure  6:  Spin  axis  rotation  caused  by  Mode  4 


Figure  7:  Upper  assembly  rotations 


Figure  8:  Aj  and  A2  versus  time  for  Run  1 


Figure  9:  Ai  and  Aj  versus  time  for  Run  2 


Figure  10:  Ai  and  A2  versus  time  for  Run  3 


Figure  11:  Aj  and  A2  versus  time  for  Run  4 
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Table  1:  Test  rig  dimensions  for  Runs  1  and  2 


Run  1 

Run  2 

10.5 

0.03.54 

L  feet 

Kwr^-i 

0.1625 

R  feet 

0.8.33 

0.8.33 

CG  feet 

-0.770.5 

-0.6973 

(dry)  slug 

0.72.54 

0.6924  i 

ij.  (upper  assy.)  slug/f^ 

0.464 

0.444  1 

ly  (upper  assy.)  slug/t^ 

0.253 

0.233  i 

I;  (upper  assy.)  slug/f^ 

0.448 

0.448 

Ix  (steady  state)  slug/t^ 

0.516 

0.487 

ly  (steady  state)  slug/f^ 

0.374 

0.345 

/.  (steady  state)  slug/i^ 

0.518 

0.517 

Table  2:  Test  rig  dimensions  for  Runs  3  and  4 


Run  3 

Run  4  i 

10.5 

10.5  i 

0.03.54 

0.03.54 

0.1625 

0.1625 

0.8.33 

0.833 

CG  feet 

-0.4484 

-0.4484 

iV/„a  (dry)  slug 

0.5701 

0.5701 

Ix  (upper  assy.)  slug/t^ 

0.200 

0.200 

ly  (upper  assy.)  slug/f^ 

0.300 

0.290 

I.  (upper  assy.)  slug/<^ 

0.320 

0.320 

Ix  (steady  state)  slug/<^ 

■iMM 

ly  (steady  state)  sing ft^ 

0.388 
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APPENDIX  C.  A  Finite  Element/Lagrangian  Formulation  Dynamic 
Motion  Prediction  for  a  Flexible  Satellite  Simulator  with  Both  Rigid  and 

Elastic  Bodies 
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IBSTRACT 

1  the  present  paper  a  systematic  procedure  has  been  conducted 
I  denve  dynamic  eriuations  by  using  Lagrange  s  formula  for  a 
ulti-  body  system  involving  both  rigid  bodies  and  elastic  mem- 
irs.  Finite  element  analysis  with  a  direct  stiffness  method  has 
sen  employed  to  model  the  ftesible  subsystems.  .Vonlinear  cou- 
ing  terms  between  rigid  body  gross  motion  and  elastic  deflec- 
ans  are  completely  taken  into  account.  Soth  the  parameters 
om  rigid  body  motion  and  the  components  of  elastic  displace- 
enu  are  considered  as  unknown  degrees  of  freedom  of  the  entire 
stem.  The  assumption  of  specified  gross  motion  is  no  longer 
(cessary  m  the  derivation  and  the  resultant  differential  epua- 
ons  are  highly  nonlinear.  Equations  of  motion  for  each  indi¬ 
dual  subsystem  are  formulated  associated  with  a  moving  frame 
stead  of  a  traditional  inertial  coordinate  system  and  are  assem- 
ed  by  means  of  a  compatibility  matrix.  The  method  is  primanly 
tveloped  for  forward  dynamics  and  it  is  also  applicable  in  inverse 
rnamics. 

NTRODUCTION 

lexible  modeling  has  been  an  attractive  but  difficult  topic  for  a 
ng  time.  Severely  resincted  by  the  lag  of  computer  speed  in  the 
irly  years  and  the  comple.sity  of  mathematical  formulation,  tra- 
tional  designs  in  robots,  mechanisms,  etc.  have  been  limited  in 
le  realm  of  rigid  body  system.  However,  the  increasing  demands 
r  higher  operating  speeds  result  in  a  situation  that  lightweight 
ructures  have  to  be  used.  An  undesired  by-product,  the  effect 
'  Sexibility.  is  now  recognized  as  a  critical  issue,  [t  becomes 
npossible  to  implement  time-consuming  numerical  integration 
ithout  solid  support  of  sophisticated  modem  computers  with 
igh  processing  speed. 

The  past  decade  has  seen  significaoc  advances  in  dynamic  anal- 
lis  for  non-ngtd  body  systems  with  elastic  links.  Extensive  work 
ss  been  conducted  in  dealing  with  flexible  modeling.  .Most  inves- 
gators  employ  a  common  approach  that  allows  elastic  deflections 
I  be  superimposed  on  grossf  nominal)  rigid  body  motion  due  to 
le  nature  of  a  specific  prdblem.  A  drawback  of  that  method 
that  the  rigid,  body  motion  must  be  specified.  It  is,  however. 
Bt  always  true  that  rigid  body  motion  can  be  predefined,  espe* 
ally  in  some  environmenta  requiring  that  the  motion  of  a  system 
e  predicted.  Additionally  there  are  those  areas  where  the  Su- 
ice  between  gross  motion  and  elaatic  deflectiona  are  sensitive  in 
nalysing  system  stability. 

The  purpose  of  this  paper,  therefore,  is  to  develop  a  general 
lodding  techmque  to  conduct  a  systematic  procedure  for  estab¬ 


lishing  dynamic  equations  of  a  flexible  system  by  considering  all 
the  degrees  of  freedom  of  the  system,  rigid  or  elastic,  as  general¬ 
ized  coordinates.  In  addition,  the  procedure  in  formulation  must 
be  optimized  and  simplified  so  as  to  accommodate  the  needs  in 
numerical  analysis  and  computer  programming. 

PREVIOUS  WORK 

Flc.xible  structure  modeling,  including  the  effects  of  elastic  de¬ 
flections  and  rotations,  has  been  given  considerable  effort  by  en- 
gineers  and  researchers  in  the  fields  of  robotics  and  mechanisms. 
.A  finite  element  method  has  been  chosen  over  a  modal  e.xpan- 
sion  analysis  to  discretize  the  continuous  systems  due.  in  a  large 
measure,  to  the  fact  that  eigenvalues  are  not  required  to  solve  for 
the  response  of  the  system.  .An  analytical  formulation,  based  on 
energy  methods,  is  usually  applied  associated  with  the  finite  ele¬ 
ment  analysisf  FEA)  to  develop  dynamic  equations  of  the  system. 

The  first  to  exploit  the  advantages  of  the  FEA  with  Lagrangian 
mechanics  were  5unada  and  Dubowsky  [l]  [2|.  Their  moaei  in- 
corporateda  Denavit-Hartenburgrepresentationof  the  kinematic 
rigid  body  transformation  excluding  kinematic  coupling.  The  de¬ 
grees  of  freedom  of  the  discretized  system  were  reduced  by  means 
of  Component  Mode  Synthesis! CMS).  The  equations  of  all  links 
were  assembled  using  a  Compatibility  .Matrix  routine.  Ln  their 
illustrative  examples,  a  set  of  first  order  equations  was  solved 
numerically  for  a  special  case  in  which  the  mechanism's  nominai 
speeds  and  accelerations  are  much  smaller  than  the  component 
elastic  coordinate  velocities  and  accelerations,  (n  their  later  ex¬ 
tended  work,  the  assembly  of  dynamic  equations  was  performed  in 
symbolic  form  due  to  the  special  form  of  matrix  terms.  The  final 
system  equations  were  solved  using  a  Hewmark-Beia  integration 
algorithm.  Their  approach  is  applicable  for  these  problems  where 
nominal  rigid  body  motion  is  specified  by  kinematic  constraints. 

Earijr  works  by  Naganathan  and  Som(3|[4|[S|(6)[7]  developed  a 
fully  nonlinear  model  employing  a  kinematic  representation  with 
rigid  llwlr  based  reference.  The  three-dimensional  model  was  con¬ 
structed  by  accounting  for  axial,  torsional,  and  lateral  deforma- 
ciona.  Galerkin  method  waa  us^  with  linear  shape  functions 
to  represent  the  elasticity  of  the  links.  Link  level  matrices  were 
transformed  by  time- vary ing  compatibility  matrices  and  cascaded 
into  global  matrices.  Once  again,  the  rigid  body  gross  motion  was 
specified  at.  the  revoluce  joints  due  to  the  nature  of  these  prob¬ 
lems.  The  element  matrices  then  became  constant  at  every  time 
step  in  the  numerical  solutions. 

Cn  the  work  accomplished  by  Sadler  and  Yang  [d)  [9|  [10|.  a 
total  mechanism  displacement  waa  defined  aa  a  combination  of 
the  large  rigid  body  gross  motion  and  small  elastic  deformations. 
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Their  method  was  applied  both  to  planar  multi-link  mechanisms 
and  to  spatial  robot  manipulators.  The  effects  of  Rayleigh  damp¬ 
ing  was  introduced.  In  the  mechanism  applications,  the  authors 
claimed  that  their  method  can  be  employed  both  in  the  forward 
and  inverse  dynamics  under  conditions  of  either  specified  input 
forcing  function.^  or  moti.sn  of  the  crank  in  a  four-bar  linkage. 
.A.  special  treatment  must  be  made  to  relate  the  link  orientation 
angle  to  the  total  unknown  displacement.  This  can  be  done  for 
some  mechanisms  with  one  rigid  body  degree  of  freedom!  DOF). 

.More  recently.  .Vagarajan  and  Turcic  [l  l|  [12]  developed  a  new 
approach  to  derive  'ciuatioiis  •)(  motion  for  elastic  mechanism 
systems.  Both  the  rigid  body  and  the  elastic  degrees  of  freedom 
were  considered  as  generalized  coordinates  in  their  derivation. 
The  equations  were  first  formulated  based  on  elmeni  level  coor¬ 
dinate  system  in  which  elastic  nodal  displacements  are  measured. 
These  equations  were  then  transformed  to  a  reference  coordinate 
system  to  ensure  compatibility  of  the  displacement,  velocity,  and 
acceleration  of  the  degrees  of  freedom  that  are  common  to  two 
or  more  links  during  the  assembly  of  the  equations  of  motion. 
Due  to  generality  in  their  work,  the  equations,  both  on  element 
and  system  levels,  are  complicated  and  the  transformation  from 
element  level  to  system  level  takes  a  great  amount  of  effort  which 
is  necessary  for  their  approach. 

.A  literature  survey  of  fie.xible  models  was  completed  by 
Cleghom  [l3|.  ft  was  observed  that  the  most  effective  model 
is  one  which  incorporates  Lagrange  s  equation  with  the  finite  el¬ 
ement  method.  This  produces  a  generalized  element  for  easy 
application  to  fiexible  systems. 

METHODOLOGY 


fn  this  section,  a  systematic  procedure  will  be  developed.  Since 
the  systems  under  consideration  in  this  paper  involve  both  rigid 
and  elastic  structures,  denvations  of  motion  equations  will  be  all 
carried  out.  Lagrangian  approach  is  selected  to  conduct  system 
dynamics;  finite  element  analysis  with  a  direct  stiffness  method 
IS  to  be  employed  to  discretize  elastic  members  and  to  determine 
their  OOF  and  structural  stiffness  matnx  in  the  potential  en¬ 
ergy  term.  For  each  individual  body.  Lagrangian  equation  can  be 
e.tpressed  as 


1  ( 


iQ.} 


(1) 


where  K E,  and  PE,  are  the  i‘''  elastic  member  kinetic  energy  and 
potential  energy  respectively.  {Qi}  are  those  generalized  forces 
not  derivable  from  a  potential  function,  and  {<7,}  is  a  local  vector 
of  the  generalized  coordinates. 

For  a  rigid  substructure,  the  corresponding  kinetic  and  poten¬ 
tial  energies  are  of  the  following  forms. 


K  E,  ~  '  ^c»  "h  T'wi  '  T,  '  w, 

i  * 

PE,  =  gravitational  potential  energy  (  2) 


where  m,  is  the  body  mass.  is  a  velocity  vector  at  the  mass 

center,  w,  is  an  angular  velocity  vector,  and  A  is  an  inertial  dyadic 
about  the  mass  center.  The  potential  energy  term  is  due  to  con¬ 
servative  force  fields  only  gravity  is  involved  usually. 

For  an  elastic  substructure,  both  the  kinetic  and  potential  en¬ 
ergy  terms  are  different  from  those  of  a  rigid  subetructute.  They 
can  be  written  as 


V'ijds 


PEi  =  y(i7i}^[l;,,|{i7,} -f- gravitational  potentiai  energy  (3) 

where  g  stands  for  gndt  or  noiet  .  ;V,  is  the  total  number  of  the 
elements.  I,  is  the  length  of  each  element.  Pi  and  A.  are  the  mass 


density  and  cross  section  area  of  each  element  respeciivelv.  .hkI 
^,g  is  a  generic  velocity  vector  in  element  3.  .As  shown  ab<>v». 
potential  energy  consists  of  two  terms.  The  first  one  is  due  to  the 
structure  elastic  deflection  and  is  named  the  elastic  strain  enerzy. 
The  second  one  is  due  to  the  structure  elevation  in  the  field  of 
gravity  both  in  a  macro  rigid  body  motion  and  in  a  micro  elastic 
vibration.  .After  differentiating  both  the  kinetic  and  potential 
energy  terms  and  substituting  them  into  Eq.  1.  one  can  obtain 
the  following  matri.x  dynamic  equations  in  the  form  of  se.:ond 
order  nonlinear  ordinary  differential  equations  with  time-varying 
coefficient  matrices  for  each  separate  substructure. 

[m,(7.)|{<j,}  -h  ((Cc,(7,.:;,)|  -i-  {c..])  {-ji}  e-  [k, (7,)! {<J, } 

=  {/.(7.)H-  =0.---.V)  i4l 
where.  .V  is  the  total  number  of  the  subsystems.  [m,|  is  a  mass 
matrix,  [cc, I  is  a  damping  matrix  due  to  the  Coriolis  and '  'nir'/ii. 
•ja.1  accelerations,  [cnj  is  a  viscous  damping  matrix  which  is  not 
derivable  analytically.  [«,]  is  a  stiffness  matrix  including  the  con- 
ventional  structure  stiffness,  and  {/, }  is  a  force  vector  involving 
the  external  active  nonconservative  forces. 

With  a  set  of  dynamic  equations  for  each  substructure  in  the 
form  of  Eq.  A,  one  must  assemble  them  together  to  form  a  aet  if 
equations  at  a  global  level  for  the  entire  system.  One  must  .viso 
define  a  global  vector  of  the  generalized  coordinates  <7}  which 
is  chosen  from  each  local  vector  of  the  generalized  coordinates 
{7,}  such  that  every  coordinate  in  {7}  must  be  independent  of 
each  other!  though  some  coordinates  in  the  different  vectors  \  i,  i 
may  be  overlapped).  A  relationship  between  the  global  vector 
and  each  local  vector  of  the  generalized  coordinates  can  then  be 
determined  from 

{9.}  = 

where  [<(,]  is  a  compatibility  matrix  in  which  each  element  is.  in 
general,  a  function  of  time.  By  means  of  virtual  work  principle, 
the  system  equations  at  global  level  can  finally  be  set  up  as 

+  ([Ccl  +  [C.D  {?}  ^  (A-Kq}  =  [F)  (til 

FINITE  ELEMENT  ANALYSIS  (FEA) 

Each  elastic  substructure  wiU  be  modelled  by  using  a  predefinen 
beam  element,  fn  order  to  reduce  the  element  degrees  of  freeuom 
without  major  loss  in  beam  flexibility,  two  transverse  deflections 
and  two  rotations  are  allowed  for  each  node  which  has  in  general 
six  elastic  degrees  of  freedom.  Ln  addition,  the  following  condi¬ 
tions  are  assumed. 

•  Elementary  beam  theory  applies  and 
elastic  flexure  obeys  Hook’s  Law. 

•  Each  beam  undergoes  two  different  bendings  in  two 
planes  and  is  considered  ngid  longitudinally. 

•  Two  orthogonal  deflections  are  not  related  to 
each  other  and  are  therefore  uncoupled. 

Following  a  conventional  direct  stiffness  method  (14|.  a  displace¬ 
ment  function  with  the  form  of  a  polynomial  function  is  pre¬ 
assumed  first  with  knowledge  of  the  external  loadings.  The 
boundary  conditions  are  then  applied  followed  by  the  direct  appli¬ 
cation  of  the  stram/stress  relationships  with  the  sign  conventions 
of  the  bending  moments  and  shear  forces. 

Displacement  Function 


From  the  classic  elasticity  theory  [lS|.  a  function  of  static  trans¬ 
verse  deflection  for  a  cantilever  beam  can  be  determined  depend¬ 
ing  on  external  loading  acting  on  the  beam.  With  no  distributed 
loadings  the  highest  order  o£  the  polynomial  function  is  of  order 
three.  Then- 

p  =  ao -haix -h  ajx’ -f  asx^  (>) 

where  ai(i  =  0. 1.2.3)  are  the  constant  coefficients,  x  and  y  are 
the  corresponding  elastic  substructure  a.xiai  and  lateral  coordi¬ 
nates.  The  above  equation  will  be  employed  aa  a  displacement 
function  for  each  beam  element. 
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Boundary  Conditions 


Four  boundary  conditions  for  >^ach  element  are  proposed  as  fol¬ 
lows: 

s  =  0  leHectlons  1|  and  slope=Oi 
5  =  /  ■leHection=  Ij  and  slopesos 

where  s  is  an  element  ■■•'ordinate  alli;ned  with  center  line  of  an 
undeformed  beam,  i,  .aii'l  Oi  1 1  =  1 .  J 1  are  the  trtuuverse  displace¬ 
ments  and  rotations  at  the  corresponding  nodes,  respectively,  and 
1  is  the  length  of  I  he  element.  .Applying  above  four  bounilary  con¬ 
ditions  to  Eq.  it  ■  .an  be  'lemonstrated  that  the  final  displace¬ 
ment  functions  in  matri.a  form  are  of  the  fdtlowing  e.apressions. 


■.(s)  = 


c(s)  = 


{■n^'trus} 

(^>^[Z1^(J} 


{j}  =  {  1  3  } 

{■i}  =  (ily  Ol;  it;  Oly  ijy  O  J ;  ij  ^  5  ’  V  }  ^  |dt 

where  {d}  are  the  generalized  coordinates  for  each  beam  element, 
{s}  is  a  generalized  function  vector.  [V'|  and  [Z]  are  constant  ma- 
tricesfsee  .Appendix  A),  and  {s}^(V’]^  and  are  conven¬ 

tional  shape  functions  for  each  planar  bending. 


For  small  elastic  deflection,  the  bending  moments  and  shear 
forces,  in  the  case  of  plane  x-y  for  instance,  are  found  to  be 

m(s)  s 

V(s)  =  (9) 

where  E  is  Young  s  modulus  and  ft  is  the  principal  moment  of 
inertia  about  the  z  a.xis.  .According  to  Eq.  d.  an  element  nodal 
force  vector  is  correspondingly  defined  as 

{/}  =  f/ly  /it  '"iv  /j»  '"It  /ji  (10) 

.Applying  four  force  boundary  conditions  for  each  node  in  Eq.  9 
followed  by  comparing  the  following  form 

{/}  =  (*,I{d>,  (ID 

a  final  expression  of  the  structure  stiffness  matrix  can  be  obtained 
and  formulated  as 

[fc.l  =  ^  +  Cy[U,r(fczl(P,l)  (12) 

where  [lct|  is  a  symmetric  matrix,  f  is  the  length  of  an  element, 
f  is  an  average  value  of  fy  and  ft.  Cy  and  C,  are  two  constant 
ratios  of  fy  and  f<  to  f  respectively,  \f3\\  and  (/TzKsee  Appendix 
.A)  are  two  constant  matrices  with  either  unity  elements  or  zero 
elements,  and  [Jt|  ]  and  [A;}]  are  the  bending  stiiGaess  matrices  for 
the  corresponding  planes. 

DERIVATION  OF  DYNAMIC  EQUATIONS  AT  LO¬ 
CAL  LEVEL 

As  illustrated  in  Fig.  1.  the  coordinate  system  {io,Jo,ko)  is  a 
floating!  moving)  frame  attached  to  the  moving  system,  and  set 
(•oiMiA,)  is  a  reference  frame  for  an  arbitrary  beam  i.  is  a 
rigid  body  position  vector,  which  describes  the  rigid  body  mo¬ 
tion  of  the  system,  is  a  local  position  vector  measured  in 
the  reference  frame  for  an  arbitrary  point  P'  in  element  g  after 
deflection,  which  is  coiuidered  as  a  position  vector  due  to  elastic 
deformation,  r,,  is  an  absolute  position  vector  of  the  poiiu  P' 


Figure  1;  Elastic  Deflection  of  .A.  Generic  Fle.tible  Beam 


relative  to  the  moving  frame  (lo.  jo.  )•  which  combines  the  rigid 
body  motion  and  elastic  vibration. 

Position  and  Velocity  Vectors 

-A  position  vector  describing  point  P'  can  be  found  as 

r.y  —  "b  Ptg 

—  {eo}^({f?if  s- [Tij.Kx,,})  113) 

where  {eo}  =  {  lo  jq  i-g  }^.  a  unit  direction  vector.  I  f?, } 
and  {Oiy}  are  the  rigid  and  elastic  position  vectors,  and  [Toi4  is  a 
transformation  matrix  between  two  frames  mentioned  above.  .A 
corresponding  matrix  equation  formulated  in  the  moving  frame 
takes  the  following  form. 

{r„}  =  {ft,}  +  [To.l{p.,}  (14) 

Differentiating  the  above  equation  gives  a  velocity  equation  which 
can  be  written  as 

{r.,}  «  (ftl({fl.}  +  (To.l{o.,})  +  (f?.} 

+  [To.Kp,,} -I- [To,I{p,,}  115) 

where  {r.y}  denotes  d{r,g}/dt.  {fl,}.  {Oiy}.  and  fro,]  are  the 
time  rates  of  the  corresponding  vectors  and  the  transformation 
matrix,  and  [OKsee  .Appendix  B)  is  a  skew  matrix  derived  from 
a  rigid  body  system  angular  velocity  {fl}  which  can  be  expressed 

“  {n}  =  (ivi{.\}  116) 

where  {A}  are  the  time  rates  of  the  ngid  body  generalized  coor¬ 
dinates.  and  [jV]  is  a  time-varying  coefficient  matrix  which  can 
be  partitioned^  as  (  Afj  Yj  ]^. 

For  a  case  with  no  relative  motion  between  the  moving  and  ref¬ 
erence  frames.  Eq.  IS  can  be  written  in  the  following  form  in  detail 
after  substituting  Eqs.  ISandSinto  Eq.  15  followed  by  rearrange¬ 
ment  and  a  new  definition  for  the  i*'*  beam  generalized  coordi¬ 
nates  {g% }  composed  of  both  rigid  body  generalized  coordinates 

{A}  and  elastic  generalized  coordinates  (di},{dz} . (dm} (see 

Eq.  8). 


{ri,}  = 


(H,3  -h  TsiPtft)Hpi- 
(R,i  3-  Tup,,,)^- 
(fl>3  +  TjiP.j.ljV, - 

{R,i  ■¥ 

(Ris -I- Tjip,,,)^  [ 

(R,i  -h 


4- 


-i-  ZjTxj) 

-i-ZjT, 3 )  (e.,^i{.j.) 


‘  .A  matrix  is  also  denoted  by  a  letter  with  underline,  i.e.. 
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.  r±,.r^{Ti:Y^^TizZ^)iy,- 


\  r.:)L  -  T  iZ.)f.\\} 
ir-:y,  ■rT-rZ,)i\,} 

‘  T;:!!  -ri>z.)5.v.) 


iO.iKii} 


(in 


where  fl,,(j  =  l.il  are  (he  ■'ntnponentsnl  ihe  rigid  body  position 
vector  (fl, }.  Piyi  =  (7  -  I  )(i  +  ».  Ti;  are  the  elements  in  the  3x3 
transformation  matrix  (Toil-  and 


{/.}■ 

=  { I"  I"; 

{0.tl 

ol 

II 

[0.,dl 

=  [  2  L  i 

{•\> 

=  [0ai{7i} 

{•l.y> 

=  (0iydl{7i} 

where  [0,al  and  [d.ydi  are  types  of  compatibility  matnces.  {71} 
are  the  generalized  coordinates,  [fv]  and  [t^]  are  the  3x3  and 
9  X  d  unit  matrices  respectively,  and  O's  are  the  zero  matrices. 


Elastic  Beam  Kinetic  Energy 


ft  can  be  demonstrated  that  premultipling  the  velocity  vectorfsee 
Eq.  17)  by  its  transpose  vector  will  result  in  a  velocity  square  term 
as  shown  below. 

Ri  ^  R^ 

-RiRi 


=  {7.}^  (eaiu.vi 


symmetry 
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Symmetry 

2(i^i  >  i2aa  )S.9dl;.  . 


2(.£i3  +i2jj)2.9d7» 

-liij  +4n)2.,di, 
-(.^13  ■l-4>i)S.,d7, 
1 


[IVlteial  + 


te.arcivp 


r,  1 


t^S,Wfio3  -fios) 

i''2r,d(ir3  -iil) 

L  Tfafeelil,  -afz)  J 


(eal  ■ 


(Sai  -iij)9.,dl 


{in 


;i9t 


where[©aI.[0,9aI.[S,yi(i.y  =  1. 2.3).  and  (D,;i(i.;  =  l.2.3)are 
all  constant  matriceslsee  .-Vppendix  .A.).  Substituting  the  above 
equation  into  £q.  3  followed  by  rearrangement  yields  a  compact 
equation  of  the  kinetic  energy  for  an  elastic  beam. 


V£,  =  ^{7i}^(m.l{7,} 


(20) 


where  [m,]  is  a  symmetric  mass  matrix  having  the  following  form- 
(m.l  =  [m.el  +  [Qal^t-V]^  ■ 

({C.il  +  -  [OjolD  (•V][0|  il  - 

[c.jI 


[9ii 


li^7 


+  [£,7.  £zl  £3L])t-'^!f®' 


A| 


(21) 


where  (m,e]  and  are  the  constant  symmetric  square  matri¬ 
ces!  see  .Appendix  .A),  [dja]  and  (E'aKa.vl  =  1.2.3)  are  the  con¬ 
stant  nonsymmetric  square  matrices.  {Oja}  (a.J  =  1.2.3)  are 
the  constant  vectors,  and  (G,)!  is  a  constant  rectangular  matrix. 


Elastic  Beam  Potential  Energy 

The  total  potential  energy  is  a  summation  of  the  body  force  po¬ 
tential  energy  and  the  elastic  strain  energy.  The  former  is  the 
negative  worit  done  by  gravity.  The  latter  can  be  written  as 

.V, 

=  j5i{7.>^  ({e.ydftfcl.dlle.ydl)  {7.y  (22) 

where  (k».el  is  a  stcuctural  stiffness  matrix,  developed  in  the  pre¬ 
vious  section,  for  ?“**  element  of  beam  1.  .According  to  Eqs.  1'2 
and  14.  it  can  be  shown  that  the  total  potential  energy  takes  the 
following  form  as 

PE,  =  y{7.}^(*..I{7.}  I'  ^  {h.}^{7.}  (23) 

where  the  term  V,  and  vector  (A, }  are  the  functions  of  the  gen¬ 
eralized  coordinates  {7,}.  The  first  term  represents  the  elastic 
strain  energy.  The  last  two  terms,  on  the  other  hand,  combine 
the  body  force  potential  energy  in  which  the  term  Vi  is  due  to  the 
rigid  body  motion  while  the  term  {h.}^(7i}  is  due  to  the  elastic 
deflections. 


Local  Lov«l  Dynamic  Equations 

Substituting  Eqs.  20  and  22  into  Lagrangian  formula.  Eq.  1.  will 
yield  a  set  of  dynamic  equations  in  matrix  form  for  the  r"  elastic 
beam. 

[m,l{7i}  -l-(«l{7.}  ^(kil{7.}  =  {/.}  (24) 

where  (m,)  is  a  mass  matrix,  (e;)  is  a  damping  matrix  which  re- 
sultes  firom  Coriolis  and  centrifugal  accelerations.  |  is  a  stiffness 
matrix  accounting  for  both  the  structural  stiffness  due  to  elastic 
deflections  and  the  coupling  term  between  rigid  body  motion  and 
elastic  deformation,  and  {A}  is  a  generalized  force  vector,  [n 
general-  the  and  stifbtess  matrices  and  the  force  vector  are 
the  functions  of  generalized  coordinates  {71}  while  the  damping 
matrix  is  a  function  of  both  {7}  and  {71  }■  Furthermore,  these 
coefflcient  matrices  and  force  vectors  can  be  written  aa 


[cA 

-  ^'"’‘■2  a{7.}’‘ 

(fcil 

{A> 

=  {£.}+{/«} -{Ai}-{/.t> 

(2S) 
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where  ['h,]  is  the  time  rate  of  the  mass  matrix  [m.j.  {/,,}  is  a 
force  vector  due  to  the  external  loadin^;s.  {/£,)■  is  a  connecting 
force  vector!  which  would'vamsh  automatically  in  the  matrix  as¬ 
sembly  from  the  local  level  to  the  global  level  with  the  condition  of 
the  selection  of  the  independent  global  generalized  coordinates), 
and  the  matrix  [./.i  uvl  the  vectors  {/,i}  and  i/,i}  are  all  de¬ 
rived  from  the  potential  energy  term  as  shown  in  .Appendix  .A. 
The  'lamping  matrix  '_c,l  consists  of  a  Coriolis  term  and  a  cen¬ 
trifugal  term.  The  former  is  a  symmetric  matrix.  The  latter  is  a 
iionsymmetnc  matrix  and  is  denved  in  .Appendix  C. 

Derivation  of  motion  equations  for  rigid  members  in  a  system 
i.an  also  be  done  by  following  the  procedures  demonstrated  in 
the  previous  sections.  First,  one  should  identify  a  position  vec¬ 
tor.  like  the  one  shown  in  Eq.  H.  which  will  account  for  elastic 
displacements  of  the  flexible  substructures  preceding  the  rigid 
body.  Second,  a  velocity  sqaure  term  resulted  from  differentiat¬ 
ing  the  position  vector  could  be  found.  Third,  it  is  necessary  to 
obtain  an  inertial  dyadic  of  the  rigid  body  about  its  mass  center 
and  an  angular  velocity  vector  including  the  rigid  body  angular 
velocity  and  the  elastic  rotation  rates  influenced  by  deflections. 
The  final  step  is  to  find  rigid  body  kinetic  and  potential  ener¬ 
gies  as  shown  in  Eq.  i  followed  by  substituting  the  results  into 
Lagrange's  equation. 

GLOBAL  LEVEL  DYNAMIC  EQUATIONS 

In  the  previous  sections,  it  has  been  demonstrated  that  each  of 
the  subsystem  has  a  different  sec  of  dynamic  equations  expressed 
at  the  local  level.  .Assembling  these  subsystem  equations  at  the 
global  level  will  constitute  the  system  dynamic  equations.  An  as¬ 
sembly  routine  must  be  found  so  as  that  the  coefficient  matrices 
and  the  generalized  force  vectors  for  each  substructure  are  com¬ 
patible.  Geometric  constrains  between  the  subsystems  must  be 
applied.  One  must  also  define  a  set  of  global  generalized  coordi¬ 
nates  which  are  independent  of  each  other. 

Compatibility  Matrix 

.A  matrix  which  linearly  relates  the  local  coordinates  with  the 
global  coordinates  is  called  the  compatibility  matrix.  For  a  sys¬ 
tem  with  tut  independent  set  of  global  generalized  coordinates  {9} 
with  n  components,  these  local  coordinates  {9,}  with  m  elements 
for  the  i‘''  subsystem  can  be  expressed  as 

{7.}=[«.1{7}  (26) 

where  the  compatibility  matrix  [<t,]  is  an  m  x  ri  matrix  and  is 
in  general  a  time-varying  functon  of  the  rigid  body  generalized 
coordinates. 

Assembly  of  Subsystem  Equations 

Differentiating  Eq.  26  with  respect  to  time  and  applying  the  re¬ 
sults  into  subsystem  equation.  Eq.  24,  will  result  in  the  following 
system  dynamic  equations. 

[.Vf|{9-}  +  [Cl{9>-l-[A-K9}=  {F}  (27) 

where  the  global  mass,  damping,  and  stiffness  matrices  and  the 
global  generalized  force  vector  are  formulated  as  follows: 

.V 

[Wl  =  53[<».r(m.I(<».l 

IVl 

.V 

(Cl  =  Y,  ((♦.l''(c.i[*.l  +  2(«.l’'[m.l[.».l) 

ISl 

.V 

I«1 


{F}  =  Y[-i,\^{f,} 

1  =  1 

where  .V  is  the  total  number  of  the  subsystems,  itructural  .xn"l/..r 
fluid  viscous  damping  matrices  can  be  added  in  each  i  ;,!  matrix, 
and  the  connecting  force  terms  in  each  (/, }  vector  will  vanish 
automatically  during  the  process  of  matrix  assembly. 

CONCLUSIONS 

.A  systematic  mathematical  model  predicting  the  dynamic  mo¬ 
tion  for  a  multi-body  system  including  both  rigid  and  elastic 
substructures  has  been  fully  developed  in  this  paper.  A  >  on- 
ventional  finite  element  analysis  with  a  direct  stiffness  meiho'l 
is  used  to  discretize  the  elastic  continuous  subsystems.  .A  ihirrl 
order  polynomial  function  is  adopted  in  the  shape  function  in  or¬ 
der  to  exclude  the  effects  of  longitudinal  displacement  and  beam 
twisting  which  are  usually  of  higher  order  magnitudes  compare'l 
with  other  deformations  in  the  most  flexible  systems.  The  La- 
grangian  equation  is  employed,  with  both  the  rigid  body  degrees 
of  freedom  and  the  elastic  degrees  of  freedom  treated  aa  general¬ 
ized  coordinates  of  the  entire  system.  The  elastic  deformations  of 
each  element  are  measured  at  a  substructure  level,  which  is  based 
on  a  corresponding  undeformed  body,  so  that  they  are  compatible 
at  the  local  level.  Kinetic  energy  and  potential  energy  are  formu¬ 
lated  for  both  the  elastic  and  rigid  members.  Nonlinetu'  coupling 
terms  due  to  Coriolis  motion  are  completely  derived  and  are  ex¬ 
plicitly  expressed  in  a  matrix  form. 

The  final  set  of  system  dynanuc  equations  of  motion  is  ex¬ 
pressed  in  a  closed  form  showing  high  nonlinearity  with  time- 
varying  coefficient  matrices  and  generalized  force  terms.  .Numer¬ 
ical  technique  which  can  solve  the  equations  with  mixed  rigid 
and  elastic  variables  is  under  investigation.  The  procedure  devel¬ 
oped  in  this  paper  is  applicable  to  the  flexible  system  with  planar 
motion,  as  well  as  spatial  motion. 
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where  [f]  is  a  2  x  2  unit  matrix  and  {0|  is  a  2  x  2  zero  matrix. 
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whet*  Pi  is  the  mass  density,  is  the  cross  section  area  of  beam 
t.  m,'  is  the  total  beam  mass.  L,  is  the  total  length  of  the  beam. 
G  is  gravity,  (T<ol  is  a  rotational  transformsuion  matrix  from  the 
inertial  frame  (ei,ei,ei)  to  the  moving  frame  (I'a.Ja,^).  and 
[k,,,]  is  a  structure  stiAneaa  matrix  of  the  g*''  element  in  beam  1. 
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B:  Skew  Matrix  and  Matrix  Properties 
For  a  vector.  $1.  a  corre5ponftini5  skew  matrix  i'n|  is  liefined 
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where  (!,(«  a  1.  2.3)  are  the  components  of  the  vector  fj. 

[f  {'It  is  a  vector  with  n -riimension. anti  a  ?icalar  o  and  a  vector 
{a)  with  m -dimension  are  the  functions  ‘d  /}.  the  following 
main.t  derivatives  are  tlien  definett.  as 
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where  }  is  an  n-dimensional  vector,  and  fdo,/07,|  is  an 

n  X  m  matrix  where  i  determines  a  row  and  j  determines  a  column 
for  the  matrix.  The  following  properties  of  the  matrix  partial 
derivatives  are  derived. 
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where  {a},  (i}.  ot,  oa.  and  (Si  are  all  the  functions  of '{7}.  (Cl 
is  a  constant  matrix,  and  (i,}(i  =  1.  -  .n)  are  the  submatnces 

in  (SI. 
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where  the  first  term  vanishes  because  im.ci  is  a  constant  matrix. 
The  second  term  in  the  above  equation  can  be  written  as 
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where 
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Substituting  Eq.  35  and  Eq.  36  into  £q.  34  gives 
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where  (1)  aad  (3)  4re  used  for  tdencihcacioa.  The  second  term  in 
ihe  above  equation  be  rewntcen  ui  a  pattern  as  shown  beiow. 
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ABSTRACT 

In  the  present  paper  a  general  «»iteinatie  modeling  procedure  has 
been  conducted  in  denvtng  dynamic  epuations  of  motion  using  La* 
grange  s  approach  (or  a  spaiiai  multibody  structural  system  involv¬ 
ing  rigid  bodies  and  elastic  members.  Both  the  rigid  body  degrees 
of  freedom  and  the  elastic  degrees  of  freedom  ace  considered  as  un¬ 
known  genecaiited  coordinates  of  che  entire  system  in  order  to  re- 
Sect  the  nature  of  mutually  coupled  rigid  body  and  .'lasctc  .•aorions. 
The  assumption  of  specined  rigid  body  gross  iv.S'.ion  is  ao  longer 
necessary  in  the  e<|uacion  derivation  and  the  resuiii.-.g  iiherentiai 
equations  ate  highly  nonlinear.  Finite  element  analysis!  F£.L)  with 
direct  stifTness  method  has  been  employed  to  mode!  the  .Kemble  sub¬ 
structures.  Xoniinear  coupling  terms  between  the  rigid  body  and 
elastic  motions  are  fully  derived  and  are  explicitly  e.xprcssed  in  ma¬ 
trix  form.  The  equations  of  motion  of  each  indiviouai  subsvstem  are 
formulated  baaed  on  a  moving  frame  instead  of  a  traditi-iaai  iner¬ 
tial  frame.  These  local  level  equations  of  motion  are  aasembled  to 
obtain  the  system  equations  with  the  implementation  of  geometric 
boundary  conditions  by  means  of  a  compatibility  matrix. 

[iVTRODUCTtOtV 

Flexible  dynamic  modeling  has  been  an  attractive  but  diilicttii  topic 
for  a  long  time,  pevereiy  restncied  by  the  lag  of  computet  processing 
speed  in  the  early  years  and  che  complexity  of  mathematical  formula¬ 
tion,  traditional  designs  in*  robots,  mechanisms,  and  other  relatively 
flexible  structures  have  been  limited  to  the  realm  of  rigid  body  dy¬ 
namics.  However,  increasing  demands  for  higher  operating  speeds 
and  better  performance  result  in  a  situation  that  the  light  weight 
structures  art  objectively  desired.  .A  by-product  of  the  iexibility  ef¬ 
fect  IS  now  recognised  as  a  critical  issue.  It  becomes  impossible  to 
implement  time-consuming  numencai  integration  without  solid  sup¬ 
port  of  sophisticated  modem  computers  with  high  processing  speed 
capability. 

The  past  decade  baa  seen  stgnilicaal  advances  in  dynamic  analysts 
for  Rexibla  muitibody  systems.  Extensive  work,  analytically  and  ex- 
peruBcotally,  has  been  conducted  in  dealing  with  Resble  modeling. 
Vlost  investigators  however  employ  a  common  approach  in  which  the 
clastic  deformationt  arc  superimposed  on  the  rigid  body  poss  m» 
lion  dne  to  tha  nature  of  their  speciRc  problems.  The  application 
of  that  method  is  severely  limited  dne  to  the  fact  of  reqairement  of 
predcRned  rigid  body  motion.  It  is  therefore  very  desirable  to  inves¬ 
tigate  a  new  approach  in  which  all  the  degrees  of  freedomfOOF)  of 
a  system,  elastic  as  well  as  rigid,  are  treated  as  unknown  general¬ 


ised  coordinates.  This  enables  analysis  of  situations  where  the  rigid 
body  motion  needs  to  be  predicted  and  tne  relationship  between  two 
motions  effects  the  system  stability 
The  purpose  of  this  paper  is  to  develop  a  general  modeling  tech¬ 
nique  10  conduct  such  a  systematic  procedure  for  establishing  dy¬ 
namic  motion  equations  of  a  ftexibie  system  with  muiuailv  depen¬ 
dent  rigid  body  and  clastic  motions.  In  addition,  the  formuiaiton 
pfocedure  is  to  be  opttinixed  and  simplified  so  as  to  accommodate 
the  needs  of  numencai  analysis  and  computet  programming. 

PREVIOUS  WORK  REVIEW 

The  first  to  exploit  the  advantages  of  the  FE.A  »uh  Lagtangian 
mechanics  were  Sunada  and  Dubowskv  l'‘2|.  Their  model  incor¬ 
porated  a  Denavit-Harienburg  representation  of  the  kinematic  rigid 
bodv  rtansformation  excluding  kinematic  coupling.  The  degrees  of 
freedom  of  the  diicreiiied  system  were  reduced  by  means  of  Com¬ 
ponent  Mode  SynthesisfCMS).  The  equations  of  motion  of  ail  lines 
were  sstembied  using  a  Compaubility  Matrix  routine.  In  their  litus- 
irativc  c.xamples.  a  set  of  first  order  equations  was  solved  numencsily 
for  a  special  case  in  which  the  mechanism'i  nominal  speeds  and  ac- 
(^crations  are  much  sroailet  than  the  component  elastic  coordinate 
veiociitcu  and  accelerations.  In  their  later  c.xiended  work,  the  as- 
scmblv  of  dynamic  equations  was  performed  in  symbolic  form  due  to 
the  special  form  of  matnx  terms.  The  final  system  equations  were 
solved  using  a  Newmatk-Beta  integtatioa  aigonthm.  Their  approach 
is  applicable  (or  these  problems  where  nominal  rigid  body  motion  is 
specified  by  kinematic  constraints. 

Early  works  by  Naganathan  and  Soni(3!r4|[Sii61[TI  developed  a  fully 
nonlinear  model  employing  a  kinematic  representation  with  ngid  link 
based  refurence.  The  three-dimensional  model  was  constructed  by 
accounciiig  for  axisl,  tocsionsl,  sad  lateral  deformations.  Galerkin 
method  wms  used  with  linear  shape  functions  to  represent  the  elastic¬ 
ity  of  the  links.  Link  level  matrices  were  transformed  by  time- varying 
compatibility  matrices  and  cascaded  into  global  matrices.  The  rigid 
body  gron  motion  was  specified  at  the  revolutc  joinu.  and,  subse- 
quensiy,  the  element  matrices  became  constant  at  each  time  step  in 
the  numerical  integration. 

Preseated  by  Simo  and  Vu-Quoei8l(9!,  a  different  problem  arose  in 
fimulating  dynamic  response  of  a  flciablc  plane  beam  subject  to  large 
overall  mooous.  Two  orthogonal  coordinates,  measured  in  an  inertial 
(tame,  were  defined  to  account  for  the  large  ovetaU  rigid  body  mo- 
iiou  and  elasuc  dtfotmaiion.  Hamilton's  dynamics  associated 

with  Galerkin  ipatial  discretisation  were  employed  in  the  formula- 
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t4->n.  in  which  the  u>r  'if  Kniic  >irain  rod  iheuries  capable  of  treating 
finite  rotation!  was  essential.  The  inherent  nonlinear  character  o( 
the  problem  was  transferred  to  the  stiffness  part  of  the  equations  of 
motion,  which  resulted  in  the  possible  numerical  implementation  be 
means  of  any  commercial  finite  element  codes  being  able  to  analyte 
nonlinear  structural  dynamics. 

In  the  work  accomplished  by  Sadler  and  YangjlO|ill)  [12),  a  to¬ 
tal  mechanism  displacement  was  defined  to  reflect  the  large  rigid 
body  gross  motion  and  small  elastic  deformations  in  the  dynamic 
modeling.  Example  problems  were  demonstrated  in  two  different 
categories;  planar  multi-link  mechanisms  and  spatial  robot  manip¬ 
ulators.  The  effects  of  Rayleigh  damping  was  introduced,  la  the 
mechanism  applications,  the  authors  claimed  that  the  method  could 
be  employed  in  the  forward,  at  well  as  the  inverse  dynamic  analyses 
if  either  the  input  forcing  functions  or  the  crank  motion  ate  specified. 
The  link  orientation  angle  must  be  related  to  the  total  unknown  dis¬ 
placement  in  the  formulation,  which  is  possible  for  the  mechanisms 
with  one  rigid  body  degree  of  freedom. 

Mote  recently.  Nagarajan  and  TurciclUyU)  developed  a  new  ap¬ 
proach  to  derive  equations  of  motion  for  elastic  mechanism  systems. 
Both  the  rigid  body  and  the  elastic  degrees  of  freedom  were  consid¬ 
ered  as  generaliied  coordinates  in  the  derivation.  The  equations  were 
first  formulated  based  on  element  level  coordinate  system  in  which 
elastic  nodal  displacements  are  measured.  The  equations  were  then 
transformed  to  a  reference  coordinate  system  to  ensure  compatibil¬ 
ity  of  the  displacement,  velocity,  and  acceleration  of  the  degrees  of 
freedom  tnat  are  common  to  two  or  mote  links  during  the  assembly 
of  the  equations  of  motion.  Attempted  to  be  general  in  their  work, 
the  equations,  at  element  and  system  levels,  are  complicated  and 
the  transformation  from  element  level  to  system  level  takes  a  great 
amount  of  effort  while  it  is  essential  for  the  approach. 

A  literature  survey  of  flexible  models  was  completed  by  Cleghorn 
13;  it  was  observed  that  the  most  effective  model  is  one  which 
incorporates  Lagrange's  equation  with  the  finite  eiement  method. 
This  produces  a  generalised  element  for  easy  application  to  flexible 
sysicmt. 

CURRENT  APPROACH 


In  the  current  paper,  a  method  combining  Lagrangian  dynamics  with 
finite  element  analysis  is  developed  in  the  modeling  of  dynamic  re¬ 
sponse  of  multibody  flexible  structures.  Lagrange  s  approach  is  se¬ 
lected  to  conduct  system  dynamic  equations:  finite  element  analv- 
SIS  with  direct  stiffness  method  is  employed  to  discretise  the  elastic 
members  in  the  system  and  to  determine  elastic  degrees  of  freedom 
and  the  structural  stiffness  matrix  which  is  required  in  finding  elas¬ 
tic  strain  energy.  Each  flexible  beam  is  assumed  as  a  slender  beam 
which  IS  therefore  to  be  modeled  by  beam  element.  The  generalued 
coordinates  of  an  entire  system  reflect  both  the  parameters  from 
the  rigid  body  gross  motion  and  the  components  of  elastic  displace¬ 
ments.  The  nonlinear  coupling  terms  in  all  the  coefficient  matrices 
and  the  generalised  force  vectors  are  completely  defined  and  formu¬ 
lated  mathematically  in  detail.  For  an  individual  body.  Lagrangian 
equation  in  matrix  form  can  be  expressed  as 


dt  V  dq,^  j  duf  dq,*" 


(1) 


where  A'£,  and  PE,  are  the  kinetic  and  potential  energies  of  the 
body,  Q,  are  the  nonconservative  forces,  and  q,  arc  the  local  gener¬ 
alised  coordinates  which  reflect  the  degrees  of  freedom  of  the  body. 
A  general  expression  of  kinetic  energy  of  an  elastic  beam  modeled 
by  finite  element  can  be  written  as 


KE, 


Pi^K,  v,,d. 


(2) 


where  .V,  is  the  tuial  number  of  the  finite  elemenis.  i,  is  the  length  of 
the  y'*  element  which  is  usually  the  same  for  all  the  beam  elements. 
P,  and  .4,  are  the  mast  density  and  cross  sectional  area  of  the  beam, 
and  V',,  is  a  generic  velocity  vector  in  element  ;.  The  above  equation 
clearly  shows  that  the  velocity  squared  term  plays  a  major  role  in 
kinetic  energy.  On  the  other  hand,  potential  energy,  consisting  of 
body  force  potential  energy  as  well  as  the  structural  strain  energy, 
can  be  written  as 

PE,  =  iq.J’ K,.  q.  -  ^((7)  (3) 

where  the  first  term  is  the  elastic  strain  energy  and  the  second  term 
is  a  potential  function  which  accounts  for  the  beam  elevation  in  the 
gravity  field  in  the  scopes  of  both  the  macro  rigid  body  motion  and 
the  micro  elastic  vibration.  .After  differentiating  the  kinetic  and  po¬ 
tential  energy  terms  and  substituting  the  results  into  Eq.  1.  one  can 
obtain  the  equations  of  motion  in  matrix  form  in  the  following. 

ni,iqi)q,  -  c,(q,,  q,)q,  -  lc.(q.'/q.  =  L(q.)  (4) 

where  the  mass  matrix  m,  is  in  general  a  function  of  the  generalised 
coordinates  q, .  the  damping  matrix  c,,  resulting  from  the  Coriolis 
and  centn/ufol  accelerations,  it  a  function  of  the  generalised  coor¬ 
dinates  and  velocities,  the  stiffness  matrix  k,.  including  the  conven¬ 
tional  structural  stiffness,  is  a  function  of  q,  only,  and  the  generalised 
force  vector  f, .  involving  the  external  nonconservative  forces  acting 
on  the  beam,  is  also  a  function  of  q,  only. 

.A  set  of  global  generalised  coordinates  q  is  defined  first.  These 
coordinates  ate  chosen  from  the  local  generalised  coordinates  q,  such 
that  every  coordinate  in  q  mutt  be  independent  of  each  other.  The 
relationship  between  the  global  and  the  local  generalised  coordinates 
is  then  determined  by  the  following  equation. 

qi  =  ♦.  q  (5) 

where  is  a  compatibility  matrix  which  is  in  general  a  function  of 
lime.  Differentiating  the  above  equation  with  respect  to  time  fol¬ 
lowed  by  the  substitutions  and  Che  pre-muliipbcation  of  4,  in  Eq.  4, 
one  can  finally  obtain  the  system  equations  in  the  following  form,  as 

Mq  -  Cq  -  Kq  =  F  (6) 

In  the  following  sections,  more  detailed  procedures  and  formulations 
ace  developed  step  by  step.  .A  demonstrative  example  is  illustrated 
in  Part  II  in  which  the  simulation  results  ace  verified  by  the  experi¬ 
mental  data. 

FINITE  ELEMENT  ANALYSIS 

Each  elastic  beam  it  to  be  modeled  by  using  several  conventional 
predefined  beam  elements.  The  maximum  degrees  of  freedom  for 
each  node  in  an  element  are  six.  They  include  two  orthogonal  trans¬ 
verse  deflections  and  two  corresponding  rotations,  one  longitudinal 
displacement,  and  one  twisting  about  the  element  axis.  In  order  to 
achieve  relatively  simple  modeling,  only  the  transverse  deflections 
and  rotations  are  allowed  at  each  node.  The  contributions  of  the 
other  two  displacements  ate  neglected  in  most  cases(it  it  referred 
to  [IfilllTI  for  a  complete  modeling).  The  following  conditions  ace 
therefore  assumed  for  each  element. 

•  Elementary  beam  theory  applies  and  elastic  flexure  obeys 
Hooke's  law. 

•  Each  beam  undergoes  two  uncoupled  orthogonal  deflections  and 
rotatiotti. 

a  Longitudinal  displacement  and  axial  twisting  are  neglected. 

Following  a  conventional  direct  stiffness  method[18|,  a  polynomial 
displacement  function  is  pieassumed  with  knowledge  of  the  external 
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Figure  1:  Sign  conventions  o(  nodal  displacements 


Figure  2;  Sign  conventions  of  nodal  forces 


loadings.  The  boundary  conditions  ace  applied  followed  by  direct 
application  of  the  strain/  stress  relationships  with  sign  conventions  of 
the  bending  moments  and  shear  forces.  structural  stiffness  matrix 
is  obtained  by  comparing  the  relationship  between  the  nodal  forces 
and  the  nodal  displacements. 

Displaeemepc  Fuoctioo 

It  is  indicated  from  the  classic  elasticity  theocy'19'  that  a  polynomial 
function  of  the  static  transverse  deflection  for  a  canttlever  beam  can 
be  determined,  depending  on  the  type  of  external  loadings  acting 
on  the  beam.  With  no  distributed  loading,  the  highest  order  of  the 
polynomial  funcrioa  is  of  order  three,  that  is 

y  =  o,  -  Oil  -  Oji’ -  osi*  (7) 

where  a  denotes  axial  coordinate  of  the  beam,  y  is  the  correspond* 
iag  transverse  deflection,  and  at(t  s  0. 1.2.3)  are  the  constant  co- 
etRcients.  The  above  formula  is  then  employed  as  a  displacement 
function  for  each  beam  element. 

Geometric  Boundary  Conditions 

..^s  illosiraced  in  Fig.  1.  four  geometric  boundary  conditions  are  pro¬ 
posed  for  each  element  as  follows: 

s  =  0  deflection  =  di;  and  slope  =  Oi 
s  =  I  deflection  =  li],  and  slope  =  C] 

where  s  is  the  local  axial  coordinate  in  an  undefotmed  element  seg¬ 
ment.  d,  and  o,(t  a  1.2)  ate  the  transverse  deflectioru  and  slopes 
at  the  corresponding  nodes,  respectively,  and  1  is  the  length  of  the 
element.  3y  applying  above  four  geometnc  boundary  conditions  to 
Fq.  7.  it  can  be  demonstrated  that  the  flnal  displacement  functions, 
in  matrix  form,  in  each  orthogonal  plane  are  of  the  following  forttts. 

.(s)  =  d*'Y  s  =  s^’Y^’d  («) 

w(s)  =  d*Z  s  =  t*Z*’d  (9) 

where  Y  and  Z  arc  the  constant  maicicea(see  Appendix  ),  e(s)  and 
<a{t)  ate  the  displacement  functions  in  the  X  -  Y  and  X  ~  Z  planes, 
respectively,  and  d  and  a  are  the  generalised  nodal  coordinates  of 
the  element  undet  consideration  and  a  generalised  function  vector, 
tetpeetiveiy,  which  ate  defined  as 


where  d,,  and  o,;(i  =  1. 2)  ate  the  deflections  and  slopes  in  the  .V -Y 
plane  while  d,.  and  o,,(i  =  1.2)  ace  the  deflections  and  slopes  in  the 
X  -  Z  plane.  It  is  noted  that  s*Y*  and  s'*  Z^  in  £qs.  3.  9.  ate  the 
conventional  shape  functions  of  each  octhogonal  bending. 

Structural  Stiffiiess  Matrix 

For  small  elastic  deflection,  the  fotmulas  of  the  bending  moments 
and  shear  forces  ate  found  to  be 


-V/li)  =  Ff. 


d*  'if  i) 


l--(s)  =  Ff. 


(H) 


where  F  is  Young’s  modalut.  /,  is  the  principle  moment  of  inertia, 
and  tt(s)  is  a  transverse  deflection  functionieither  tis)  or  u'(s)).  .i.c- 
cording  to  £q.  10.  a  corresponding  vector  of  generalised  nodal  forces 
is  defined  as 


f  (121 

where  /,(i  =  1.2)  are  the  nodal  forces  and  moments  as  shown 
in  Fig.  2.  Referring  lo  geometnc  boundary  conditions,  four  force 
boundary  conditions  ace  accordingly  determined  as 

s  =  0  bending  moment  =  nt| ;  shear  force  = 

s  =  I  bending  .moment  =  mj;  shear  force  =  /j 

■Applying  these  four  force  boundary  conditions  for  each  octhogonal 
bending  to  Fq.  7  and  arranging  the  results  in  the  following  standard 
form  as 

f  =  k,  d.  (13) 

one  can  find  that  the  structural  stiffness  matrix  takes  the  following 
expression,  as 

k,  =  ^  (C.,3f  k,  A  -  C,.Jf  k,*)  ( 14) 

where  k,  is  a  symmetric  stiffness  matrix,  f  is  the  length  of  the  ele¬ 
ment,  /  in  the  anthmctic  average  of  f,  and  h,  Cf  and  C-  are  the 
constant  ratios  of  fy  and  f,  to  f,  respectively,  J\  and  Jj  ate  the 
constant  matrices,  and  k|  and  kj  are  two  stiffness  matrices  (sec  .Ap¬ 
pendix  ).  The  sttuctucsl  stiffness  matrix  is  to  be  used  in  formulating 
the  sCTUctttial  strain  energy  which  it  pact  of  the  potential  energy  of 
a  moving  elastic  beam. 


d  =  {di,dudijdi,di,PsjdijOs,}^ 
s  =  {Is. ’s’}' 


locAX  level  motion  equations 

(10)  In  the  present  paper  emphasis  is  placed  on  studying  dynamic  re- 
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Figure  3:  Deflection  of  *  generic  flexible  benm 

sponse  of  iphericnl  unconstrained  structural  systems.  Fig.  3  shows  a 
generic  finite  element  in  an  arbitrary  elastic  beam  in  such  a  structural 
system.  Two  sets  of  Cartesian  coordinates  are  set  up  in  assisting  the 
representations  of  the  rigid  body  motion  and  elastic  deformation. 
Set  (la.;,,  k,)  constitutes  a  floatingl  moving)  frame  of  which  the  oci* 
gin  O  is  located  at  a  spherical  universal  joint  with  three  rotations. 
Set  (t,.;,.  l:,i.  which  accommodates  the  arbitrary  elastic  beam,  is  a 
reference  frame  which  is  relative  to  the  moving  frame.  Vector  R,  is  a 
position  vector  which  indicates  the  position  of  the  origin  of  the  ref¬ 
erence  frame  under  consideration  relative  to  the  moving  frame.  This 
vector  is  considered  as  a  rigid  body  position  vector  which  describes 
the  rigid  body  motion  of  the  elastic  beam.  Vector  p,,  is  a  local  posi¬ 
tion  vector  measured  in  the  leference  frame  for  an  arbitrary  point  P" 
in  element  g  after  its  deformation.  This  p,,  vector  features  both  the 
rigid  body  motion  of  point  P*  relative  to  the  moving  frame  and  the 
elastic  motion  relative  to  the  reference  frame.  Vector  r,,.  measured 
in  the  moving  frame,  is  an  absolute  position  vector  which  combines 
the  rigid  body  and  elastic  motions  of  point  P'. 

Position  and  Velocity  Vectors 

Referring  to  Fig.  3  again,  the  absolute  position  vector  of  point  P" 
can  be  found  as 


a  skew-symmetric  mairi.tlsee  .Appendix  )  derived  from  a  rigid  bodv 
system  angular  velocity  0  which  can  be  expressed  as 

n’’ =  VN’’ =  i^;Ni  N,  Nji  (18) 

where  A  is  a  generalised  angular  velocity  vector  containing  the  time 
rates  of  three  rotating  angles  about  the  spherical  universal  Joint,  and 
N  it  a  3  X  3  time-varying  coefficient  matrix  which  can  be  partitioned 
as  [NiNjNs/ .  The  rigid  body  system  angular  velocity  tl  governs 
the  angular  motion  of  the  moving  frame  e,  which  is  relative  to  an 
inertial  frame  e, .  Position  vectors  R,  and  p,,  can  be  further  written 
as 

Rf  =  {R,i  Aj  (19) 

P.,j  1  f  (J  -  1)1.  -  »  1 

:-;r{  I 

where  A;(;  =  1.2.3)  are  three  rigid  body  components  of  vector  R,, 
fl,f,  IS  a  rigid  body  component  of  vector  p,,.  and  r,,  and  u;,,  are  two 
elastic  components  reflecting  two  orthogonal  deflections  as  shown 
in  Eqs.  8.9.  Therefore  the  time  rates  of  the  corresponding  position 
vectors  are  found  to  be 

R,=0  (21) 

Pt,  -  {0  i'.r  u-„}  (22) 

For  the  cates  with  no  tevolute  joint  between  elastic  beams,  the  last 
term  in  Eq.  IT  can  be  dropped  out.  .A  set  of  generalised  coordinates 
for  the  i'*  elastic  beam  can  be  defined  in  terms  of  three  rotation 
angles  and  generalised  nodal  displacements  in  each  element.  Thus, 

q;  =  {A‘ d,i,o,i.d,uO,i,d,},o,j.d,j.o,jy 

■  ■  d.yyO.yidtyiO.yy  ' 

.V ,  - 1  ly  ®.  <  .V,  - 1 1  i  <^i(  .V,  - 11 ! '  o.  ( - 1  )y  } 

=  {A'd,*,d.V.  df,  (23) 

where  each  d,y(;  =  1.2.  -..V,)  contains  eight  components  at  de¬ 

fined  in  Eq.  10.  and  .V,  is  the  total  number  of  elements  in  the  r" 
elastic  beam.  The  relationships  between  vectors  A.  d,,  and  q,  are 
then  established,  as 

A  =  0,1  q.  (24) 

A,  =  O.yS  q,  (25) 


r,,  =  A  -  P.f  =  ei  (R.  -  T„  p,,)  (15) 

where  e,  =  a  unit  direction  vector  of  the  moving  frame. 

R,  and  p,y  are  the  reference  and  local  position  vectors  in  matrix 
form,  and  T„  is  a  3  x  3  transformation  matrix  from  the  moving 
frame  to  the  reference  frame,  i.e.,  e,  =  T„ei  where  e,  is  a  unit 
direction  vector  of  the  reference  frame.  A  corresponding  position 
equation  in  matrix  from  formulated  in  the  moving  frame  {i,;,k,} 
takes  the  following  form  as 

r.,  =  R,  +  T„  p.,  (16) 

All  the  vectors  in  the  following  sections  wilt  also  be  expressed  relative 
to  the  tame  moving  frame  except  where  mentioned.  Differentiating 
Eq.  16  with  respect  to  time  gives  a  velocity  formula  which  can  be 
written  at 


r,f  =  A(R,  -r  T„  p,,)  -r  A  -r  T„  p,,  -  T„  p,,  (17) 

where  r,,  denotes  dx,f/dt,  R,,  p,f,  and  T„  are  the  time  rates  of 
the  corresponding  vectors  and  the  transformation  matrix,  and  it 


where  0,.\  and  0,;,  are  types  of  linear  compatibility  matrices.  .A 
more  compatible  expression  of  the  velocity  vector  can  be  written 
as  a  function  of  the  lime  cate  of  the  genecaiued  coordinates  q  by 
substituting  Eqs.  3-10  and  18-25  into  Eq.  17.  Followed  by  necessary 
rearrangement,  there  results 


f-y 


(R,J  —  rilP,y,)N3  -  1  Al  —  TyiPiy.lNl 
(  Al  ~  Til  p,y,  )Nl  —  (  R,1  —  Til  Ply,  )Ni 
f Rii  —  Tiip,y,)Ni  —  (R,i  -.■Tup.y.lNi 


S.iq, 


s’’(Y.'T„  -rZ.^T,,) 
s^iy.’Th  -zjfr,,) 
e’'lY,’'Ti,  -rZ.T.,) 


©.,s  q.^ 


q,^©,jsl(TijY,  --  TiiZilsNi  — 
q.’'©.y(TijY. -r  TiiZ.lsNi- 
q,"  ©,*yy((Tn Y,  TiiZ,  )tNi  — 


-(r„Y, -r,iZ,)sN,) 
-{r«Y.  ^r.,z,)sN,) 
HTisY,  -TiiZ.lsN,) 


©.1  qi 


(16) 


where  Tsp(a,  J  =  1.2.3)  are  the  elements  of  the  transformation  ma¬ 
trix  T„. 
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Velucicy  Square  Term 


Th«  purpOM  o(  rocmulaua;  the  velocity  ]qu*ce  cecEn  ii  to  Hati  the 
beam  kiaeiic  energy  which  ii  denned  u 


where  .V,  is  the  total  number  at  elements.  1^  is  the  length  of  the 
element  in  the  beam,  is  a  velocity  vector  of  an  arbitrary  point 
in  the  element.  Substituting  PiA.ds  for  dnu,  and  r^e,  or  ef  Cor 
V'lf  the  above  kinetic  energy  equation  becomes 


q.  '  I  l  iq,  &:,^I  I  d  ■  (i  I  Ji  Cl  q. . 

-R.A.‘  —I  R.'^.d  -  d  R')  i  riS,,e  q.D.V©.^ 

-  r'l9,,e  qi)  S  ;d;^d)©,,e 

-®?tald‘ft.‘  +-d‘idl«  rOije  q,)I.V©,i 
-®.',ad'd  0.,elq,  (31) 

Kinetic  Energy 

Substituting  Cq.  31  into  £q.  2S  yields  a  more  compact  form  of  the 
kinettc  energy  as 

=  (32) 


where  p,  and  .-i,  ate  the  mass  density  and  cross  sectional  area  of  the 
beam,  respectively,  cq.  33  indicates  that  finding  the  velocity  square 
term  is  prior  to  Anding  the  kinetic  energy,  .^s  shown  in  cqs.  10  and 
30.  the  velocity  vector  in  Eq.  3S  is  also  a  function  of  the  local  axial 
coordinate  s.  This  indicates  that  it  is  a  challenging  task  to  formulate 
the  velocity  square  term  properly  such  that  the  integration  in  cq.  33 
can  be  earned  out  analytically.  For  simplicity,  £q.  3S  is  reformuiated 
in  a  symbolic  fashion  by  the  following  form,  as 


f'e  = 


(29) 


where  matrices  (li.  31,  and  ,’3'  reacesent  the  corresponding  matrices 
in  cq.  36  in  the  tame  order,  premultipiing  the  veioetty  vector  by  its 
transpose  vector  'will  result  in  the  velocity  square  term  as 

qi‘i®\i(ii''ii  - '31* 'll  -  y-'  y-  -  ;j 

-©=;.,2!*(3i9i,4  -  *  -  :3!'h3,®,,. 

-®.'‘,ai2|''(fll-;3!)©,i;c.  (301 

3y  defining  the  following  terms 


d  = 


..I 


«t 

ai 

•s 

di  ' 

di 

L  'll  . 
.“Ji 


ri,Y,  -  TisZ, 

ttiY,  -  TuZ, 
~isY,  -  TjaZ, 

s*a: 
s"a{ 

At  -  Fii  Piri 
=  {  Rtt  -  Tji  p,., 
■“  1*31  Pi  71 


where  is  a  symmetric  mass  matrix  which  is  formulated  as 


m,'  w  m,',  —  ©,F^3f‘(G,i  —  H,i  —  H,s)N©,3 
-®,‘i.'f‘ (G.s  -  H.jlOi,, 

-©.■..iG.b  -  H,ViN©,i 


where 


®,‘*»l  /  d*d«iiQ., 

/.I 

V,  ■ 

G.i  w  ij,  .a.  V'  f  1 

r.i 


G,3  =  ),A. 


4d  it 


H., 


H.,  w 


i.i 

r‘‘ 

Piii.  ^  r^(©i,4  qil»y  ;dl'’(dld7 


»■» 

q.) 

.f. 


j..^.  T”  /  1 R’  dl  —  dill’ Wi  ®  n  ©.,4  q.  I 
■V.  .. 

H.s  w  p,.a.  ^  r^i©i,4  q. )  S  y  ■di''d«j 


(33! 


i3ai 


where  in,,  and  G,i  ace  the  constant  symmetric  matnees.  G,2  is 
a  constant  rectangular  .-natnx.  H,i  and  H,:  are  cue  time-varying 
symmetne  matnees.  and  H.s  is  a  time- varying  rectangular  .m.atnx. 

Potential  Energy 

The  total  potential  energy  of  an  elastic  beam  is  the  summation  of 
the  body  force  potential  energy  and  the  elastic  strain  energy.  The 
focmer  is  denned  as  the  negative  work  done  by  gtaviiy.  i.e. 


It  can  be  demonstrated  that  the  symbolic  matnees  V{i  =  1.3.3)  in 
cq.  29  become 

rii  =  a.~.v;  ;:i  =  d:  iai  =  -;d! s  r(0,,.  q.).v 

where  fdj  is  a  skew-symmetric  mactur  associated  with  the  aatitz 
tl(tee  .Appendix  ),  and  C  and  ©  art  matrix  operators  denned  in 
.\ppendix  .  Thus, 

;2|''i3!  w  d‘d 

[3!’’r3!  >  f('’riqr9.?U»«l(dl*’;di)«  £19(44  qi).V 

ril^JSl  «  ff'’ft.''(d|«  £(©(,*  qdiV 

rij'ril  .  N'ftd:  (J|*'(3|  -  d''(d|  •  r(©(,4  q.).v 

By  substituting  above  esrpccssions  into  Eq.  30.  the  velocitT  squatt 
latm  becomes 


■U-' 


jTriiO  ■  'i. 


(33) 


where  dm,-  =  PiA,dt.  C  =  -Gei  in  which  es  is  the  vertical  coordi- 
naw  of  the  inertial  bame  (if,  es,  es),  and  r,,  is  a  position  rector  as 
defined  in  the  previous  sections.  Subsiiiucing  Eqs.  *.9.13.30.  and  33 
iitio  Eq.  33  wiU  result  in  a  compact  form  of  the  body  force  poientiai 
energy  iu  matrix  fbnn  as 

(36) 


where  is  a  potential  fnaetioo  which  represents  the  tigid  body  po¬ 
tential  energy  and  is  a  force  vector  dne  to  the  elastic  defiecnoo. 
These  two  terms  can  be  further  fotmaiattd  as 

V,  s  ^  yT„  a) 
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<;•  = 


77 


b  T  f  y  X  ^1 


L 


0 

s^’Y- 

s’Zf 


»=i 


A'here  the  first  term  t-anishes  because  m,,  tn  Eq.  43  is  a  constant 
matrix.  Referring  to  £q.  34.  matrices  H,i,  H,].  and  U.j  ace  redefined 
in  the  following  forms,  as 


where  m,  is  the  mass  of  the  beam,  L,  is  the  length  of  the  beam,  T„ 
is  a  time-varying  transformation  matrix  between  the  inertial  frame 
and  the  moving  frame,  a^  =  {1  0  0},  and  b^  =  {0  0  1}.  The  elastic 
strain  energy  Is  denned  as 

.V,  .V, 

r..  =  V  i-.„  =  r  ^  qf  (0r,ak..,0.,a)q.  (37) 

r=i  }si 

where  lt„,  is  a  structural  stiffness  matrix  of  the  g’"  element  in  the 
i"'  elastic  beam,  as  shown  in  Eq.  14.  Therefore,  the  total  potential 
energy  can  be  found  as 


H.i 


H.i 


H.J 


r’'(q,)« 


Bii  Bi3  Bi) 

Bii  B32  B33 

B}i  B)3  B33 


Dll  Dtj  Di3 

Dll  Dll  Di3 

.  Dji  Djj  Djj 


®  riq.) 


®  r(q.) 


[H.iiH.r.rH.jj]’’ 


q.*  Ef 

q.'E,’’ 


(45) 


(46) 

|4T) 


=  ^qfi'ii  q*  -  '■i  -  C  q-  (38) 

where  k,»  =  31^=1  *  symmetric  constant  matrix. 

Motion  Equations 

By  substituting  the  formulas  of  kinetic  and  potential  energies  in 
Eqs.  32  and  into  the  Lagrange  s  equation.  £q.  L.  the  equations 
of  motion  of  an  arbitrary  free  elastic  beam 'at  the  local  level  can  be 
written  as 

.  1  dfm,q.) 

m,q,  •  im.  -  ~  -  )q,  - 

•  (?q' 

(k,.  -  -^)q.  =  Q,  -  f.  -  iii  (39) 

<’q.  oq; 

The  above  equations  clearly  show  the  nonlinearity  involved  in  the 
time-varying  coefficient  matrices.  Referring  to  .\ppeadix  .  some  of 
the  matrix  partial  differentiations  can  be  derived  immediately  m  the 
follows: 


ot 

dq," 

m,Ga(T7b), 

■  i.  dq,'  " 

/: 

0 

s'Y.'  ds 

.  »"z.- 

9=1 

(40) 

dV., 

■dq.' 

(41) 

The  partial  differentiations  on  the  right  hand  sides  of  the  above 
equations  can  be  carried  out  analytically  by  substituting  the  spe¬ 
cific  iransfotmaiiott  matrix  for  T„. 

Derivation  of  Tdfrxi,q,  )/dqf 

Referring  to  Eq.  32.  the  formula  of  kinetic  energy  of  the  i”'  beam  is 
rearranged  in  the  following,  as 

=  qq.’^m.q,  =  A'£„  -  A'£.i  -  :A'£,i  (43) 

where 

ft’E..  =  ;q.’’n>..q.  (4J) 

A'£..  »  iq.*0,’!.N'(G,.  -  H,.  -  H„)N©,sq. 

A  E.i  »  iq.’’0.’lN^(G.,  -v  H.,)©.,.qi 

Partial  differentiating  Eq.  42  with  respect  to  qf  gives 

liKE.  iaim,q,),  aKE..  BKE.,  JKE,, 

‘  ‘  ~R - ~R~  '  * 


Thus,  the  second  term  in  Eq.  44  can  be  written  as 


dA'E.i 

"q.' 


-'^®'-‘’.'(G,.  -  H.,  -  H.,iN©..q.  - 
1  r  df H,i,t  —  H.a.i  1^,^ 

r  - r:= - ^e.-q. 


dq: 

.  dfH.i  1  -  H.i  :  I 
dq,‘ 

d(H„  1  -  H„  ,) 


dq.- 


N0,Aq, 

N©,iq,  j  NQ.iq. 


I'  -  t 


.481 


where  corresponds  the  first  term  and  2;  represents  the  second 
term.  Then. 

•dN..,-  .  dNi-  .  dN,- 
l,  =  .^©.rq.  !  ^©..q,  ,  -^©..q, 

^q* 

.G„  -  H„  -  H.iiNS.iq, 

2  ,  q.Nj0„  q, 

-  jr 

=  4 'ilN©,.  q.Nj©,.  q. 

where  3'  represenis  vhe  p&tti&l  difTerenii&uon  in  [2'.  which  is  ihen 
wruien  as 


q^Buq,  ]  r  Du 


r-y  \  q,’  Big  q,  /  -  S  D^a  q, 

\  i  q.’Bsaq,  J  [  D33  q, 

=  (  Bifl  -  Bfli  )qt  —  Du 

(  833  —  Bjj  )q.  -  Du 

f  Bjff  B53  >qt  -  03*5 

where  =  B5o(a  =  1.2,3)  and  Daj  =  Dgo(<^  =  1-.3L  Substi¬ 
tuting  the  expressions  of  3j  into  [2]  gives 

1  *  ’ 

;2:  =  2y^y^{(B,e-Ba„)q. -D;,} 

^  Jsi asl 

i’' OfiN.NjO.s  q. 

Substituting  the  expressions  of  [l{  and  [2|  into  Eq.  48  yields 


aKE., 

dq.' 
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q,’'©.’'.N.Nj©,j  q. 


(49) 
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The  last  teem  in  Eq.  44  can  be  wcitien  ai 


tfq; 

=  ,_0..q.!^Q„q.  ^©..q, 

(G,2  —  qi  — 

[Efs.faq.  i  E,‘  ©i.^q,  I  Ef  ©...q.j 
N©i*q. 


(SO) 


Substituting  Eqs.  49  and  30  into  Eq.  44  will  result  in  the  following 
Hnai  expression  of  the  mathx  partial  differentiation,  as 

1  it  m.q.)  _ 

2  dq; 

■  dN,  ^  ,  dN,^  .  dN,  ^  . 

dq,-  dq‘  dq,' 

{(G.,  -  H.,  ^  H..)N©iA  -(G.i  -  H.j  )©.,/,  - 

ET ©ifAqi  '  E7  0if«qi  .  E)  ©iyAqi.^©.A  — 

1  1 

•;  ^  ^{(B,j  -  Bs,)q,  -  DIj} 

3ml  aal 

q.'‘©,'!.N,Nr©,A  q,  (51) 


GLOBAL  LEVEL  MOTION  EQUATIONS 

In  the  previous  sections,  the  local  level  equations  of  motion  have 
been  derived  for  an  arbitrary  elastic  beam.  In  order  that  those 
generalised  coordinates  at  the  common  connecting  bounoaries  ace 
compact  for  the  adjacent  beams,  it  is  necessary  to  include  the  kine¬ 
matic  constraints  in  the  equations  of  motion.  The  concept  of  the 
compatibility  matrix  is  employed  in  the  assembly  process  so  that  the 
coeificieni  macrtces  and  the  generalised  force  vectors  of  each  sub¬ 
system  ace  compatible.  X  set  of  global  generalised  coocninates  is 
selected  among  the  local  generalised  coordinates  of  each  subsystem 
such  that  the  global  generalised  coordinates  ate  independent  of  each 
other 

Compatibility  Matrix 

.A  matrix  which  linearly  relates  the  local  generalised  coorcinates  to 
the  global  generalised  coordinates  is  called  the  compatibility  matrix. 
For  a  system  with  n  global  generalised  coordinates  q.  the  local  gen¬ 
eralised  coordinates  q,  with  m  components  can  be  expressed  as 

q.  =  ♦(  q  (,  =  1.2.  -..V)  (52) 

where  the  compatibility  matrix  is  an  m  x  n  matrix  which  is  in 
general  a  time-varying  function  of  the  rigid  body  generalised  coordi¬ 
nates.  .V  is  the  total  number  of  the  subsystems  under  consideration. 
It  is  noticed  that  the  compatibility  matrix  contains  the  information 
of  the  geometric  boundary  conditions  which  describe  the  kinematic 
constrainu  for  those  adjacent  subsystems. 

Assembly  of  Motion  Equations 
Differentiating  Eq.  52  with  respect  to  time  gives 

qi  =  q  -  *i  q  (53) 

qi  =  *(44-  2*i  q,  ii  q  (54) 

Rcaitangiag  the  local  level  equations  of  motion,  one  can  show  that 
Eq.  39  takes  the  following  standard  form  as 

tstiqi  -e  C,q,  -  It.qi  =  F,  (55) 


where  c,  is  &  damping  mainx.  k,  13  a  stirf’ae^s  matrix.  T  a  a  ^ener 
allied  force  %'eccor.  and  they  are  formulated  as 


C| 
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rh,  - 
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Idfm.q.) 

2~d^ 


Q. 


Substituting  Eqs.  33  and  34  into  Eq.  35  followed  by  premuitipling 
Eq.  55  with  the  transpose  compatibility  maceix  will  result  in  the 
following  global  equations  of  motion  as 


Mq-Cq-Kq  =  F  (56) 

where  the  global  mass,  damping,  and  stiffness  matrices  and  the  global 
generalized  force  vector  are  formulated  as  follows: 

V 

M  =  ^ 

(SL 

.*/ 

C  =  ^(♦/’c,*,  -2#,*m,ii) 

ISI 

K  =  ^l*.‘  k.*.  -  c,*,  -  i‘  m, 

43l 

F  =  r«,'F,  (37) 

ISI 

3cructut*l  and  .'or  fluid  viscous  damping  terms  can  be  added  in  each 
c,  matri-t.  The  iareritai  connecting  hree  terms  in  each  F,  vector 
vanishes  automatically  during  the  process  of  matrix  assembly. 

CONCLUSIONS 

X  systematic  mathematical  model  predicting  the  motion  of  a  multi¬ 
body  system  with  elastic  members  has  been  fully  developed  in  the 
current  paper.  The  mutually  coupled  rigid  bodv  and  eiastic  mo¬ 
tions  are  revealed  by  including  the  rigid  body  generaiired  coordinates 
which  have  not  been  considered  as  ihe  unknown  degrees  of  freedom 
until  very  recent  years.  The  signincant  complexity  m  mathematical 
fotmuiatioa  arises  because  of  the  involvement  of  the  unxnown  rigid 
body  DOF.  Nonlinear  coupling  terms  due  to  Coriolis  and  centrifugal 
forces,  wliich  were  neglected  historically,  ace  completely  taken  into 
account  and  ace  derived  explicitly  in  matrix  form.  The  conventional 
Snite  element  analysis  cooperated  wuh  the  direct  stiffness  methoa 
is  used  in  the  discieiiiation  of  the  eiastic  members.  .A  third  order 
polynomial  function  is  adopted  in  the  Unite  element  shape  function  in 
order  to  exclude  these  negligible  effect  of  longitudinal  displacement 
and  asal  twisting  which  ace  usually  of  higher  order  in  magnitude 
compared  with  the  other  deformations  in  most  flexible  structures. 
The  Lagrange  s  equation  is  employed  in  w’nich  both  the  rigid  body 
and  the  elastic  DOF  ace  treated  as  unknown  generalised  coordinates 
of  the  system.  The  elastic  deformations  of  every  element  in  each 
elastic  beam  ace  measured  in  the  local  reference  frame  so  chat  they 
are  compatible  at  the  local  level.  The  position  vector  as  well  as  the 
vetociiy  vector  are  formnlated  in  terms  of  the  moving  frame  instead 
of  the  usual  inertial  frame.  This  results  in  simple  mathematical  op¬ 
erations  in  finding  kinetic  and  potential  energies. 

The  final  form  of  the  system  dynamic  equations  of  motion  is  ex¬ 
pressed  in  a  dosed  form  which  shows  high  nonlineanty  and  strong 
coathbatiooi  of  the  coupling  terras  in  the  time-varying  coefficient 
matnees  and  generalised  force  terms.  The  procedure  and  method¬ 
ology  developed  herein  are  applicable  to  the  dynamic  modeling  of 
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(hr  pi*n«r  mechanisms,  u  well  as  the  spatial  unconstrained  struc¬ 
tures.  The  application  of  the  theory  presented  in  the  current  paper  is 
demonstrated  and  implemented  in  Part  II.  The  extensive  simulation 
results  and  the  experimental  data  are  also  included  in  Parc  II  of  this 
work.  Numerical  techniques  which  resolve  the  difficulty  in  solving 
noniineac  differential  equations  involving  mixed  rigid  body  variables 
with  large  overall  motion  and  elastic  variables  with  small  vibration 
ace  investigated  and  are  presented  under  a  separate  paper  in  which 
Newmark  predictor-corrector  integration  schemes  are  developed. 
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For  a  given  vector  12,  a  corresponding  skew-symmeinc  matnx  n 
associated  with  the  vector  12  is  defined  as 


n  = 


0  -f2,  t2,  ■ 

f2s  0  -12, 

-n,  n,  0 


where  n,(i  =  1.2.3)  are  the  components  of  the  vector  (2.  In  an 
analogy,  a  skew-symmetric  matrix  [d|  associated  with  a  given  matrix 
d  is  defined  as 


r  0  -d,  d, 


idj  = 


d,  0  — d, 

— dj  d,  0 
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where  d  is  percictuoed  u  d  =  d.‘  d;  dj  ‘ 

For  limpUeicr'  t'‘o  Jpe«i«i  stAttii  product  operators  S  aad  f  ate 
tntcoduced  in  the  current  paper.  These  special  operators  have  the 
higher  priority  over  all  ocher  matrix  operations,  and  they  are  defined 

as 

ASr(B)  =  'A.„B!  for  each'iubmatrix 

r(B)9A  =  .BA,,i  for  each  lubmacrix 

r^(B)  =  r(B') 

where  A  is  a  partitioned  matrix  with  Che  following  form  as 


and  the  number  of  column  of  each  A,,(i  =  1 . m:  ;  s  1 . n) 

must  be  equal  to  the  number  of  row  of  matrix  B  so  chat  they  ace 
compatible  in  matrix  operating. 

If  q  is  an  n  dimensional  vector,  and  a  scalar  4  and  an  m  dimen¬ 
sional  vector  a  ace  the  functions  of  q,  the  following  matri.t  partial 
denvatives  ace  denned. 

d4  f  34  1  _  r  i 

dq*  ”1.  dq,  1  '  dq^  [  dq,  ^ 

(i  a  1.  •  ■  ■ .  n;  ;  =  1.  -  •  • .  m) 

where  {d4/dq, }  is  an  n  dimensional  vector,  and  da.  .dqij  is  an 
n  »  m  matrix  in  which  t  determines  a  tow  and  ;  determines  a  coiumn 
for  t.he  .matrix.  The  following  properties  of  matrix  pactiai  derivatives 
ace  derived  from  the  above  dennitions. 


dq'^*  ~  dq*  d^* 

X(Cq)  =  C* 


^lq-Cq)=(C-C-,q 

/w(4,4,)  =  1^4.4, -4i^ 
dq-  dq-  dq- 

d  .  do  -  f  dbi 

dq-  dq-  I.  dq- 


where  B  =  •>,  ■  b,f  ,  a.  b.  4i.  4s,  and  B  ate  the  functions  of  q, 

C  is  a  consianc  matrix,  and  bi(i  =  I . n)  ate  the  subvectors  in  B. 


419 


APPENDIX  E.  Modeling  of  Multibody  Flexible  Articulated  Structures 
with  Mutually  Coupled  Motions:  Part  II  -  Application  and  Results. 


135 


DE'Vol.  47,  Flexible  Mechanisms,  Dynamics,  and  Analysis 

ASME  1992 


MODELING  OF  MULTIBODY  FLEXIBLE  ARTICULATED 
STRUCTURES  WITH  MUTUALLY  COUPLED  MOTIONS: 
PART  (I  -  APPLICATION  AND  RESULTS 


Jiechi  Xu  and  Joseph  R.  Baumgarten 
Department  of  Mechanical  Engineering 
Iowa  State  University 
Ames,  Iowa 


ABSTRACT 

The  epplieecioa  oi  the  tyicemeck  pcoeeducee  m  (he  aen''«cioa  ot  (he 
eq({*.(iaai  o(  (sodon  pcopaecd  tn  Fact  I  o(  (hii  vorh  ii  cemonitrated 
and  implecnenced  in  detatl.  The  equattons  o(  otocton  :oc  each  iu(>- 
system  ace  decided  individually  and  ace  auembled  undec  (he  concept 
ot  csfflpatibtUcy  between  the  local  hinematic  pcoeerctes  ot  the  eiastic 
degcees  o(  freedom  of  chose  conneeten  eiastte  members.  The  specific 
stcuctuce  undec  considecatton  is  chacacteciied  aa  an  opes  loop  syscem 
with  spdcncai  uncotutcained  chains  being  capable  of  cotating  about 
a  Hoohe's  or  universal  joint.  The  ngid  bonv  motion,  due  (o  two 
unknown  cotacions,  and  (he  eiaitic  degrees  of  freedom  ace  mutually 
coupled  and  induence  each  other.  The  traditional  motion  superpo¬ 
sition  approach  is  no  longer  applicable  herein.  Numencai  :.campies 
for  several  cases  ace  presented.  These  iimuiations  ace  crmpaces  .vith 
the  experimental  data  and  good  agreement  is  incicatea. 

t.vTROoutrriOiv 

Pact  1  of  this  work  presents  the  development  zi  the  equations  of 
motion  for  an  arbiiiaty  elastic  beam  in  a  deabie  structural  syscem 
containing  both  the  ngid  and  elastic  bodies.  In  pact  il  of  the  paper 
the  theories  developed  in  part  !  are  applied  to  a  specidc  problem. 
The  structural  system  is  charactecited  as  an  open  loop  system  with 
spherical  unconstrained  chains  being  capable  of  rotational  motion. 
The  equations  of  motion  for  (he  ngsd  bodies  in  the  syscem  ace  de¬ 
rived  in  a  fashion  similar  to  the  derivation  of  the  equations  of  motion 
for  the  elastic  beams.  The  indnence  of  the  elastic  deiorraaiions  pre¬ 
ceding  the  rigid  body  is  considered.  The  strategy  in  the  derivation 
is  first  to  obtain  the  local  level  dynamic  equadons  and  then  to  as¬ 
semble  the  eqnatioru  at  the  global  level.  The  geometric  boundary 
cottdititsns  are  implemented  to  ensare  the  compatibility  beivrees  the 
local  displacement,  velocity  and  acceleration  of  the  elastic  degrees  of 
freedom  that  are  common  to  tero  or  mote  members,  rig.  1  shows 
n  satellite  test  rig  boilt  by  Cowles  [II  and  Anderson  (21  at  the  Iowa 
Stata  (Tnivetsily.  A  corresponding  schematic  drawing  of  the  dynamic 
part  of  the  test  rig  is  shown  in  rig.  2.  A  lower  shaft  snppotu  an  up¬ 
per  rotating  itructnte  and  is  driven  by  a  DC  motor  throngh  a  driving 
ybrniii  An  upper  shaft  is  connected  to  the  lower  shaft  by  a  Booke's 
type  ettiversai  joint.  A  erase  bar  is  fixed  on  the  too  of  the  upper 
shaft  to  bafaace  the  coning  motion.  .An  upper  aasembty  is  denned 
as  those  paru  of  the  structure  that  ate  supported  by  the  oniversal 
joint,  except  the  upper  shaft  and  the  cress  bar.  The  configuraiios  of 
tht  entice  rotating  upper  asMmbly  is  axisymmeitte  about  the  sptn 


Figure  r.  .A  test  rig 


axis  of  the  lower  shsft. 

COORDINATE  SYSTEMS 

Fig.  3  shows  the  cootd'uiate  systems  associated  with  the  structural 
model  of  the  test  ng  to  assist  analynng  the  dynamic  response  of  the 
structural  system.  Point  (7  is  a  universai  joint  at  which  the  ongin 
of  a  set  of  inertial  coordinates  (oi.ei, ei)  is  located,  tn  addition, 
coordinates  (L,j«.  k«l,  named  moving  coordinates,  are  also  settled 
at  point  O.  These  moving  coordinates  ate  initially  aligned  with  the 
inertial  coordinates  bat  are  attached  to  the  upper  assembly  and  arc 
then  rotated  with  the  assembly.  Three  snccessive  rotating  angles 
arc  defined  between  these  two  sets  of  coordinates.  One  set  of  eo- 
oedi nates  is  denned  for  each  beam,  elastic  or  ngid.  and  each  tank, 
wish  ih*  corresponding  origins  located  at  each  proximal  end  of  the 
beams  and  at  each  geometric  center  of  the  tanks,  respectively.  .Ail 
of  the  coordinates  are  locally  denned  with  their  i  cootdiMtes  being 
selected  such  that  they  eotacidc  with  the  center  lines  of  the  undc- 
fotSBed  beams  or  they  ate  iaidally  pointed  to  the  opposite  dircctton 
of  one  of  the  moving  eooediaatts.  k,,  for  each  tank. 

Throw  Successive  Rotating  Anglos 

A  set  of  three  succeuive  rotating  angles  about  the  universal  joint 
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Figure  2:  Schematic  of  the  test  rig 


IS  defined  beiwreen  the  inertial  and  moving  coordinates  as  shown 
in  Fig  4.  Firstly  the  upper  shaft  spins  about  the  ej  axis  of  the 
inertial  coordinates  with  an  angle  of  As  to  reach  a  first  intermediate 
system  (i.  .j.-h, ).  Secondly,  the  upper  assembly  nutates  about  the 
j,  axis  of  the  first  intermediate  system  with  an  angle  of  A|  to  reach 
a  second  intermediate  system  Finally,  the  upper  assembly 

rotates  an  angle  of  As  about  the  i,  axis  of  the  second  intermediate 
system  to  teach  the  final  moving  coordinates  (i.,J<„  1^).  These  three 
successive  routing  angles  constitute  the  base  of  the  rigid  body  gross 
motion  which  it  essential  in  analysing  the  structural  deflections  and 
routions. 

Rigid  Body  Angular  Velocity 

Referring  to  Fig.  4.  the  rigid  body  angular  velocity  ft,  interpolated 
as  the  angular  velocity  of  the  moving  frame,  can  be  found  by  means 
of  the  superposition  principle  of  angular  velocity,  as 

f^^Ases  —  A.^j^— Asi„  (1) 

where  A,(i  =  I.  2.3)  ate  the  corresponding  time  rates  of  three  suc¬ 
cessive  rotating  angles  A,(i  =  1.2.3).  3y  observing  the  rotations,  it 
is  found  that  the  following  unit  vectors  are  identical.  :  e. 


Os  =  k,:  T,  =  j,,  i,  =  I, 

Substituting  above  three  identities  into  £q  1  gives 

0  —  A3  k^  *  j®  ■“  ^7  i®  l2) 

The  objective  is  to  transfer  k,  and  j,  coordinates  into  (i®.i®.k,) 
system.  From  .\ppendix  .  this  can  be  easily  r  solved  and  the  Anal 
expression  can  be  shown  as 

n  =  e;n  (3) 

wncre  e;  =  {t®j®k®}.  a  set  of  unit  vectors  of  the  moving  coordinates, 
and  n  IS  an  angular  velocity  vector  which  can  be  written  as 

n  =  NA  (4) 

where  A  =  {AiAjAi}^.  and  N  is  a  coefficient  matnx  containing  the 
information  of  three  successive  rotations  and  is  defined  as 


1  Nf  ] 

1 

r  0 

1  •  Sin  Af 

Figure  3;  Coordinate  systems 

N  =  1  N; 

_  1 

cos  A, 

0  cos  As  $in  A^ 

L  J 

[  -  sin  A3 

0  cos  A{  cos  A) 

Figure  4:  Three  successive  rotating  angles 


It  has  been  shown  that  the  conngurations  of  the  structure  ate  axisym- 
metnc.  This  does  not  imply,  however,  the  symmetry  of  the  inertial 
forces  about  the  spin  axis,  which  induce  elastic  deformations.  From 
a  static  force  analysis,  it  is  found  that  the  tangential  inertial  forces 
are  non-symmetric  about  the  spin  axis  in  three  orthogonal  Cartesian 
planes.  Each  elastic  beam  must  be  therefore  discretised  using  the 
different  generalised  coordinates. 

TANK  DYNA.MICS 

Referring  to  Fig.  2.  a  tank  assembly  or  a  tank  for  simplicity,  con¬ 
structed  of  a  spherical  plastic  container,  liquid  withm  the  container, 
two  clamping  steel  plates  which  hold  the  spherical  tank,  and  some 
clamping  bolls,  is  considered  as  a  rigid  body  system.  One  tank  is 
placed  on  each  side  of  the  test  rig  axisymmetrically  Liquid  slosh¬ 
ing  within  the  tank  is  modeled  by  Computational  Fluid  Dynam- 
ics(CFD)  [31.  The  interaction  mechanisms  between  the  structure 
and  liquid  are  investigated  in  a  joint  efforts  from  the  flexible  struc¬ 
ture  mode)  and  the  CFO  model.  The  results  are  published  under 
a  separate  paper  :4{.  Due  to  the  special  construction  of  the  tank 
asscrably.  some  elastic  degrees  of  freedom  of  the  supporting  flexible 


Figure  j:  Tank  uiembly 


beams  connecting  the  tank  assembly  ace  constrained.  The  geometric 
constraints  are  revealed  explicitly  prior  to  defining  tank  generalised 
coordinates.  Tank  equations  oC  motion  ate  derived  in  such  a  war 
that  one  model  accommodates  two  tanks  in  terms  ot  proper  sub¬ 
stitutions  of  the  corresponding  ttansformaiion  matrices  between  the 
participated  coordinates.  A  position  vector  of  the  tank  is  lormuiated 
ficst  followed  by  the  derivation  of  a  velocity  vector  at  the  mass  cen¬ 
ter  of  the  tank  assembly  by  difTerentiating  the  position  vector  with 
respect  to  lime.  The  vector  expressions  are  ail  relative  to  the  mov¬ 
ing  coordinates.  The  tank  translational  kinetic  energy  are  found  by 
using  a  standard  formula  involving  a  velocity  squared  term.  The 
tank  angular  velocity  and  the  inertia  dyadic  about  the  mass  centet 
are  formulated  prior  to  calculating  tank  rotational  kinetic  enetg.v. 
Gravity  is  the  only  external  loading  under  consideration.  The  in¬ 
stantaneous  liquid  free  surface  shape  and  its  orientation  within  the 
tank  are  supplied  by  the  output  or  the  CFO  modeling.  Liquid  iner¬ 
tia  dyadic  is  updated  to  as  to  update  the  tank  kinetic  energy  The 
mass  center  of  sloshing  liquid  is  calculated  relative  to  the  geometnc 
center  of  the  tank.  The  coemcieni  mass,  damping,  and  stiffness  ma- 
cnces  and  the  generalised  force  vectors  are  formulated  by  applying 
Lagrange  s  equation.  The  derivation  of  the  tank  dynamic  equations 
can  therefore  be  accomplished. 

Geometric  Constraints 

Fig.  3  depicts  the  tank  assembly  and  its  associated  structures.  Seams 
n  and  6  ate  two  flexible  beams  which  connect  the  rigid  tank  assembly 
at  the  clamped  points.  and  Os.  The  transverse  deflections  of 

these  two  beams  in  the  direction  ace  equal  to  each  other.  The 

rotation  of  beam  a  about  the  axis  at  point  0,  is  equal  to  the 
correspond-og  rotation  of  beam  b  about  the  same  ass  at  point  Oi. 
The  rotations  of  the  beams  about  the  ic,s  ass  at  points  O.  and  Os 
ate  sero  because  these  points  ace  clamped  on  the  tank.  Thecetore, 
the  following  four  geometric  boundary  conditions  ate  concluded. 

dvmy  —  dsmei  ^•me  “ 

♦,«.  =  0;  =  0  (6) 

where  the  second  subsenpt  m  denotes  the  last  Unite  element  nodeffor 
both  beams)  which  coincides  with  either  the  point  O,  or  the  point 
Os,  dime  end  dsme  the  deflections  of  beams  a  and  6  in  the  ji« 
direction.  #ane  ^Wie  rotations  abont  the  Jis  axis,  and 

^•ms  nttd  ^Swii  arc  the  rotations  about  the  his  axis. 

The  local  generalised  coordinates  of  the  tank  assembly  include  the 


rigid  bodv  degrees  of  freedom,  which  result  from  three  rotations 
about  the  universal  joint,  and  the  elastic  degrees  of  freedom,  which 
ace  due  to  the  elastic  deformations  at  the  distal  end  3,  of  beam  i 
and  the  elastic  deformations  at  the  points  and  Dy.  3y  applying 
four  geometric  boundary  conditions  stated  in  Eq.  6,  a  set  of  local 
generaliied  coordinates  is  defined  as 

q,  ={.\'df}'‘  (7) 

where 

df  =  amf  }  (8) 

Thus, 

dj  =  (5) 

where  ihe  coefficient  matrices  O^a  can  be  easily  found  by 

their  dehniiions. 

Tank  Positioa  and  Velocity  Vectors 

Referring  to  Fig.  5  again,  point  Tj  is  a  mass  center  of  the  correspond¬ 
ing  tank  assembly,  and  the  vector  is  the  position  vector  of  the 
mass  center.  Thus. 

ry,  =  i..k,  -  i,I.  -  -  d,„.k,  - 

L.ii.  *“  diMt.Ji.  —  )lt-j  — 

’•ti'i;  -  '■rik;  -  A,i;  -  A.j,  -  A.k,  110) 

where  the  A'i  ate  the  relative  coordinates  of  the  instantaneous  mass 
center  deviated  from  the  initial  position  during  the  tank  motion.  It 
should  be  noticed  that  the  Rest  four  terms  in  the  above  equation 
determine  the  position  vector  of  point  3,  after  eiasiic  deflections 
of  beam  i.  the  next  four  terms  relate  a  relative  position  vector  of 
point  3.  to  point  5,.  and  the  last  five  terms  establish  a  relative 
position  vector  of  the  mass  center  T,  to  point  3,  on  the  tank,  .^ftet 
transferring  the  local  coordinates  to  the  moving  coordinates  it  can 
be  shown  that  Eq.  10.  in  matrix  form,  becomes 


where  the  matrices  T„,  and  T,.,  are  the  rotational  transfoc- 
maiion  matneesisee  .Appendix  )  wherein  T„  is  a  constant  matrix 
and  T,i,  is  a  time-varying  matrix.  Physically,  beam  i  is  much  stiifer 
than  beams  a  and  6.  and  hence  the  Tn,  matrix  is  approximately 
constaiit.  DifTereniiaiing  the  above  equation  with  respect  to  time 
yields  a  velocity  vector  as 
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where  ihe  A's  kce  the  relative  velocitv  componenii  of  the  tutk  mu> 
center,  which  nre  smnll  compared  with  the  lank  overail  motion.  The 
term  associated  writh  these  components  can  then  be  neglected  in  the 
above  velocity  equation,  n  is  a  skew-svmmetcic  matrix  derived  from 
the  corresponding  rigid  body  angular  velocity  (i. 

Tank  Angular  Velocity 

The  tank  angular  velocity  0  is  a  vector  summation  of  the  following 
three  angular  velocities, 

1.  n,  a  rigid  body  angular  velocity  (e,  relative  to  e.) 

3.  w.t,  a  ngid  beam  angular  velocity  (c.t  relative  to  i,) 

3.  Jj,  a  lank  local  angular  veloaty  relative  to  e.») 

Refernng  to  Fig.  3.  it  can  be  shown  that  the  tank  angular  velocity 
(3.  takes  the  following  matrix  form  as 


n  -  T.  f 

I 


The  loc«l  inertiA  dyadic  of  the  unk  assembly  ebouc  the  mus  center 
of  the  unx  cxn  be  written  m 

(i<) 

where  I.  is  a  local  inertia  matrix  about  the  local  tank  coordinates. 
Substituting  the  transformation  matrices  between  the  moving  frame 
and  the  tank  local  frame  {I,J.kj)  into  the  above  equation  yields 

(15) 


=  1*€*1**;1;  a;,*  HOI 

Kinetic  Energy 

The  tenk  kinetic  energy,  trensietionai  and  rotational,  can  be  formu¬ 
lated  as 

=  5"‘;rr;  'r,  -  f,  ii,  (K) 

Substituting  Eqs.  9.  12-15.  and  the  expression  of  O  into  £q  IT.  one 
can  find  that  the  kinetic  energy  of  the  tank  assembly  becomes 

=  iq’in,q,  (18) 

where  the  mast  matrix  si;  it  wnitcn  as 

SI;  “  *  H/l  *  HjJ  —  ■ 

m, 

N©;.x  —  -  ni;*  - 

"‘r®fe(Cri  -  H„  -  ±H„)N©„,  - 

m, 

_  gr  .  ±Hf,)0,s  (19) 

m, 

where  m,  is  the  total  mass  of  the  tank,  m,,  is  an  instantaneous  con¬ 
stant  mass  matrix,  G;i,  Gjr,  and  G;i  are  the  instantaneous  constant 
coefficient  matnees.  H;i  and  H,]  ace  the  time-varying  symmetric 
matrices,  and  H^s  and  H,4  ace  time-varying  rectangular  matrices. 
All  these  matrices  are  similar  to  the  corresponding  ones  listed  in 


Part  1.  Partial  dilTerentiaiini;  Eq.  18  with  respect  to  q^.  and  partial 
differentiating  Eq.  18  with  respect  to  q^  followed  by  differentiating 
the  result  with  respect  to  time  will  result  in  the  following  damping 
matrix,  as 

c, (20) 

where  the  paxti&i  difTetentixtion  cxn  be  obtained  following  the  tame 
derivation  demonstrated  in  Part  1. 

Potential  Energy 

The  tank  potential  energy  is  constituted  of  only  the  tank  elevation 
in  the  gravitational  field.  Following  the  same  procedure  in  Part  I 
one  can  find  that  the  potential  energy  takes  a  similar  formulation  as 

PE,  =  V--hfq,  (21) 

where  the  potential  function  t',  and  the  force  coefficient  vector  h, 
ate  the  functions  of  the  local  generalued  coordinates  q,.  Partial 
differentiating  the  above  potential  energy  equation  with  respect  to 
q,  yields  the  following  generaliied  force  vectors  and  stiffness  matrix 


oq; 


■h:;  k,  =  ^ 

J  '  <?q; 


where  the  matrix  partial  difierentiations  can  also  be  obtained  in  a 
similar  way  as  demonstrated  in  Pan  I. 

Tank  Equations  of  Motion 

The  eqoations  of  motion  of  the  tank  can  now  be  written  in  a  standard 
form  at 

-  e^q;  -  >',•9)  =  f;  (23) 

where  all  the  coefficient  matnees  and  the  generalited  force  vectors 
ate  already  derived  in  the  previous  sections.  Particularly,  the  mass 
matnx  m,.  the  stifness  matrix  k, ,  and  the  genetaiixed  force  vector 
f,  ate  the  functions  of  the  generalixed  coordinates  q,  only  while  the 
damping  matnx  c,  is  a  function  of  both  the  geneiaiired  coordinates 
q,  and  velocities  q,. 

RIGID  BEAM  DYNAMICS 

Beams  2  and  Sfsee  Fig.  31  are  modeled  as  the  rigid  bodies  because 
they  are  much  more  rigid  in  resisting  deflections  tnan  other  beams. 
Following  the  same  concept  In  the  lank  dynamics,  only  one  model  is 
developed  to  accommodate  two  rigid  beams. 

Velocity  Vector 

As  shown  ID  Fig.  6.  point  B,  is  the  mass  center  of  the  rigid  beam 
after  the  deflections  and  rotations  of  the  preceding  elastic  beam. 
Point  O  is  the  universal  joint  at  which  the  moving  frame  is  located 
A  position  vector  of  the  mass  center  of  the  ngid  beam  is  then  written 

as 

rp,  =  E«.k«  —  E,i,  —  diMiyji  —  d,m.^  (24) 

where  I,,  is  the  length  of  the  upper  shaft.  L,  is  the  length  of  the 
preceding  elastic  beam,  and  d,m,  and  d,,.,,  ace  the  elastic  deflections 
at  the  distal  end  of  the  preceding  elastic  beam.  The  above  vectorial 
equation  can  be  rewritten  in  the  matrix  form  aa 


-T«j  d,t. 


The  local  generalixed  coordinates  of  the  rigid  beam  are  defined  as 
qj  s  A*"  I  d.’’  (26 
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DYNAMICS  OF  A  BAR-sHaFT  ASSEMBLY 


Figure  6:  Rigid  beam  schemaiic 


The  ctosi  bar.  the  tower  shall,  and  the  upper  shaittsee  Fig.  2)  con- 
struer  a  bar-shaft  assembir.  Following  the  same  procedures  in  La¬ 
grange's  approach,  it  can  be  shown  that  the  Itinecic  and  potential 
energies  of  the  assembly  lake  the  following  forms,  as 

AT,  =  ^  -  A^m„A  -  A^m,,A  ) 

P Et  —  “fnt/CLit  -”  ■”  irijs L, j Tfass  (32) 

where  f|,  is  the  moment  of  inertia  of  the  lower  shaft  about  its  spin 
aais,  m.,  and  in,s  ate  the  mass  matrices  of  the  upper  shaft  and 
the  cross  bar,  respectively,  mi,,  m^,,  and  m,»  are  the  corresponding 
masses  of  the  lower  shaft,  the  upper  shaft,  and  the  cross  bar.  L,, 
is  the  length  between  the  univetsai  joint  and  the  mass  center  of  the 
lower  shaft,  and  *■>  element  of  the  transformation  matrix  T,, 

which  relates  the  inertial  frame  to  the  moving  frame.  Substituting 
above  equations  into  Lagrange  s  formula  gives  the  following  dynamic 
equations  of  the  bar-shaft  assembly,  as 


where  d,,  the  elastic  generalised  coordinates  of  the  preceding  elastic 
beam,  ace  defined  as 


(m,,  -  m„)A  -  c,A 

=  133) 


dr  =  {J..,,  (27) 

DitFerentiaiing  tq.  23  with  respect  to  time  yields  the  following  ve¬ 
locity  vector,  as 


fa.  =  T,  I  d,,,,  I  -  n  rj,  (231 

laeftia  Dyadic  and  Angular  Velocity 

The  Inertia  dyadic  of  the  rigid  beam  aooui  its  mass  center  3,  is 
formulated  in  the  following,  as 

(29) 

where  I,(i  =  1.2.3)  Is  a  local  inertia  mairi.x  about  the  'i,.j,.lc,) 
coorainates.  The  angular  velocity  of  the  ligid  beam  can  oe  written 
as 


n, 


n- j, 


n-T,. 


/ 

1 


•t. 


(30) 


where  J,  is  a  local  angular  velocity  accounting  for  the  rotations. 
and  4, mi  I  of  the  preceding  elastic  beam. 

Rigid  Beam  Equations  of  Motion 

Following  the  same  procedures  stated  in  the  previous  sections,  one 
first  formulates  the  kinetic  and  potential  energies  in  terms  of  Eqs.  26 
-  30,  then  derives  the  mass,  damping,  and  stiffness  matrices  and  the 
generalised  force  vectors  by  differentiating  the  kinetic  energy  and 
potendai  energy  terms  with  respect  to  the  corresponding  quantities, 
generalised  coordinates,  velocities,  and  time.  Finally,  one  can  obtain 
the  equations  of  motion  of  the  rigid  beam  in  the  following  form  at 


where  m,,  is  a  3  <  3  null  matrix  except  the  element  at  the  3rd  row 
and  the  3td  column  with  the  value  of  !i,,  f,  is  a  rero  force  vector 
except  the  3rd  component  which  redects  the  unknown  input  torque 
about  the  vertical  axis  cs  applied  on  the  lower  shaft.  The  time- 
varying  mass  matrix  and  damping  matrix  c,  can  be  expressed 


TTimf 


1  ofm,Al 

2  dA7 


(3+) 


where  m,  =  nru,  -  m^- 
SYSTEM  .MOTION  EQUATIONS 

The  equations  of  motion  for  the  elastic  beams  ate  derived  in  Part  1. 
The  total  degrees  of  freedom  of  the  svstem  ate  nineteen  if  each  elastic 
oeam  is  modeled  bv  one  nniie  element.  Three  of  i.ne  generalised 
coordinates  result  from  the  ngid  bodv  motion  and  the  rest  are  due 
to  the  elastic  deformations.  If  each  elastic  beam  is  modeled  by  two 
elements  the  total  number  of  degrees  of  freedom  then  increases  to 
forty  three. 

Global  and  Local  Generniiied  Coordinates 

3y  using  one  element  for  each  elastic  beam,  the  global  generalised 
coordinates  are  selected  as 


q  *  {A  ,  dime  jdi  m  j  4ln(, 

dsme  4imids,^j  4s^e  i 

ds.^e'^Smi  4 j,,,,  ■ 

I  dvmedrmi  47meds*wi  V  (33) 

where  the  fini  subscnpts  of  each  elastic  variable  denote  the  corre¬ 
sponding  elastic  beams,  and  the  second  subscnpc  m  denotes  the  last 
node.  Accordingly,  the  local  generalised  coordinates  ace  defined  in 
the  follows: 


mi  q*  -  e,  q,  -r  It,  qi  =  C  (31) 

where  m,,  ki,  and  E  ace  the  functions  of  q,  only,  and  c,  is  a  function 
of  q,  and  q,.  These  matrices  and  vectors  are  similar  to  those  derived 
in  the  cank  dynamics. 


qf 

=  {y 

!  0  1  } 

q? 

= 

1  0  1 

qj 

=  {A’’ 

I  0  1 

qf 

fe 

II 

f  0  f  } 
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=: 

{A^  1  ^Imy  i 

!  dsm^dsw,!  43„,|,d4M,j  } 

<iio 

= 

'  ds,^i,4s„,  4 { 

i  d7m»d7m.-47ni»dsmj} 

(36) 

too 

qs. 

q4. 

qr,  and  qt  are  the  generalised  coordinates  for 

o 

che  cottnponding  elastic  beams,  qo  are  (or  the  bar-shaft  assembly,  qj 
and  qa  are  for  the  rigid  beams,  and  qa  and  qm  are  for  the  tanks.  The 
null  vector  0.  containing  four  components,  appears  in  each  set  of  the 
generalised  coordinates  for  the  elastic  beams  because  the  proximal 
ends  are  all  clamped  in  this  particular  structure. 

Compatibility  Matrices 


■ 

H 

m 

m 

mk 

m 

m 

▼iM^a  (aac> 


Figure  Spin  profile 


By  comparing  Eq.  36  with  Eq.  33.  the  corresponding  compatibility 
mainces  for  each  subsystem  can  be  found  as 


♦  s 


♦  r 


*, 


*0 

*1 

♦s 

♦to 


■  Ij  0  O' 

0  0  0 

0  I.,  0 

■  Iv  0  0  0 

0  0  0  0 

0  0  Ij  0 

■  Ii  0  0  o' 

0  0  0  0 

_  0  0  T.  0 

■  I»  0  0  0 

0  0  0  0 

.0  0  I's  0  . 

■  It  0  o' 

0  0  0 

.0  0  I'r  . 

■  Ii  0  0 

0  0  0 

0  0  ly 

;i,  01 
It  0  0 

0  u  0 

It  0  0  0 

0  0  0 

'  It  0  0  0  0 

0  Is  0  0  0 

0  0  0  Is  0 

'  It  0  0  0  0 

0  0  Is  0  0 

,  0  0  0  0  Is 


(37) 


I 


10  0  0 
0  0  0  0 
0  0  0  1 
0  0  10 


(38) 


Assembly  of  Equations 

The  time  rates  of  the  compatibility  matrices  are  tero  because  they 
are  constant.  Following  the  same  procedure  developed  in  Fart  I.  one 
can  conclude  that  the  global  mast,  damping,  and  stiUnest  matrices 
and  generalized  force  vectors  can  be  written  as 


10 

M  =  ^♦'m,*, 

ISO 

10 

C  = 

ISO 

10 

K  = 

•  sO 
10 

F  =  31 

■=0 

The  system  equations  are  therefore  given  as 

Mq-Cq-Kq  =  F  (40) 


Integrating  the  a'oove  system  equations  numerically  will  yield  the 
solutions  of  the  system  dynamic  responses  which  are  illustrated  in 
the  following  section.  X  detailed  numerical  integration  method  is 
developed  and  it  to  be  published  under  a  separate  paper. 


where  n't  are  the  null  matrices,  I.\  is  a  3  x  3  identity  matrix,  la  is  a 
4x4  identity  matrix,  and  and  are  defined  as 


SIMULATION  RESULTS 

The  following  structure  configurations  and  material  properties  ate 
used  in  the  simulation  of  dynamic  response.  The  mass  density  and 
the  Young's  modulus  are  0.7833  x  10*(km)  and  0.21  x  10'’(.Pa), 
respectively,  for  all  the  members,  elastic  and  rigid.  The  units  of  the 
length(L)  and  cross-sectional  acea(.4)  are  (m)  and  (m^),  respectively. 
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Che  specinc  vaUei  fo(  each  the  menioeci  ace  Uiced  la  ihe  foUuws: 


Li  =  Ci  =.0.165:  -It  =  .li  =  0.r2  X  10"* 

Lj  =r«  =0.104;  .4]  =  .la  =  0.019  x  0.019 
:i  =  £,  =  £,  =  £,  =  0.29: 

Dj  =  Dt  =  Dt  =  Of  =  0.0057(diacaetet) 

Li.  =  0.940;  D  =  0.0254 
=  0.12T;  D  =  0.0254 
£,»  =  1.219;  .4,»  =  0.00635  x  0.0254 
Taak  =0.165  x  0.165  x  0.114 

The  (ocal  mau  of  the  caak,  including  the  solid  sccuetttce  and  liquid, 
ii  1.96(4m). 

The  input  spin  velocity  of  the  lower  shall  and  its  corresponding  an* 
gular  acceleration  pcoAle  ace  shown  in  rig.  T.  .4.  sinusoidal  function 
is  adopted  in  the  angular  velocity  ptonle  m  which  the  speed  of  the 
lower  shaft  increases  gradually  fcooi  leco  to  iiQRP.W  after  3  seconds. 
In  one  case,  the  upper  shaft  is  driven  by  the  lower  shaft  through  the 
universal  joint  without  any  initial  tilt  while  in  another  case  the  At 
angle  of  the  upper  shaft  is  tilted  1  degree  initially  from  the  spin  axis. 
The  results  from  these  two  runs  are  compared  with  in  rig.  5.  The 
cop  hguce  shows  the  time  domain  plots  of  the  rigid  body  angles  in 
which  two  angles  are  varying  in  a  range  of  several  degrees  for  the 
tilted  casefthe  angle  magnitudes  for  the  non>iilt  case  ace  too  small 
to  show  up  in  the  current  scale).  The  inAuence  of  the  rigid  body 
motion  to  the  elastic  deformations  clearly  shows  up  in  three  ngures 
following  the  top  ngure.  This  e.fec:  is  e.cpected  and  accounted  for 
in  the  dynamic  modeling,  (n  the  third  easel  see  fig.  9),  one  of  the 
tanks  is  thrust  upward  by  an  impulse  of  l.V  after  the  lower  shaft 
spins  1.5  seconds.  The  spin  peonies  are  the  same  as  those  in  case 
1  and  ease  2  e.ceept  that  it  takes  only  I  second  to  drtve  the  lower 
shsut  from  sero  to  oORPM.  The  upper  shaft  e.cpetieaees  a  relatively 
large  nutation  before  it  regains  stability  as  evidenced  by  the  large 
variations  of  the  rotation  angles  of  A.  and  Aj,  and  the  tank  vertical 
posttion  relative  to  the  universal  ]oioc  shown  in  the  top  Agure.  The 
effects  of  the  rigid  bodv  motion  is  very  signincant  to  the  elastic  de- 
Aections  and  rotations  in  this  case.  The  following  three  ngures  show 
the  compacisons  of  the  beam  tangential,  vertical,  and  radial  deAec- 
cions  between  the  axisymmetne  points  on  the  tanks  and  the  rigtd 
beams.  The  most  signiAcaoc  deformation,  overall  radial  deAection 
at  the  tank  center  accounting  for  ail  tile  oossi'oie  elastic  deAections 
and  rotations  preceding  the  tank,  is  calcuiareo  and  compared  wuh 
the  experiment  measurement.  .4  measured  actual  pconle  of  the  spin 
velocity  is  used  in  the  computer  simulation  ana  the  computed  result 
matches  the  e.xpenmental  data  very  well  as  illustrated  in  fig.  10. 

CONCLUSIONS 

[t  is  recalled  chat  in  the  proposed  approach  the  inherent  character  of 
mutual  induence  between  the  rigid  and  elastic  motions  is  revealed  by 
including  the  rigid  body  degrees  of  freedom  in  the  system  general¬ 
ised  coorauiaies.  This  approach  results  in  equations  of  motion  wuh 
highly  nonlinear  coupling  ceems.  especially  those  associated  with  the 
time  rate  vector  of  the  generalised  coordinates.  The  equanoos  of 
motion  for  each  ngid  subsystem  ace  derived  individually  and  ace  as¬ 
sembled  along  with  the  equations  of  motion  for  the  elastic  beams 
M  obtain  the  system  equations.  The  elastic  dcfocmadons  ase  com¬ 
pletely  considered  in  the  dynamic  response  foe  the  subsystems  down 
thn  chain  due  to  the  nature  of  the  open  loop  system.  The  nismetical 
simnladons  clearly  show  a  good  indicatioa  that  the  predicted  results 
from  numerical  integration  match  the  measured  e.cpetimencal  data 
very  well.  .4  detailed  numerical  method  is  discussed  and  developed 
in  a  forthcoming  publication. 
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APPENDIX 

If  (i.J.ic)  is  a  Cartesian  coordinate  system  and  (ei,^.  83)  is  an¬ 
other  Cartesian  coordinate  system  after  rotating  an  arbitrary  angle 
@  about  one  of  the  axes  of  the  system  (L  j,  h),  the  following  three 
rotational  transformation  matrices  ace  defined,  as 


■  1  0 

0  ■ 

T(eo  = 

0  cosd, 

—sin©, 

0 '  sin8, 

cos© 

cos6, 

0 

sin©, 

T(0s)  = 

0 

1 

0 

-sinSy 

0 

cos©, 
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®  * 


T(©») 


C04©t  -4in©i  II 
iin3k  cos@i  0 
0  0  1 


virhece  ©,,  Qj,  ©«  itc  the  totaling  angles  about  the  i,  J,  and  i  axes 
respectively. 

Three  transformation  matrices  encountered  in  the  current  paper 
ace  formulated  as 


To, 


To«a 


T*#j 


■  Tu  0  O' 

0  r„  0 

.0  0  Tu  , 

■  0  0  <13  ■ 

0  t„  0 

_  (Ji  0  0  , 

1  0  ♦om, 

0  1  -0 

.  -*,m,  Q  1 


here  T^J  and  are  equal  to  either  I  or  >1,  and  the  twisting  angle 
is  defined  as  ^ 

®  “  d^mi ) 
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APPENDIX  F.  A  Sequential  Implicit-Explicit  Integration  Method  in 
Solving  Nonlinear  Differential  Equations  from  Flexible  System  Modeling. 
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ABSTRACT 

The  dynamic  equacione  of  motion  obtained  in  the  modeling  of  flex¬ 
ible  structural  systems  with  unknown  rigid  bodv  gross  motion  ate 
often  highly  nonlinear  and  possess  time-varying  coeifictent  matrices. 
The  inherent  characters  of  nonlinear  large  overall  rigid  bodv  motion 
and  linear  smaU  vibration  ace  also  involved  in  the  system  equations. 
.Veilher  the  implicit  not  the  explicit  algorithm  seems  optimally  suited 
and  efficient  by  itself  in  dealing  with  these  kinds  of  equations.  This 
‘***r**®'«'  presents  a  sequential  impiieit-explieit  method  in 
which  It  is  attempted  to  achieve  the  attributes  of  both  classes  of 
algorithms.  The  equation  system  e.cpressed  in  matrix  form  is  first 
mapped  to  a  subsystem  in  which  the  specified  generalised  cootdi- 
nates  ace  eliminated.  The  subsystem  is  then  partitioned  into  two 
seta  of  coupled  equations.  One  set  of  equations,  describing  the  elastic 
motion.  IS  linear  with  respect  to  the  elastic  generalised  coordinates 
and  IS  integrated  impUcitly.  The  other  set  of  equations,  governing 
the  rigid  body  motion,  contains  the  highly  nonlinear  couoUng  terms 
and  IS  integrated  e.xplicitly  with  the  back  substitutions  of  ihe  elas¬ 
tic  kinematic  properties  already  calculated  in  solving  the  first  set  of 
equations.  .\  Mewmark  algorithm  is  employed  to  integrate  the  second 
order  system  of  differential  equations  directly.  .\  predictot-cotrectot 
scheme  also  coming  from  the  .N'ewmark  algonthm  is  applied  to  the 
explicit  integration.  The  procedures  developed  in  the  current  paper 
ate  applied  to  simulating  dynamic  response  of  a  complicated  flexible 
system  with  mutually  dependent  rigid  body  unconstrained  spherical 
motion  and  small  elastic  deformation. 

INTRODUCTION 

Traditionally,  the  dynamic  modeling  for  the  flexible  systems  inroiv. 
ing  elastic  borlies  is  focused  on  these  problems  in  which  the  gross, 
or  nominal,  ngid  body  motion  is  predefined  or  can  be  derived.  The 
resulting  system  equations,  therefore,  only  include  the  elastic  gener¬ 
alised  coordinates.  The  mutually  coupled  terms  between  the  rigid 
body  and  elastic  motions  ate  missed  or  neglected  bv  assuming  them 
small.  However,  for  those  problems  with  unknowri  rigid  body  mo¬ 
tion.  the  corresponding  rigid  body  degrees  of  freedom  must  also  be 
included  in  the  system  generalised  coordinates,  and  two  motions  ace 
therefore  influenced  and  dependent  of  each  other.  Consequently 
difficulties  ansa  in  the  numerical  analysis.  The  inherent  kinematic 
tacts,  reflecting  the  large  overaU  nonUnear  rigid  body  motion  and 
small  linear  vibration,  need  to  be  accounted  for  at  each  time  step  in 
the  integration.  Basically,  there  are  two  classes  of  algonthms  for  the 
rime  inrcgrarton  for  dynamic  problems:  implicit  and  expUcit.  Im¬ 


plicit  methods  ate  usually  stable  numerically,  permitting  large  time 
steps,  and  ate  effective  for  linear  systems.  Explicit  methods,  on  the 
other  hand,  tend  to  be  effective  for  nonlinear  systems  with  low  natu¬ 
ral  frequencies  in  assuring  the  numerical  stability  which  depends  on 
the  highest  natural  frequency  of  the  system.  However,  neither  class 
seems  »ery  efficient  by  itself  in  dealing  with  the  systems  with  mixed 
properties  arising  from  the  nonlinear  and  linear  motions. 

In  analogy  to  the  problems  under  investigation  in  this  work,  many 
methods  have  been  developed  in  which  it  is  attempted  to  iimaitn- 
srOBilji  achieve  the  attributes  of  both  classes  of  methods  in  a  i;n- 
jie  algonthm.  In  the  time  integration  of  structure-media  problems. 
Selytschko  rr  ai  T1  have  presented  three  techniques  for  enhancing 
computational  efficiency:  explicit-expiicitfE-E)  partitions,  explicil- 
implieit(E-I)  partitions,  and  implicit-implicit(I-Il  partitions.  The 
mesh,  resulted  from  the  discretisation  in  space  by  the  finite  element 
method,  is  subdivided  into  two  subdomains  in  which  each  domain  is 
integrated  by  a  different  method.  The  nodes  ate  partitioned  into  two 
groups,  explicit  and  implicit;  and  the  elements  ace  partitioned  into 
three  groups,  explicit,  implicit,  and  interface,  accordingiy.  In  the  E-I 
partitions.  :he  explicit  subdomain  is  integrated  first  and  the  results 
are  subsequently  used  as  boundary  conditions  for  the  Integration  of 
the  implicit  subdomain.  In  the  E-E  and  I-I  partitions,  either  the 
interpolation  or  the  extrapolation  must  be  performed,  respectively. 

Hughes  and  Liu,21[31  introduced  a  simplified  method  in  which  tne 
mesh  is  grouped  into  explicit  and  implicit  elements  only.  The  no¬ 
tions  of  interface  elements  and  the  node  categories  ate  avoided.  The 
improved  implicit-explicit  algorithms  ace  claimed  to  be  amenable  to 
stability  and  accuracy  analysis,  and.  at  the  same  time,  be  simply  and 
concisely  implemented.  The  stability  analyses  are  also  earned  out 
for  the  implicit,  explicit,  and  implicit-explicit  algorithms-  In  their 
formulation,  the  Hewmark  family  of  methods  is  used  to  define  the 
implicit  method.  A  predictor-corrector  scheme,  constructed  from  the 
^’«"Tn*tk  family,  is  employed  in  defining  the  explicit  method.  The 
developments  described  in  their  papers  ace  cestneced  to  linear  struc¬ 
tural  dynamics.  In  a  later  paper  published  by  Hughes  et  e44|.  the 
implicit-explicit  finite  element  concept  is  extended  to  nonlinear  tran¬ 
sient  analysis.  An  effective  static  problem  is  formed  in  the  iterative 
procedures  in  terms  of  the  nnknown  displacement,  which  it  in  turn 
liaearixed.  -A  predictor-multicorreetor  scheme  is  proposed  to  achieve 
second  order  accuracy. 

In  an  effort  contributed  by  Chang  and  Hamilton  iSf  [SI,  a  method 
for  simulating  systems  with  two  inectially  coupled  motions,  a  slow 
motion  and  a  fast  motion,  is  presented.  The  concept  of  implidt- 
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explicit  xigonthm  is  applied  to  integrating  the  coupled  srstem  in  a 
sequential  fashion.  The  fast  motion  equations  are  integrated  first 
br  the  implicit  method  in  vhich  an  effective  static  problem  is  also 
formed  in  terms  of  displacement.  By  assuming  the  negligible  changes 
of  variables  of  slow  motions  for  each  time  step,  the  time-varying 
coefficient  matrices  are  replaced  by  the  corresponding  ones  at  the 
previous  time  step.  The  slow  motion  is  updated  by  integrating  the 
nonlinear  equations  explicitly,  in  which  a  predictor-corrector  scheme 
is  employed. 

The  current  paper  proposes  an  implicit-explicit  sequential  time  in¬ 
tegration  method.  This  is  designed  to  simulate  systems  with  mutu¬ 
ally  coupled  large  overall  nonlinear  rigid  body  motion  and  small  lin¬ 
ear  elastic  motion  arising  in  the  dynamic  modeling  of  flexible  struc¬ 
tural  systems.  The  original  differential  equation  system,  which  is 
capable  of  handling  the  forward  and  inverse  dynamic  analyses,  is 
mapped  into  a  subsystem  by  eliminating  these  specified  rigid  body 
degrees  of  freedom  in  a  forward  like  dynamic  analysis.  The  subsys¬ 
tem  IS  then  partitioned  into  two  equation  groups,  suggested  by  the 
inherent  characteristic  of  the  flexible  dynamic  motion.  One  group  is 
defined  to  describe  the  linear  elastic  motion  and  the  other  group  is  de¬ 
rived  by  including  the  nonlinear  rigid  body  motion  and  the  coupling 
terms.  The  .Newmark  implicit  algorithm  is  applied  to  the  flrst  set 
of  equations  to  integrate  the  elastic  motion.  Two  distinct  schemes, 
direct  and  iterative  integrations,  are  introduced.  The  direct  integra¬ 
tion  leads  to  a  direct  substitution  of  the  displacement  and  velocity 
in  the  equations  in  terms  of  the  acceleration,  and  the  values  of  the 
coefficients  at  (t  -  At)  ate  replaced  by  the  predicted  values  based  on 
the  current  time.  The  iterative  integration,  on  the  other  hand,  leads 
to  an  effective  linear  ptoblent  in  terms  of  the  acceleration,  which  is 
in  turn  linearised.  A  predictot-multicorrector  scheme  it  employed  to 
enhance  a  second  order  accuracy  without  adverse  effect  on  the  sta¬ 
bility  condition.  The  explicit  algorithm,  incorporated  with  a  single 
pass  predictor-corrector  scheme,  is  proposed  to  integrate  the  second 
set  of  nonlinear  rigid  body  equations  of  motion.  The  elastic  quan¬ 
tities  involved  in  the  coupling  terms  are  back  substituted  by  the 
values  calculated  from  the  first  set  of  elastic  equations  of  motion. 
The  rigid  body  variables  at  the  future  time  step  ate  substituted  by 
the  predicted  values  accordingly  and  are  corrected  using  the  same 
Newmark  algorithm.  The  method  developed  in  this  paper  possesses 
improved  implementation  properties  and  is  aimed  to  be  applicable  to 
any  dynamic  systems  with  the  mixed  rigid  body  and  elastic  degrees 
of  freedom. 

DYNAMIC  EQUATIONS 

.A  standard  form  of  the  structural  dynamic  equations  can  be  written 
in  the  following  matrix  form,  as 

M(p)p  -  C(p.p)p  -  K(p)p  =  F(p)  (1) 


Aitd  the  corresponding  driving  forces  become  unknown.  The  number 
of  unknown  generniiaed  coordinates  ts  less  than  the  number  of  the 
equations  though  the  total  number  of  unknown  variables  still  equals 
the  number  of  the  equations.  The  equation  system  can  not  be  inie* 
grated  directly  and  must  be  restructured  to  be  suited  for  the  direct 
integration. 

System  Mapping 

£q.  1  can  be  rewritten  in  the  following  sub^matrix  form,  as 
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where  the  generalised  sub^coordinates  P2  are  supposed  to  be  those 
specified  degrees  of  freedom  of  the  rigid  body  motion,  and  the  un¬ 
known  driving  forces  are  involved  in  F2-  It  can  be  easily  shown  that 
Eq.  2  could  be  mapped  to  the  following  system  which  includes  two 
sets  of  equations  as 
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Eq  3  cxo  be  solved  first  by  the  proposed  integruiion  algorithms  in 
the  following  sections.  The  results  are  subsequently  used  for  the 
vectors  pj.  pj,  and  Pi(i  =  1.2.3)  in  Eq.  4  to  determine  the  unknown 
driving  forces  involved  in  the  force  vector  F. 

Subsystem  Partition 

Is  Lagrange's  approach,  the  formula  of  kinetic  energy  can  be  written 
in  a  standard  maini  form  as 


where  the  mast  matrix  M  is  usually  a  symmetric  matrix  and  is  a 
function  of  the  generalised  coordinates  p  which  include  the  rigid 
body  and  elastic  degrees  of  freedom.  The  damping  matrix  C,  re¬ 
sulted  from  the  Conolu  and  centn/sgof  accelerations,  is  a  nonsym- 
meinc  matrix  and  is  a  function  of  both  the  generalised  coordinates 
and  their  time  rates  p.  The  stiffness  matrix  K  is  a  nonsymroetcic 
matrix  and  is  a  function  of  the  generalised  coordinates  only.  The 
generalised  force  vector  F  is  also  a  function  of  generalised  coordi¬ 
nates  in  general  and  includes  the  external  loadings  which  inidaie 
the  motion  and  drive  the  system.  In  an  inverse  dynamic  analysts 
the  driving  forces  ue  specified  and  the  rigid  body  motion  is  to  be 
determined.  The  above  equations  of  motion  need  not  to  be  modified 
because  the  force  terms  appear  at  the  right  hand  side  of  the  equa¬ 
tions  and  the  number  of  generalised  coordinates  is  equal  to  the  num¬ 
ber  of  the  equations.  In  a  forward-like  dynamic  analysis,  however, 
the  rigid  body  degrees  of  freedom,  are  partially  or  totally  specified 


K£  =  ip'Mp  (5) 

where  M  is  a  symmetric  mass  matrix,  p  is  a  vector  resulted  from 
the  derivatives  of  the  generalized  coordinates  with  respect  to  time. 
The  damping  matrix  can  be  derived  and  expressed  as 

C  =  M  -  M  (6) 

where  M  ate  the  time  rates  of  the  mass  matrix  .M.  and  M  is  a 
nonsytsmeiric  matrix  which  is  defined  as 

Therefore,  the  damping  matrix  C  is  a  oonsymmethc  matrix  wherein 
^  is  a  symmetric  mairtx.  The  viscous  damping  matrix  can  be  added 
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to  M  matrix.  In  analogy  to  Eq.  ).  the  syitem  equations  can  be 
partitioned  in  the  following  form  as 


■  Mrr 

Mre 

f  dr  1 

Mer 

Mee 

1  de  J 

Mrr  ~  Mrr  Mre  Mre  /  dr  \ 
Mer  -  Mer  Mee  -  M**  ,  1  de  J 


where  dr  *re  the  rigid  body  generaliied  coordinates,  qe  are  the 
elastic  generalised  coordinates,  and  Kee  is  a  symmetric  structural 
stiffness  matrix.  The  sub-matrices  associated  with  the  rigid  body 
generalised  coordinates  in  the  system  stiffness  matiix  ate  null  be¬ 
cause  there  is  no  stiffness  for  the  rigid  body  motion.  The  above 
equations  can  be  separated  into  two  sets  of  equations  as  shown  be¬ 
low. 

Mrrdr  -  Mrede  =  fr  (9) 

Merdr  ~  Meede  ~  Meede  ~  Keeq*  =  Ee  (10) 

where 

fr  =  Qr  -  (Mrr  ^  Mrr)dr 

~(Mre  —  Mr«)de  ~  Krede 
fe  =  Qe  -  (Mer  -  Merldr  -  Meede  (11) 

Rewriting  Ed-  9  in  the  following  form  as 

^  =  Mfj‘(fr  -  Mrede)  (12) 

and  substituting  the  above  result  into  Eq.  10  tvill  ;.-ieid 

Mesde  —  Meede  -  Keede  =  fes  (13) 

where 

Me,  =  Mee  -  MerMfr^Mre  (14) 

and 

fe,  =  fe  -  MerMJ^fr  (15) 

The  modified  system  therefore  lakes  the  following  form  as: 

Mrrdr  ~  Mrede  =  fr  (16) 

Mesde  —  Meede  -  Keede  =  fes  (1*) 

In  general,  the  mass  submatrices  Mrr,  Mre,  and  Mes  ate  nonlinear 
functions  of  qr  and  qei  matrix  Mee  is  a  nonlinear  function  of  de 
and  del  the  structural  stiffness  matrix  Kee  is  a  constant  matrix: 
the  genetaiued  force  vectors  fr  and  fes  include  not  only  the  external 
loading  but  also  the  Coriolis  and  centrifugal  forces  and  ace  nonlinear 
functions  of  qr,  qe,  dr,  and  de-  The  above  two  secs  of  equations  are 
coupled  through  the  inertia  matiix  Mes  and  the  force  terms.  Eq.  16, 
which  governs  the  rigid  body  motion,  is  nonlinear  with  respect  to  qr 
and  de  while  Ed-  If,  which  governs  the  elastic  motioa.  is  linear  with 
respect  to  qe- 

ALGORITHM  DEVELOPMENT 

In  the  following  sections  an  implicit-explicit  sequential  time  integra¬ 
tion  algorithm  will  be  developed  Co  solve  the  system  with  coupled 
nonlinear  second  order  ordinary  differential  equations  as  expressed 
in  Eqs.  16  and  17.  Eq.  17  is  nnmerically  integrated  first  by  an  im¬ 
plicit  method  to  find  the  itincmatic  values  of  the  elastic  motion.  The 
results  ace  subsequently  used  in  integrating  Eq.  16  to  update  the 
rigid  body  motion. 

ImpUeit  phase 


Two  implicit  algorithms,  direct  and  iterative,  ate  demonstrated  in 
the  following  two  sections.  In  the  direct  method  the  values  of  the 
displacement  and  velocity  at  the  future  time  step  ate  replaced  by  the 
predicted  values  and  Eq.  17  is  integrated  in  terms  of  the  acceleration. 
The  displacement  and  velocity  ate  in  turn  corrected  by  a  N'ewmark 
algorithm,  but  the  acceleration  is  not  corrected.  In  the  iterative 
method  the  values  of  the  displacement  and  velocity  are  predicted 
first.  Eq.  17  is  then  integrated  by  forming  an  effective  linear  problem 
in  terms  of  the  acceleration.  .Ail  the  variables  are  finally  corrected  by 
the  Newmark  algorithm  also.  .Multiple  iterations  can  be  performed 
to  increase  the  accuracy. 

Direct  method:  The  Mewmark  algorithms  can  be  written  in  the 
following  forms  as 


(18) 

(19) 

d,.i,  =  d,  -  Atd,  -  iAf=fl  -  23)d, 

(20) 

dt.ai  =  dt  -r  At(  1  -  T)d, 

(21) 

where  At  is  the  site  ef  time  step,  the  subscripts  t  and  f  —  Af  denote 
the  current  and  future  time.  3  and  -r  are  :w-o  Mewmark  parameters, 
d.  d.  and  d  are  the  displacement,  velocity,  and  acceleration  vectors, 
respectively,  and  d  and  d  are  the  predicted  displacement  and  ve¬ 
locity  vectors.  The  values  of  the  matrices  Mes  and  \Iee  and  the 
vector  fes  in  Eq.  IT  at  the  future  time  i  -  At  can  be  evaluated  by 
the  substitutions  of  the  predicted  values  as  shown  in  Eqs.  30  and 
21.  Substituting  Eqs.  13  ana  19  into  Eq.  IT  results  in  the  loilowing 
equation  as 

Mei.i-atde.t-Ai  =  feii-at  (22) 

where  Met  end  fei  are  the  effective  inertia  matrix  and  the  effective 
force  vector,  respectively,  and  they  ate  denned  as 
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•Kee.t* 

(24) 

Once  the  acceleration  vector  is  solved  from  Eq.  22.  the  displacement 
and  velocity  vectors  can  be  corrected  from  Eqs.  19  and  19.  This  leads 
to  updating  the  rigid  body  notion  by  explicitly  integrating  Eq.  16 
and  to  advance  to  the  next  time  step. 

Iterative  method:  The  accuracy  can  be  improved  by  using  the 
Iterative  method  with  the  trade  off  of  performing  iterations.  The 
superscript  notation  (i)  is  used  in  the  following  quantities  to  denote 
the  Iteration.  The  same  .Vewmatk  aigonthms  are  employed  in  the 
development  of  a  predictor-muiticotrector  scheme. 

Before  itetationii  =  0),  the  predicted  values  of  the  displacement 
and  velocity  are  assigned  as  the  initial  values  for  the  future  time  while 
the  corresponding  initial  acceleration  can  be  obtained  by  integrating 
Eq.  IT,  i.e. 
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SubititulinK  Eqi.  tS  and  19  into  Eq.  17  yields 


-K‘e‘l,,*A.q*..*n.  (29) 

wheie  M’  is  u  effective  inertia  matrix  which  can  be  expressed  as 
M'  = 


(30) 


Let  Aqe  be  an  acceleration  increment  during  each  iteration,  t.e. 
Aqe  =  ~  9e.t*a« 

and  Af  be  an  effective  force  increment  daring  the  same  interval  of 
iteration,  t.e. 


w(il  A{i)  _  K(i)  Ji) 

^e€,e-A8%.l-^At  '^e^.t-At^.t-Ac 

(32) 

Figure  1:  Schematic  of  .A  Rotating  System 

Eq.  29  CAR  then  be  rewritten  Ai 

Once  again,  the  rigid  body  displacement  and  velocity 

M"Aqe  =  Af 

(33) 

ready  to  be  corrected  as  follows: 

Solving  £q.  33  gives  the  values  of  the  acceleration  increment  Aqe. 
The  results  are  then  subsequently  used  to  find  the  corrected  values 
of  the  displacement,  velocity,  and  acceietation.  i.e. 


(34) 
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In  summary.  Eqs.  33-28  construct  a  predictor  phase,  £qs.  30,  32. 
and  33  form  an  effective  linear  problem,  and  Eqs.  34-36  construct 
a  corrector  phase.  If  additional  iterations  ate  to  be  performed.  ■  is 
replaced  by  i—  1.  and  calculations  resume  with  Eq.  30.  Either  a  fixed 
number  of  iterations  may  be  performed,  or  iterating  may  be  termi¬ 
nated- when  Aqr  or  Af  satisfy  preassigned  convergence  conditions. 
When  the  iterative  phase  is  completed,  the  solution  at  the  future 
time  t  —  rht  is  defined  by  the  last  iterated  values.  .A.t  this  point,  the 
current  time  t  is  replaced  by  the  future  time  t  -  ,3t.  and  calculations 
for  the  next  lime  step  may  begin. 

Explicit  Phase 

.A.fter  performing  the  implicit  integration  for  Eq.  17.  the  kinematic 
values  of  the  elastic  displacement,  velocity,  and  acceleration  at  the 
future  time  ate  obtained,  and  the  results  can  be  substituted  into 
Eq.  16.  The  rigid  body  displacement  and  velocity  vectors  at  the 
future  time  can  be  predicted  using  the  following  formulas  as: 

i4.at  =  <lr.i  —  ~  2'^t*(l  ~  23)qr.,  (37) 

ir.t*a«  =  4r.i ^t(l  -  7)4r.i  (38) 

It  is  noticed  that  Eqs.  37  and  38  are  analogous  to  Eqs.  20  and  21. 
By  substituting  the  above  predictor  vectors  along  with  the  tesults 
&om  solving  Eq.  17,  the  acceleration  vector  of  the  rigid  body  motion 
in  Eq.  16  can  be  solved  through  the  following  equations,  as 

Mrr.i+a>qr,i*ai  =  frc.i+at  (W) 


where 


frc.t.fai  —  fr.i*4i  *  3^re.i*Aid«.i+ai 


(40) 


Qr.i-At  =  qr.t-Ai  “ 

(41) 

qr.8»4t  *  4r.t*At  • 

(42) 

where  the  acceleration  vector  ^.i4.at  1*  solved  in  Eq.  39.  The  proce¬ 
dures  in  the  explicit  phase  ate  summarised  as  predicting  the  values 
through  Eqs.  37  and  38,  solving  Eq.  39  for  the  acceleration  vector, 
and  correcting  the  values  through  Eqs.  41  and  42. 

At  this  point,  the  implicit-explicit  sequential  time  integration  algo¬ 
rithms  introduced  to  solve  the  equation  system.  Eqs.  16  and  17,  are 
derived  completely.  The  solutions  of  the  original  dynamic  equations. 
Eq.  1,  are  hence  obtained. 

NVMERICAL  RESULTS 

A  Fortran  computer  code  has  been  written  to  simulate  the  dynamic 
response  of  a  spatial  structure  system  with  the  impiementatton  of 
the  numerical  algorithms  developed  in  this  work.  In  the  analyses  to 
follow,  the  direct  method,  rather  than  the  more  accurate  iterative 
method,  is  employed  in  the  implicit  phase  because  of  the  limitations 
in  computing  storage  sod  time.  Illustrated  in  Fig.  1.  the  dynamic 
pari  of  the  structure  under  consideration  in  the  model  is  supported 
by  a  Hooke's  type  universal  joint  at  point  O.  The  lower  shaft  con¬ 
nected  to  the  joint,  driven  by  a  D.C.  motor,  spins  vertically  about 
its  own  central  axis.  The  structure  rotates  about  the  joint  with  two 
unknown  rigid  body  rotating  angles  At  and  A],  Tanks  1  and  2  are 
two  rigid  body  aaserablies  which  contain  the  sloshing  liquid.  Beams 
1,  3.  4,  3,  7,  and  8  ace  modeled  as  elastic  bodies  while  beams  2  and  6 
and  the  cross  bar  are  treated  as  rigid  bodies.  More  detailed  modeling 
and  application  ate  referred  to  Xu  and  Baumgarten  [7][8j[9;. 

A  modal  analysis  for  the  structure  model  has  been  accomplished 
using  the  .V5C/jV.45rffAAf  finite  element  package.  The  natural  fre¬ 
quencies  range  from  23  Hs  to  over  1000  Ha.  The  critical  sire  of  the 
time  step  srith  i  being  equal  to  0.3  is  about  0.0002  seconds,  if  using 
the  explicit  integration  method  oaly(iee  Hughes  and  Liu  [2{).  By 
considering  the  accuracy  in  showing  the  effect  of  the  highest  natural 
frequency,  the  time  step  sise  could  be  as  small  as  0.0001  seconds. 
Based  on  the  sequential  implicit-explicit  time  integration  method,  a 
time  interval  of  0.003  seconds  is  chosen  for  integration.  The  simu¬ 
lations  arc  performed  on  a  networked  OECstation  3100  workstation 
using  the  MIPS  Fortran  77  compiler  running  under  RISC-based  UL- 
TRIX  4.1.  It  takes  about  3.21  seconds  of  CPU  time  for  one  real- 


S64 


lime  step.  The  coiaI  aumber  of  the  deyreei  of  freedom  of  the  model 
l>  equal  to  oiaeieea.  ia  which  each  elaaiic  beam  ii  modeled  be  oae 
beam  elemeat  with  a  third  order  polynomial  shape  function. 

A  sinnsoidal  function  is  used  as  a  spin  profile  of  the  lower  shaft 
in  the  simulation.  Starting  from  lero,  the  angular  velocity  increases 
gradually  and  reaches  60  RPM  over  the  time  base  tn  Case^l, 
an  initial  tilt  of  At  =  1  degree  is  set  to  induce  off  balanced  rota¬ 
tion,  and  (,  is  set  to  3  seconds  in  the  spin  profile.  The  numerical 
results  of  two  rigid  body  rotating  angles  and  velocities  ate  compared 
with  for  the  rigid  and  Senble  models.  As  shown  in  Fig.  2,  the  val¬ 
ues  of  the  Sesible  model  (dashed  line)  deviate  significantly  from  the 
corresponding  values  of  the  rigid  body  model(soUd  line)  after  a  few 
seconds.  .Another  run  with  an  impulse  acting  on  one  of  the  tanks 
but  with  no  initial  till  is  performed;  here  t,  =  I  second  is  used  in  the 
spin  profile.  The  impulse  is  applied  vertically  after  1.3  seconds  with 
the  magnitude  of  I  .V.  This  run  lasts  for  10  seconds  in  order  that 
the  peak  value  of  off  balanced  motion  is  developed  thoroughly.  The 
solid  lines  represent  the  results  with  N'ewmark  parameters  of  r  =  0.5 
and  3  =  0.303  while  the  dashed  lines  are  for  y  =  0.3  and  3  =  0.23. 
.A  phenomenon  of  '‘nomencai  damping'  it  reconfirmed  in  the  plots 
in  Fig.  3.  3y  increasing  y  to  0.6,  the  high  frequencies  engendered 
by  the  stiff  components  ace  damped  out.  DIY  and  OZY  are  the 
circumferential  deflections  of  beam  1  and  beam  3  at  the  distal  ends, 
respeetively(noce  the  different  scales  in  the  nguresi.  D\Z  is  the  ver¬ 
tical  dedection  of  beam  I  while  DZZ  is  the  radial  defiectton  of  beam 
3.  The  iructai  elastic  deformations  for  each  de.tibie  beam  are  set  to 
rero  to  avoid  over  estimation  in  the  simulation. 


CONCLirSfON 

.An  impiicit-explicit  sequential  time  integration  aigocithm  has  bees 
developed  in  the  present  paper.  The  method  is  intended  to  solve 
second  order  nonlinear  ordinary  differential  equations  derived  from 
the  modeling  of  flexible  structural  systems  with  mutually  dependent 
rigid  body  and  elastic  motions.  The  ociginai  dynamic  equations  ace 
transferred  to  a  subsystem  which  is  composed  of  two  coupled  seu  of 
motion  equations.  One  sec  of  equations  governs  the  nonlinear  rigid 
body  motion  while  another  sec  of  equations  is  defined  to  describe  the 
linear  elastic  'nbcacion.  Two  aigonihms.  implicit  and  explicit,  ace 
proposed  to  integrate  the  subsystem,  in  which  t.he  elastic  vtbcaiioo 
is  solved  iflrst  during  the  implicit  phase,  and  the  ngid  body  motion 
ia  t.hen  updated  subsequently  during  the  explicit  phase.  The  Xew- 
.mark  algorithm  family  is  employed  in  both  the  implicit  and  explicit 
integrations  in  which  a  multiple  pass  ptedictor-corceetoc  scheme  is 
used  in  the  implicit  method  while  a  single  pass  pcediccor-cocrectoc 
seneme  is  used  in  the  explicit  method.  .An  example  is  presented 
in  simulating  dynamic  response  of  a  spaciai  system  with  unknown 
rigid  body  motion.  The  numerical  integrations  ace  carried  out,  and 
the  results  arc  compared  with  for  a  rigid  body  model  and  a  flexible 
model,  [a  the  second  tun  ease  an  impulse  is  applied  on  the  stcuetute 
to  exate  the  elastic  beam  osciUacioot  in  which  the  higher  ftcqueneics 
can  be  damped  out  by  increasing  the  value  of  y  N'ewmark  parame¬ 
ter.  The  computation  emciency  is  demonstrated  using  the  enrrent 
method.  The  accuracy  (which  is  at  most  the  second  order  herein)  can 
be  further  improved  by  incrodneing  higher  order  predictor-cortcetor 
schemes. 
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APPENDIX  G.  A  Primitive  Variable,  Strongly  Implicit  Calculation 
Procedure  for  Viscous  Flows  at  All  Speeds. 
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Primitive  Variable,  Strongly  Implicit  Calculation  Procedure  for 

Viscous  Flows  at  All  Speeds 

K.-H.  Chen*  and  R.  H.  Pletchert 
Iowa  Slate  University,  Ames,  Iowa  50011 


\  coupltd  solution  procedure  is  described  for  solving  the  compressible  form  of  the  lime-dependent,  two- 
dimensional  Navier-Stokes  equations  in  body-fitted  curvilinear  coordinates.  This  approach  employs  the  strong 
conservation  form  of  the  governing  equations  but  uses  primitive  variables  (u,  v,  p,  T)  rather  than  the  more 
traditional  conservative  variables  (p.  pu.  pv,  «,)  as  unknowns,  a  coupled  modified  strongly  implicit  procedure 
fC.VfSIP)  is  used  to  ediciently  solve  the  Newton-linearized  algebraic  equations.  It  appears  that  this  procedure 
is  effective  for  .Vlach  numbers  ranging  from  the  incompressible  limit  (.Vf.  -  O.OI)  to  supersonic.  Generally, 
smoothing  was  not  needed  to  control  spatial  oscillations  in  pressure  for  subsonic  flows  despite  the  use  of  central 
differences.  Oual-time  stepping  was  found  to  further  accelerate  convergence  for  steady  flows.  Sample  calcula¬ 
tions,  including  steady  and  unsteady  low-Mach-number  internal  and  external  flows  and  a  steady  shock-boundary- 
layer  interaction  flow,  illustrate  the  capability  of  the  present  solution  algorithm. 


Introduction 

VER  the  past  two  decades,  a  number  ot  different  finite- 
difference  schemes  have  been  proposed  to  solve  the  Na- 
vter-Stoices  equations.'  Traditionaily,  they  have  been  classi¬ 
fied  as  methods  for  either  compressible  or  incompressible 
flows.  .Most  of  the  formulations  for  compressible  flows  have 
utilized  conservative  variables.--’  which  include  density,  in¬ 
stead  of  pressure,  as  a  pnmary  vanable.  and  the  equations 
have  generally  been  solved  in  a  coupled  fsimultaneousl  man¬ 
ner.  .An  exception  to  this  is  the  recent  wor.'c  of  Karki  and 
Patankar  and  Van  Doormaal  et  al.’ 

.Vlethods  for  incompressible  flows,  on  the  other  hand,  have 
employed  a  wider  range  of  dependent  vanabies.  including 
derived  as  well  as  pnmitive.  and  the  equations  have  generally 
been  solved  in  a  segregated  (one  vanable  at  a  time)  manner. 
The  denved  vanable  approaches  usually  enner  involve  more 
unknowns  than  contained  in  the  onginai  Navier-Stokes  equa- 
nons  or  become  too  complicated  to  easily  extend  to  three- 
dimensional  flow  calculations. 

Numencal  methods  developed  for  compressible  flows  are 
not.  in  general,  suitable  for  efficiently  solving  low-Mach-num- 
ber  or  inasmpressible  flows.  The  reasons  usually  offered  for 
this  are  1)  roundoff  error  due  to  using  density  as  a  pnmary 
vanable.*  21  truncation  errors  due  to  applying  approximate 
factorization  in  mulnple  dimensional  prooiems.'  and  3)  a  time 
step  (or  CFL  number;  constraint  due  to  near  infinite  acoustic 
speed.' 

To  dreumvent  some  of  the  above  problems,  pressure  can 
be  chosen  as  a  primary  variable  instead  of  density  because 
the  vanadon  of  pressure  is  generally  signincant  for  all  flow 
regimes.  This  idea  has  been  used*  in  solving  low-Mach-num* 
ber  steady  flows  by  a  coupled  space  marching  procedure  that 
involves  using,  multiple  sweeps  to  account  for  the  upsueam 
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propagation  of  pressure  signals.  But  this  space  marching  pro¬ 
cedure  is  only  effective  for  flows  wuhin  a  dominant  flow  di¬ 
rection.  Recently,  a  similar  idea,  although  different  m  detail, 
was  proposed  to  alleviate  the  above  problems  using  a  seg¬ 
regated  algonthm.'  Feng  and  Vlerkle'  also  employed  pressure 
as  a  pnmary  vanable  in  a  scheme  that  utilized  a  precondi- 
tioamg  cecocuque  to  scale  all  eigenvalues  of  the  couptea  sys¬ 
tem  of  equauons  to  the  same  order  of  magnitude  in  order  to 
accelerate  convergence  for  low-Mach-numbet  steady  flows. 

The  approximate  factorization  procedure  was  avoided  in 
the  present  work  by  using  a  modified  form  of  Stone  s  strongly 
impliat  procedure  (SIP)'®  to  soive  the  algebraic  equations  in 
the  plane.  The  modified  form  of  the  SIP  algonthm  (MSIP) 
proposed  by  Schneider  and  Zedan-'  exhibits  faster  conver¬ 
gence  and  less  sensitivity  to  the  relaxation-type  parameter  of 
the  method  than  the  onginal  SIP  algonthm.  The  .MSIP  ai- 
gonthm  was  e.xtended  to  handle  a  coupled  -i  x  -i  block  system 
m  the  present  work. 

There  are  many  applicauons  in  which  it  would  be  conven¬ 
ient  to  use  the  same  aigonthm  for  .Macn  numbers  ranging 
from  incompressible  to  transomc.  Tne  search  for  an  algonthm 
suitable  for  ail  speeds  goes  oack  at  least  to  tne  woric  of  Hanow 
and  .Amsden.'-  More  recent  work  on  the  subject  includes 
contnbudoos  from  Karki  and  Patankar  and  Van  Doormaal 
et  ai.’  The  mam  contnbunon  of  the  present  work  is  to  point 
out  a  soludoQ  strategy  that  could  be  applied  to  a  number  of 
difference  formuiacions  to  permit  efficient  computation  over 
a  wider  range  of  Mach  numbers.  The  specific  difference  stencil 
used  in  the  present  work  may  not  be  optimum  for  ail  cases 
(pardculaily  at  veiy  high  Reynolds  number),  and.  can  clearly 
be  improved  The  form  used,  however,  does  serve  to  illustrate 
the  advantages  of  the  overall  approach. 

In  the  present  paper,  a  coupled  strongly  implicit  procedure 
for  solving  the  two-dimensional  unsteady  compressible  con- 
servaaon-law  form  of  the  Navier-Stokes  equations  with  pn- 
midve  variables,  i.e..  u  and  v  velocity  components,  pressure, 
and  temperature,  is  desenbed.  Incompressible  test  cases  are 
computed  from  this  formulatioa  simply  by  setting  the  Mach 
number  to  a  very  low  value.  Since  all  variables,  including 
pressure,  are  computed  simultaneously  in  the  algonthm.  chere 
is  no  need  to  use  a  seoarate  pressure  Poisson  equanon.  and 
the  condnoity  equation  is  automaDcally  sadsfiedl  Some  con¬ 
vergence  enhancement  techniques  for  steady-state  solutions 
will  also  be  desenbed.  Several  steady-state  results  including 
two  low-iMacn-numoer  incomoressible  flows  and  one  suoer- 
sorac  flow  will  be  given.  One  unsteaoy  suosonic  flow  is  aiso 
discussed. 
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Numerical  Approach 

Governing  Equatioas 

After  replacing  the  density  by  pressure  and  temperature 
using  the  equation  of  state  (p  »  p/RT),  the  nondimensional 
form  of  the  unsteady,  two-dimensional  compressible  Navier- 
Stokes  equations  can  be  wiinen  in  generalized  nonorthogonal 
coordinates'  as 

3Q(g)  3E(q)  9F{q) 

“iT  ^  "IT  ^  ~  ° 


The  above  nondimensional  variables  were  defined  in  the  fol¬ 
lowing  manner  (dimensional  quantities  are  indicated  by  a  tilde): 
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Laminar  flow  was  assumed  and  the  viscosity  for  air  was  de¬ 
termined  by  the  Sutherland  formula'  as  follows: 

cr^ 

**■  (7-  -  cj  ^  ’ 


(«*;/!■„, )  yMl 

C  _ i _ 
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The  Reynolds  number,  Mach  number,  and  Prandtl  number 
were  defined  as 


Prmf^rafEr, 


^yRT„ 


Here.  L^t  is  a  flowfield  charactenstic  length;  x  and  y  are  the 
Canesian  coordinates:  u  and  v  are  the  respective  Canesian 
velocity  components;  p  is  the  density;  p  is  the  static  pressure; 
M-  is  the  dynamic  viscosity:  T  is  the  static  temperature:  R  is 
the  gas  consunt;  C,  is  the  constant  pressure  specific  heat:  k 
is  the  thermal  conduenvity;  y  is  the  specific  heat  ratio:  and 
C,  and  C;  are  the  Sutherland  constants.  The  suosenpt  •'ref 
denotes  the  reference  quantities  that  are  the  upstream  bulk 
properties  for  internal  flow  cases,  or  the  freestream  propenies 
br  external  flow  cases. 

.All  sample  calculations  were  penormed  for  dry  air  at  am¬ 
bient  temperature  and  pressure  using  the  following  fluid  prop¬ 
erty  constants. 


R  *  :S7  mA'(s*  K). 

C.  =  1.458  X  10"‘  kg/(m  s  v'K). 


C-  =  110.4  K 


OiscretizaUon  of  the  Equations 

The  discretization  will  be  described  for  the  form  of  the 
equabons  given  by  Eq.  (1).  A  first-order  forward  difference 
was  used  for  the  nme  terms.  Central  differences,  in  general, 
were  used  for  the  spatial  denvaave  terms  in  the  equations. 
For  example,  the  tot-order  spatial  derivative  term  of  the 
continuity  equation  in  the  ^  direction  was  differenced  by 

.  ilfcV"  .  fc)"" 

where,  A?  »  1  was  assumed.  However,  the  deferred  correc¬ 
tion  formula  proposed  by  Khosla  and  Rubin'^  was  also  used 
for  the  convective  terms  in  the  momentum  and  energy  equa¬ 
tions  for  one  of  the  cases  presented  in  this  paper  (driven  cavity 
flow).  For  example. 


y>, 

-  -  <^r  ‘  (^):j 


for  U  >  0  (3) 
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The  upwind-differencing  pan  of  the  above  expression  was 
evaluated  implicitly  on  the  left-hand  side  of  the  equations  and 
the  central-differencing  pan  was  evaluated  expliatly  on  the 
right-hand  side  of  the  equations.  When  the  solution  con¬ 
verges,  the  second-order  central  difference  is  recovered. 

■^e  second-order  spatial  denvative  terms  in  the  £  dire«ion 
were  differenced  as 


where  o  is  the  dependent  variable,  n  represents  a  combination 
of  metnc  terms  and  viscosity  in  tne  viscous  terms  in  the  mo¬ 
mentum  equations  and  the  coefhaent  to  the  conduaion  terms 
in  the  energy  equation,  (i  ICl  indicates  a  locanon  halfway 
between  ( and  (f  -i-  l).andf/  -  1.-2)  denotes  a  location  halfway 
between  (i  -  1)  and  i.  The  values  of  a,.,.,  and  a,.,...  were 
determined  as 

af.uev  =■  ”  4,.,.,).  a..,,-,  =  i(a,,  -  a,.,J 

and  the  first-order  derivative  temis  at  the  half-nodal  point 
were  evaluated  as 


Similar  expressions  for  the  terms  in  the  n  direction  are  eval¬ 
uated  in  the  same  way.  The  secona-order  spatial  cross  deriv¬ 
ative  terms  are  expressed  as 


The  above  central-difference  representations  for  the  spanal 
derivative  terms  can  also  be  interpreted  as  evaluating  the  flux 
quantities  [E  and  Fin  the  Eq.  (1)|  at  the  face  of  control  volume 
by  simply  averaging  the  flux  quanaoes  at  two  nodal  points, 
e-g-.  All  metric  terms  of  the 

transformation  at  the  interior  points  were  evaluated  by  sec¬ 
ond-order  central  differences  sausfying  the  geometnc  con- 
servadon  law.'-* 

After  differencing,  all  nonlinear  terms  were  linearized  by 
a  Newton  method.'  However,  it  should  be  noted  that  an 
equivalent  formuladon  can  be  developed  using  convennonal 
Jacobian  matrices  The  representaaons  for  two  typical  non¬ 
linear  terms,  such  as  the  time  term  in  the  continuity  equation 
and  one  of  the  convecnve  terms  in  the  momentum  equations, 
are  illustrated  as 


where  Ic  is  the  iteration  index  and  n  indicates  the  time  level. 

For  time-accurate  calculauons,  the  linearization  error  can 
be  effectively  removed  by  iterating  at  each  time  level.  For 
steady-state  calculations,  iterations  were  not  required  at  each 
urae  step  since  the  time  marching  scheme  is  itself  a  relaxation 
procedure.  .4.11  terms  were  treated  in  an  implicit  way  (at  level 
/!  -r  1,  A  -f-  1)  except  the  viscous  dissipation  terms  (in  the 
energy  equation)  that  were  evaluated  at  the  level  (n  -  1.  Je). 
After  linearization,  the  four  variables,  u.  v,  p.  and  7.  appear 
in  all  of  the  equations  and  the  resulting  equations  takes  the 
following  form; 

^  ^  -  Af, 9, (7) 

~  =  b:,, 

and  can  be  e.xpressed  in  a  matrix  form  as 

(A]9  =  b  (S) 

where 

!'A!.i  Ai.i  .-Ij.i  Aj  I  j 

(A)  -  jA?,  A?,Af,A0  A?,  A?,  A»,  Ai„  A-,  \ 

'  j»  jr  4*  jv  I 

IS  the  coef&cient  matrix  with  a  -t  x  i  block  in  each  element 
and 

<7  =  [(w.v.p.Df, . {u.v.p.T)!;, . {u.v.p.Tnj'„_„Y 

b  =  [(h,.  b.,  b,.  br)ri . (I’;.  br)!., . 

(b,.  b,.  b,.  br),;:.„r 

are  the  unknown  vector  and  the  nght-hand  side  vector,  re- 
soecuvelv.  Figure  1  shows  the  comoutanonai  molecule  for  A  ‘ . 
.4*.  .A^  ...  and  A*. 

Boundarr  Conditions 

All  boundary  conditions  were  treated  implicitly.  In  general, 
except  for  noslip  boundaries,  the  governing  equations  were 
wntien  on  boundary  points.  This  procedure  usually  needs 
held  variables  at  the  points  outside  the  domain.  The  way  the 
unknowns  at  these  extra  points  are  determined  varies  with 
the  botmdary  and  flow  types.  The  vanous  boundary-  condi- 
dons  are  discussed  as  follows: 

Inflow  Botmdary 

For  subsonic  flows,  u.  v.  and  T were  specified.  Pressure 
was  extrapolated  from  intenor  points.  For  supersonic  flows, 
all  variables  must  be  spedhed. 

Onflow  Boundary 

For  subsonic  flows,  pressure  was  specified  at  this  boundary 
and  extrapolanon  was  used  to  obtain  other  variables.  For 
suoersooic  flows,  all  vanables  were  extrapolated  from  interior 
pomes. 

Far-Fitid  Boundary 

For  stibsonic  flows,  freestream  veloaty.  pressure,  and  tem¬ 
perature  were  speafied  and  tne  v  comoonenr  of  velocity  was 
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Fig.  1  Compuutionai  moicculc  for  Al„  Ai„  .... 


and  upper-block  triangular  matrices,  each  or  which  has  onW 
five  nonzero  diagonals.  The  following  procedure  was  used  to 
obtain  the  unknown  vector  ?.  Lemng  6' _ 
and  a  residual  vector  R"*'-*  =  o  —  [A]?"'’*-*,  Eq.  (9) 
becomes 

[A  -f-  FJS'*'-**'  =  R— (10) 
Replacing  [A  -r  P]  by  the  [L][U\  product  gives 

=  R— -  (11) 

Denning  a  provisional  vector  iVby  =  fC/Jo* **'*■'', 

the  solution  procedure  can  be  wrinen  in  two  step: 

Step  1; 

(LlW*-*"  =  R— (12) 

Step  2: 

[£/]6'-‘-**'  =  W— '-i-i  (13) 


obtained  by  extrapolation  from  interior  points.  For  supersonic 
flows  reponed  in  this  paper,  all  vanables  were  specified. 


Symmetry  Boundary 

The  governing  equations  were  written  at  this  boundary  as 
descnbed  above.  .All  vanaoles  at  tne  points  outside  the  do- 
mam  were  ootamed  by  the  symmetry  condition  for  u.  p.  and 
T  and  the  antisymmetry  condition  for  v. 


tVaff  Boundary 

Instead  of  writing  the  governing  equations  at  this  bouadar>', 
noslip  conditions  were  used  for  veloaty  comoonents.  Hither 
isothermal  or  a  heat  flux  condition  was  used  for  the  boundary 
condition  for  T.  For  pressure,  the  favored  treatment  is  to 
write  the  normal  momentum  equation  at  :h!S  boundary  and 
apply  tne  nosiip  conditions  to  simplify  it.  Tne  resulting  equa- 
aon  will  relate  the  normal  derivative  of  pressure  to  v-iocity 
aenvative  terms.  Tne  treatment  wiil  become  more  compli¬ 
cated  for  irregular  or  curvilinear  boundanes  but  it  may  en¬ 
hance  the  coupling  between  the  pressure  and  velocity  fields 
and  avoid  spunous  pressure  soluuons.  This  idea  w\U  be  dis¬ 
cussed  further  in  the  results  section. 

For  uatemai  steady-flow  calculations,  the  treatment  for  the 
pressure  boundary  condidon  at  the  inflow  and  outflow  de¬ 
serves  special  aaendon.  For  a  compressible  fonnulaaon  used 
in  this  study,  the  pressure  level  calculated  at  the  inflow  bound¬ 
ary  muse  be  adjusted  (due  to  density  variadon)  as  the  cal- 
culaaon  proceeds  if  the  specined.  Reynolds  number  is  to  be 
mam  tamed-  The  same  adjustment  must  be  applied  to  ihe- 
pressure  everywhere,  including  the  outflow  pressure.  This 
pressure  adjustment  procedure  maintains  a  constant  and  pre¬ 
determined  mass  flow  rate.  Without  this  adjustment,  the  Rey¬ 
nolds  number  of  the  final  converged  soludon  may  drift  from 
the  desired  value.  This  drift  was  found  to  be  more  severe  for 
low-Reynolds-number  flows. 

CMSIFSoiaUoa  Prooedure 

The  above  algebraic  equadons  with  the  specified  boundary 
condidons.  which  has  a  4  x  4  block  in  each  element,  were 
solved  by  the  CMSEP  procedure.  This  procedure  introduces 
an  auxiliary  matrix  fRj  to  both  sides  of  the  above  matnx 
equanon  [Eq.  (3)]  as 

[A  ^  »  (Rlr”-*  ^  l>  (9) 

where  [A  -  P\  can  be  conveniently  decomposed  into  lower- 


The  detailed  lormuladon  of  this  procedure  can  be  found  in 
Andersen  et  al..'  Stone's  onginai  paper.'®  and  Schneider  and 
Zedan“  for  scalar  equations.  The  coupled  formula,  which  is 
a  straightforward  extension  from  its  scalar  counterpart,  can 
be  ootamed  from  Chen'*  or  Zedan  and  Schneider.'* This  pro¬ 
cedure  treats  the  unknowns  for  the  entire  domain  in  a  strongiy 
impliat  manner  that  enhances  the  robustness  of  the  solution 
algorithm.  It  should  be  noted  that  the  present  work  may  be 
one  of  the  first  attempts  to  solve  compressible  Navier-Stokes 
equauons  by  the  CMSIP  scheme.  Application  of  the  CMSIP 
seneme  to  hyperbolic  equadons  has  been  studied  by  Walters 
et  al.'^.  where  a  stability  analwis  snowed  that  the  SIP  scheme 
was  uncondidonally  stable  for  the  three-oimensional  wave 
equation. 


SmooUiing 

When  a  nonstaggered  (collocated)  gnd  arrangement  is  used 
wiui  centrai  differences,  a  spatial  oscillation  tn  pressure  due 
to  pressure-veioaty  decoupling  nas  frequently  been  reported 
m  the  iiierature“  for  low-Macn-number  and  incompressibie 
Sows.  Tois  type  of  high-frequency  osmllation  is  also  found 
near  a  shock  wave  in  supersonic  flows.  In  most  cases,  for  low- 
.Macd-number  flow  caiculaaons.  it  appears  that  this  pressure 
osdlladoa  can  be  removed  by  proper  treatment  of  the  bound¬ 
ary  condidons  and  the  form  of  govemmg  equadons  used, 
although  the  generality  of  this  finding  is  sdil  bemg  studied. 
If  the  pressure  decoupling  occurs,  the  following  explicit 
smoothing  procedure  (or '■filter'’'*)  is  suggested- 


6' 


<!)•“  u 


(r^ 

V 


(14) 


where  6  is  the  variable  to  be  smoothed. 

Smoothing  was  generally  not  needed  in  the  subsonic  flow 
caicuiahons-The  excepcioa  was  foe  the  cylinder  cases  where 
smoothing  was  required  for  th&pressure.  For  those  cases,  the 
pressure  boundary  condidons  were  obtained  by  setong  the 
pressure  derivadve  normal  to  the  body  equal  to  zero  rather 
man  the  more  usual  procedure  of  evaluating  the  pressure 
derivaove  fronr  the  mocnencum  equadons.  A  value- of  u  be¬ 
tween  O.OS  and  0.2  was  found  to  be  sadsfactory.  For  the 
supersonic  case,  all  dependent  vanables  were  smooched  using 
01  ■*  0.005.  The  widely  used  implicit  smoothing  method*  was 
also  tried  and  it  was  found  that  tne  oresent  explicit  smooching 
was  less  sensidve  to  the  smooching  parameter  w. 
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Conrergence  Criterion 

The  convergence  critenon  was  based  on  the  norm  of  all 
variables  in  a  coupled  sense.  This  cnterion  is  as  follows: 


1  y 

iz\ 

f./  •  1 « •  1 

1 

4  x 

im  ^  jm  j 

S.  E 


(15) 


where  k  is  the  iteration  level,  n  the  variable  inde.t.  im  the 
number  of  grid  points  in  the  .t  direction,  jm  the  number  of 
gnd  points  in  the  y  direaion.  q,  a  com^nent  of  the  unknown 
vector  q,  and  the  root-mean-square  value  of  q,.  The 
cntenon  e  was  generally  set  equal  to  i.O  x  10 

Convergence  Acceleration  Technique 

As  with  most  central-difference  schemes,  the  time  term 
serves  to  enhance  the  diagonal  dominr  nce.  especially  if  the 
continuity  equation  is  solved  coupled  with  the  system.  When 
central  differences  are  applied  to  the  spatial  denvative  terms 
in  the  continuity  equation,  the  time  term  must  be  retained  to 
avoid  a  singulanty  in  the  matru  system.  Unlike  the  momen¬ 
tum  and  energy  equations  that  possess  nonzero  diagonal  terms 
from  the  diffusion  and  conduction  terms,  the  time  term  in  the 
conunuuy  equation  bears  all  of  the  burden  of  providing  the 
diagonal  dominance  in  this  equation.  Although  the  present 
method  solves  equations  in  a  couolea  manner,  and  the  re¬ 
sulting  coefficient  matn.ic  is  in  blocK  form,  the  diagonal  dom¬ 
inance  requirement  for  a  single  equation  can  still  provide  a 
good  guidelines  to  assure  convergence  of  the  coupled  equa¬ 
tions.  Golub  and  Van  Loan-'’  provide  the  definition  of  the 
diagonal  dominance  for  a  block  system,  but  it  was  found 
impractical  to  use  in  the  present  work. 

Consistent  with  the  above  observations,  the  present  authors 
found  that  if  the  steady-state  solution  is  the  only  concern, 
dual  time  can  be  used  to  accelerate  the  convergence  rate  for 
low-Mach-number  flow  calculations  when  an  isothermal  con¬ 
dition  is  assumed.  This  dual-time  technique  applies  a  much 
smaller  time  step  for  the  continuity  equation  than  for  mo¬ 
mentum  equations.  For  this  current  formulation,  the  time  stco 
for  the  continuity  equation  was  about  tne  oraer  of  ,V/;  for 
low-Mach-numoer  flows.  This  dual-time  procedure  is  equiv¬ 
alent  to  using  different  relaxation  factors  for  different  equa¬ 
tions.  This  technique  assures  that  the  rapidly  prooagating 
pressure  signal  in  low-Macn-number  flows  is  resolved  by  the 
smaller  time  step  used  in  the  continuity  equation,  wnich  can 
be  thought  as  an  equation  for  oressure. 

The  local  time  step‘^  was  also  used  in  the  momentum  and 
energy  equanons  to  further  accelerate  the  convergence  for 
steady  state  calculations. 

Sample  Results 

Sample  results  are  presented  for  four  subsonic  cases  and 
one  supersonic  case.  The  four  subsonic  cases  include  two 
steady-state  internal  flows,  one  steady-state  external  flow,  and 
one-  unsteady  external  flow.  Tne  results  for  these  five  test 
cases  are  briefly  desenbed  in  the  next  several  sections. 

Sabaonic  Stcady-Stat*  Flows 

Developing  Flove  in  a  Channel 

Because  of  the  symmetrical  nature  of  this  problem,  only 
the  upper  half-channel  was  calculated.  Four  cases  with  Rey¬ 
nolds  numbers  of  0.2.  10.  7S.  and  7500  and  a  Mach  number 
of  O.OS  was  studied.  The  Reynolds  number  is  based  on  the 
inlet  velooty.  bulk  density,  and  half-width  of  the  channel. 
Grids  of  21  X  11.  21  X  ll.  31  x  U.  and  4i  x  11  points  and 
nondimensional  channel  lengths  of  2.  i.  30.  and  3000  were 
used  for  Reynolds  numbers  of  0.5.  10.  75.  and  7500.  resoec- 
tively.  The  gnd  points  were  clustered  near  the  inlet  and  tne 
uoperwall.  The  centerline  velocity  oistnbution  along  the  flow- 
develooment  region  is  shown  in  Fig.  3.  The  agreement  6e- 
tween  the  present  results  and  those  oy  TenPas  and  Fletcher." 


Morihara  and  Cheng.’’  McDonald  et  al..-  and  Bodoia  and 
Osierle’^  is  good.  The  convergence  history  of  these  four  cases 
is  shown  in  Fig.  3.  It  should  be  noted  that  for  steady-state 
calculations,  iterations  were  not  used  at  each  time  step  so  that 
the  number  of  iterations  shown  in  the  figure  is  equal  to  the 
number  of  time  steps.  Heat  transfer  at  Re  =  500  and  Pr  = 
0.72  was  also  studied  for  this  case.  The  results  have  been 
reported  in  Chen  and  Fletcher’*  and  will  not  be  presented 
here. 

Driven  Cavity  FJotv 

The  two-dimensional  driven  cavicy  problem  was  studied 
very  extensively  and  served  as  a  benchmark  test  case  for  the 
incompressible  Navier-Stokes  calculations.  Results  were  ob- 
tamed  for  Reynolds  numbers  of  100.  1000.  and  3200.  resoec- 
tively,  under  an  isothermal  condition  and  a  Mach  number  of 
0.05.  Figure  4  shows  the  u  veloaty  component  along  the  ver¬ 
tical  centerline,  and  Fig.  5  snows  the  v  veioaty  component 
along  the  horizontal  centerline  for  these  three  Reynolds  num¬ 
bers.  The  agreement  with  the  results  by  Ghia  et  al.’^  and 
Goodrich  and  Soh’*  is  excellent  for  Re  =  100  and  1000  and 
is  good  for  Re  =  3200.  The  effects  of  gno  refinement  are  also 
shown.  Figure  6  compares  the  pressure  distnbution  along  the 
stationary  wall  obtained  by  the  present  method  with  those 
obtained  by  Ghia  et  al.”  The  absassa  in  Fig.  6  reoresents 
distance  along  the  parameter  of  the  cavity,  measured  as  in¬ 
dicated  in  the  insert. 

The  streamline  pattern,  pressure  contours,  the  velocity  vec¬ 
tors  for  Re  =  3200  are  shown  in  Fig.  7.  For  the  gnd  points 
used  (indicated  in  the  figures),  the  convergence  rate  for  Re 


zlhlRe 

Fig.  1  Predicted  ccnterlioc  velocity  distribuDon  for  developing  flow 
in  a  iwo-dimeiuional  channel  inlet. 


Niimiwf  ni  itrrmimn* 

Fig.  J  Convergence  history  for  developing  flow  in  a  two-dimcnsionai 
caaaati  inlet. 


OUtanea  aioag  the  perimeter  o{  the  natiaoerr  vail 

Hg.  6  Predicted  prenure  cocfllcicnt  C,  along  (be  sutioaary  wails  of 
the  two-dimcnsioiial  driven  cavltr  for  k*  =  100  {C,  —  R*  x  (p  - 


-  100  and  1000  compares  very  favorably  with  that  reponed 
by  Mansour  and  Hamed^  where  a  coupled  scheme  in  pn- 
midve  variables  was  used  for  the  incompressible  Navier-Stokes 
equations.  Usually  less  than  200  iteradons  were  sufficient. 
For  the  Re  =  3200  case,  slow  convergence  for  a  71  x  71  gnds 
was  encountered.  A  similar  difficulty  at  this  Reynolds  number 
was  also  reponed  by  Napoiitano  and  Walters.^  It  is  suspeaed 
that  the  slow  convergence  at  this  Reynolds  number  is  due  to 
the  strong  transient  nature  of  the  flow  where  several  signifi¬ 
cant  secondary  flows  appear  and  interaa  with  the  mam  ar- 
culating  vonex.  Goodrich  et  al.’"  have  found  the  flow  to  be 
unsteady  at  Re  ^  5000. 


Heat-transfer  results  were  obtained  for  Reynolds  numbers 
of  100  and  1000.  respeedvely,  and  a  Mach  number  of  O.OS. 
Figure  8  shows  the  local  Nusselt  number  along  the  top  moving 
wail  that  is  honer  than  the  stadonary  wall  for  Re  =  lOO  and 
1000  with  Pr  »  1.0.  The  results  for  Re  »  100  were  compared 
with  chose  obtained  by  Chen  et  al.^'  and  Burggraf.’-  The  good 
agreement  is  obvious.  The  results  for  Re  *  1000.  however, 
do  not  agree  well  with  those  of  Chen  et  al.^'  near  the  left 
comer  of  the  top  wall.  Further  research  is  needed  to  resolve 
this  discrepancy. 

In  order  to  study  the  effea  of  Mach  number,  the  dnven 
cavity  case  for  Re  =  100  with  a  21  x  21  gnd  was  computed 
with  Mach  numbers  ranging  from  10“'‘-0.2  and  an  isothermal 
condidon.  The  number  of  iterations  (time  steps)  for  all  Mach 
numbers  is  listed  in  Table  1.  It  shows  that  for  Mach  number 
lower  than  10*^  the  number  of  iterations  reouired  increases 
by  a  factor  of  more  than  two.  Even  with  this  increase,  this 
algorithm  is  still  very  effiaent  for  this  range  of  low-Mach- 
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number  cases,  at  least  compared  with  the  results  reported  by 
Mansour  and  Hamed.^  The  solutions  for  the  above  Mach 
numbers  were  almost  identical. 

For  all  cases  computed  for  the  cavity  flow,  no  pressure 
oscillation  was  detected  using  central  difference  even  for  the 
high  Reynolds  number  case.  This  une.xpected  result  might  be 
attributed  to  1)  us.:ge  of  the  compressible  form  that  contaf 's 
the  pressure  information  in  the  time  and  the  first-order  de¬ 
rivative-terms  and  2)  the  treatment  of  the  pressure  boundary 
condition  at  the  wall,  which  employs  the  momentum  equa¬ 
tions  to  evaluate  the  pressure  derivative  at  the  wall  in  an 
implicit  manner.  Both  of  these  procedures  enhance  the  pres¬ 
sure-velocity  coupling,  thus  tending  to  remove  the  pressure 
oscillation.  The  present  authors  also  found  the  above  pro¬ 
cedures  successful  in  removing  the  pressure  oscillation  in  three- 
dimensional  cavity  flow,  although  the  three-dimensional  cav¬ 
ity  results  will  not  be  presented  here. 


«)  Streamlines 


Unsteady  Flow  over  a  Circular  Cylinder,  R*  =  100 

Before  solving  this  unsteady  vone.x  shedding  flow,  the  pre¬ 
sent  algorithm  lias  been  tested  for  a  flow  over  a  circular  cyl¬ 
inder  with  Reynolds  number  of  40  (based  on  diameter),  which 
IS  considered”  as  the  upper  limit  for  a  steady-state  flow  to 
exist  for  this  flow  configuration.  The  solution  and  efficiency 
of  the  present  algonthm  for  this  case  has  been  discussed  by 
Chen  and  Pletcher--^  and  will  not  be  included  here. 

This  vortex  shedding  case  was  used  to  demonstrate  the 
application  of  the  present  procedure  for  unsteady  flows.  This 
flow  has  been  studied  very  extensively  in  the  literature.^” 
An  0-type  31  x  101  grid  was  used  with  mesn  ciustenng  near 
the  wall  and  in  the  wake  region.  The  outer  boundary  was 
located  20  diameters  from  the  cylinder.  Since  the  final  periodic 
unsteady  solution  was  of  primary  interest,  the  initial  condition 
was  efficiently  generated  by  the  steady-state  technique  that 
quickly  set  up  a  flow  pattern  with  a  little  asymmetiy.  The 
asymmemc  tngger  technique  suggested  by  Lecointe  and  Piquet” 
was  not  needed.  Staning  from  thio  initial  solution,  a  constant 
nondimensional  time  step  of  0.02  was  used  to  march  the  so¬ 
lution  in  time.  Iterations  were  used  at  each  time  step  to  elim¬ 
inate  the  lineanzanon  error.  Initially  about  15  iterations  were 
needed  per  time  step  but  this  number  quickly  dropped  to  two 
for  most  of  the  time  marching  history.  The  computation  was 
stopped  after  several  penodic  cycles  were  ooserved.  Figure  9 
snows  the  final  four  cycles  ot  the  lift  coefficient  having  a 
constant  amplitude  of  about  0.31.  which  is  aimost  identical 
to  the  result  reponed  by  Visbal.”The  atrouhal  number  based 
on  this  is  about  0.167.  This  result  is  located  within  the  ex- 
penmentai  range  0.16  —  0.17  reponed  by  Roshko.” 

Figure  10  shows  the  results  for  streamlines  and  voracity 
contours,  respectively,  in  the  final  cycle.  The  .Mach  number 
used  was  0.2. 


Mondiraciuioatl  Hm« 

FI;.  9  Tbne  history  of  the  lift  coeflident  for  the  floal  four  cydes  of 
the  vortex  sheUdin;  pecums  for  Rt  ^  100. 


Fig.  10  Vortex  shedding  pattern  for  the  final  cycle  for  Re  =  100:  ai 
streamlioes.  and  b)  voriicity  contours. 


Shodc-Boundary-Layer  Interaction  Problem 

This  case  demonstrates  the  shock-caotunng  caoability  of 
the  present  procedure.  This  case  has  been  studied  by  several 
other  researchers.--^  and  a  more  detailea  description  of  this 
problem  can  be  obtained  from  their  work.  The  freestream 
Mach  number  is  2  and  Reynolds  number,  based  on  the  dis¬ 
tance  from  the  leading  edge  to  the  point  at  which  the  im¬ 
pinging  shock  intersected  the  plate,  is  0.296  x  10*.  The  strength 
of  the  impinging  shock  is  strong  enough  to  cause  the  laminar 
boundary  layer  to  separate.  The  angle  of  this  impmging  shock 
is  32.6  deg.  An  81  x  31  grid  was  used. 

The  grid  was  uniform  in  the  main  flow  direction  and  stretched 
in  the  ooss-smeam  direction  witn  the  minimum  nondimen- 
sional  grid  increment  of  1.0  x  lO”-*  next  to  the  wall.  The 
computaaonal  domain  began  five  grid,  points  ahead  of  the 
leading  edge  of  the  plate,  and.  top  boundary  extended  far 
enough  to  allow  the  leading-edge  shock  to  pass  through  the 
outflow  boundary.  This  treatment  eliminates  the  need  for 
usmg  noorefiecave  boundary  condtions  at  the  top  bounoary. 

Freesneam  conditions  were  specified  attheinler  boundary 
below  the  imninging  shock.  The  postshock  conditions  were 
specified  at  the  inlet  boundary  above  the  impinging  shock  and 
along  the  top  boundary.  Extrapolation  was  used  at  the  outflow 
boundary.  Noslip  condidons.  zero  normal  pressure  gradienr. 
and  an  adiabahe  wall  temperature  were  used  at  the  wall. 

The  results  are  shown  for  wall-pressure  and  skin-friction 
distnbuhons  in  Figs.  11  and  12.  respeenvely.  The  pressure 
contours  are  shown  in  Fig.  13.  The  aoove  results  compare 
reasonably  well  with  the  results  in  the  literamre^'*""'*' and 
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Fig.  11  Pressure-coefUdent.  C,  ( =p/p.),  distribution  along  the  wall. 


■10'’ 


Fig.  12  Skin-friction  eooffleicnt.  C,(  =  ZrJRe).  distribution  along  th« 

wall. 


Fig.  13  Pressure-  contourr  for  shock-boundarv-iayer  interactioa 
probiem- 


detnonstrate  the  shock -caprohng  caoabUity  of  the  present 
scheme.  About  1000  iteranons  were  required  to  obtain  the 
present  converged,  solutioas. 

For  this  supersonic  case,  smoothing  was  needed  for  all  var¬ 
iables  instead  of  pressure  only  as  tor  low-Mach-numoer  cases. 
Qearly,  the  shock  resoluuon  obtained  by  this  method  can  be 
improved,  but  the  present  results  suggest  that  the  formulanon 
of  the  scheme  is  funoamentally  correct  and  suffiaent  for  cao- 
tunng  snocks. 

Most  of  the  aoove  calculanons  were  oerformed  on  tne  Aooilo 
DN  10.000  workstauon.  The  CPU  ume  was  approximately 
O.OOdg  s/node/iterauon. 


Conclusions 

A  coupled  solution  strategy  for  the  time-dependent  com¬ 
pressible  form  of  the  Navier-Stokes  equanons  that  appears  to 
be  effective  for  Mach  numbers  ranging  from  the  incompres¬ 
sible  limit  (Af_  --  0.01)  to  supersomc  has  been  developed. 
The  approach  employs  the  strong  conservation  form  of  the 
governing  equanons  but  uses  primitive  (u,  v,  p,  T)  variables 
rather  than  the  more  traditional  conserved  (p,  pu.  pv,  e,) 
variables  as  unknowns.  This  choice  of  variables  simpiines  the 
treatment  of  viscous  terms  and  enhances  ecfectiveness  at  low 
Mach  numbers  by  allowing  the  density  to  be  removed  from 
the  diffeience  equations.  A  coupled  modified  strongly  impliat 
procedure  was  used  to  efficiently  solve  the  Newion-iinearized 
algebraic  equanons.  Generaily.  it  was  found  that  smooching 
was  not  needed  to  control  spatial  osciilanons  in  pressure  for 
subsonic  flows  despite  the  use  of  central  differences.  Duai- 
nme  stepping  was  found  to  further  accelerate  convergence 
for  steady  flows.  Generally  good  agreement  between  tne  pre- 
dicnons  and  results  in  the  literature  was  observed  for  several 
test  cases  including  steaoy  and  unsteady  low-Macn-number 
internal  and  external  flows  and  a  steaoy  shock-boundary-layer 
interacnon  flow  on  a  flat  piate  in  a  supersonic  stream.  The 
extension  of  this  aigonthm  to  three-dimensional  flow  calcu¬ 
lations  IS  currently  bemg  invesngated. 
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SIMULATION  OF  THREE-DIMENSIONAL  UQUID  SLOSHING  FLOWS  USING 
A  STRONGLY  IMPUCTT  CALCULATION  PROCEDURE 
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Abstract 

A  coupled  strongly  implicit  solution  strategy  for  unsteady  three-dimensional  free  surface  flows 
has  been  developed  based  on  an  artificial  compressibility  formulation  for  the  incompressible 
Navier-Stokes  equations.  A  pseudotime  term  has  been  used  in  the  continuity  equation  to  permit 
time  accurate  calculations  to  be  achieved.  The  scheme  appears  enable  of  tracking  the  free  surface 
reasonably  accurately  inside  a  partially-filled  spherical  container  imdergoing  a  general  rotating 
motion  characteristic  of  that  experienced  by  a  spin-stabilized  satellite.  Five  different  free  surface 
calculations  have  been  presented.  Some  of  the  results  exhibit  an  interesting  Reynolds  number 
dependent  oscillatory  behavior  which  is  believed  to  be  physical  although  no  experimental  results 
appeal  to  be  available  for  verification  to  date. 

Introduction 

The  liquid  sloshing  motion  inside  a  container  has  long  been  of  interest  to  engineers  and 
researchers.  Liquid  sloshing  occurs  in  many  important  practical  applications  such  as  in  oil  tankers, 
railroad  tank  cars,  missiles,  satellites  and  spacecraft*  A  particular  goal  of  the  present  study  has 
been  the  simulation  of  sloshing  motion  in  a  spherical  container  undergoing  motion  characteristic 
of  that  experienced  aboard  a  spin-stabilized  satellite.  The  major  concern  about  the  liquid  sloshing 
motion  within  a  container  is  that  a  substantial  periodic  force  may  be  generated  which  may  affect 
the  stability  of  the  moving  vehicle.  If  the  sloshing  frequency  is  near  the  natural  frequency  of 
the  vehicle  structure,  resonance  may  increase  the  likelihood  of  structural  damage  or  instability 
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resulting  from  the  motion. 

The  sloshing  motion  of  liquid  usually  involves  the  presence  of  a  free  surface  which  is  the 
interface  between  the  liquid  and  air  or  other  type  of  gas.  The  presence  of  the  free  surface 
adds  another  difficulty  in  analysis  to  an  already  complicated  fluid  motion,  since  the  free  surface 
position  usually  is  not  known  a  priori  and  has  to  be  determined  as  part  of  the  solution.  The 
container  may  undergo  several  different  kinds  of  motion  ranging  from  a  simple  linear  acceleration 
or  rotation  to  more  complicated  combinations  of  these.  To  conveniendy  analyze  the  motion,  it 
is  usually  necessary  to  transform  the  governing  equations  to  a  non-inertial  coordinate  system^. 
The  motion  of  the  liquid  is  generally  three-dimensional,  time-dependent  and  sufficiendy  complex 
that  no  major  simplific^on  to  the  general  equadons  (incompressible  Navier-Stokes  equations)  is 
possible.  The  accurate  simulation  of  such  motion  is  a  formidable  problem  primarily  because  of  the 
computational  resources  required,  and  few,  if  any,  three-dimensional  time-dependent  simulations 
have  been  reported  in  the  literature. 

Chakravarthy^  investigated  laminar  incompressible  flow  within  rotating  liquid  filled  shells 
under  rotation  but  without  the  presence  of  free  surfaces.  Vaughn,  Oberkampf  and  Wolfe"*  solved 
the  three-dimensional  incompressible  Navier-Stokes  equations  for  a  fluid-filled  cylindrical  canister 
that  was  spinning  and  nutating.  In  their  work,  the  equations  were  transformed  to  a  non-inertial 
frame.  Again,  the  container  was  completely  filled  with  liquid  and  no  free  surface  was  present. 
In  a  review  of  the  literature,  very  few  articles  dealing  with  the  liquid  sloshing  within  a  spherical 
container  were  found.  Perhaps  most  relevant  to  the  present  study  is  the  work  of  Kassinos 
and  Prusa*,  where  a  general  motion  of  a  spherical  container  was  accounted  for  by  a  complete 
coordinate  transformation  using  several  successive  axis  rotations  and  a  translation.  Some  liquid 
spin-up  problems  have  been  restricted  to  either  the  rectangular^  or  the  cylindrical^  configurations. 

The  present  study  utilizes  a  surface  fitting  approach*  ’*'®  for  the  free  surface  and  the  artificial 
compressibility  formulation  of  the  equations.  In  this  method  a  fictitious  time  derivative  of  pressure 
is  added  to  the  continuity  equation  so  that  the  solution  of  the  set  of  conservation  equations  can 
be  marched  in  time.  Originally,  this  method  was  thought  to  be  only  qiplicable  to  steady  flow 
problems".  For  these,  the  entire  time  dependence  was  fictitious,  but  the  solution  £q)proached 
the  correct  steady  state  solution  asymptotically  with  time.  More  recently,  investigators'^*' ^’'‘* 
have  suggested  that  the  procedure  can  be  made  accmate  with  respect  to  time  by  considering  the 


2 


time  like  variable  appearing  in  the  fictitious  time  term  added  to  the  continuity  equation  to  be  a 
pseudotime.  For  each  physical  time  step,  the  pseudotime  is  advanced  several  increments  in  an 
iterative  fashion.  When  the  variables  no  longer  change  with  pseudotime,  the  fictitious  time  term  is 
zero  and  the  equations  satisfy  the  compatibility  condition  for  incompressible  flow  at  the  specified 
physical  time.  The  coordinate  treatment  of  Kassinos  and  Prusa^,  which  is  applicable  to  sloshing 
phenomena  under  a  variety  of  conditions,  is  adopted  in  this  study.  A  coupled  strongly  implicit 
procedure  (CSIP),  initially  proposed  by  Stone*^’**,  is  used  to  solve  the  resulting  algebraic  system 
of  equations  with  the  specified  boundary  conditions.  A  similar  solution  procedure  has  been  used 
previously  by  the  present  authors  to  solve  coupled  two-dimensional  equations  and  was  found  to 
be  efficient  and  robust  for  several  diverse  problems’’.  Unsteady  results  for  five  liquid  sloshing 
problems  in  a  rotating  half-filled  spherical  container  are  presented.  In  the  following  sections,  the 
mathematical  formulation,  boimdary  conditions,  numerical  solution  algorithm  and  the  results  will 
be  discussed  in  detail. 


Mathematical  Formulation 


Governing  equations 


The  incompressible  Navier-Stokes  equations  with  an  isothermal  condition  can  be  written  as: 


dui  dui 

- 1-  Ui - 

dt  ^dxj 


dui 

OXi 

1  dp  d^Ui 

+  - 9i 


(1) 


(2) 


p  dxi  dxjdxj 

where  Ui  is  the  velocity  component,  p  is  the  thermodynamic  pressure,  gi  is  the  acceleration  of 
gravity,  p  is  the  density  (constant),  u  is  the  kinematic  viscosity  and  Xi  represents  the  spatial 
coordinates. 

At  least  two  different  approaches  can  be  used  to  formulate  this  problem  for  numerical  solution. 
First,  the  above  equations  can  be  solved  in  the  form  indicated  above  together  with  the  proper 
treatment  of  the  boundary  conditions  in  accordance  with  the  rotating-nutating  motion  of  the 
container  at  any  instant  of  time.  Ideally,  this  treatment  is  workable  for  a  simple  motion  of  the 
container,  but  will  become  impractical  and  difficult  for  describing  the  motion  and  interpreting  the 
results  if  a  general  rotating-nutating  motion  is  encountered.  Actually,  such  a  general  motion  can 
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arise  in  the  interaction  between  a  satellite  structure  and  the  liquid  sloshing  in  a  partially  filled 
container.  Therefore,  it  is  more  appropriate  to  handle  the  general  motion  of  the  container  with 
terms  within  the  equations  themselves.  That  is,  the  motion  of  the  container  relative  to  an  inertial 
frame  can  be  implicitly  accounted  for  by  proper  coordinate  transformations.  This  is  the  second 
approach  and  the  one  that  will  be  adopted  in  this  study.  A  schematic  diagram  of  the  partially  filled 
rotating-nutating  container  is  shown  in  Fig.  1. 

Following  the  £q>proach  outlined  in  Kassinos  and  Prusa^,  several  steps  are  needed  to  transform 
the  governing  equations  from  an  inertial  frame  to  a  non-inertial  frame.  They  are  described  in 
the  following  several  sections.  In  addition  to  those  transformations,  a  generalized  nonorthogonal 
coordinate  transformation  is  applied  to  the  resulting  equations  to  handle  the  irregular  geometry  of 
the  boundaries. 


The  rotating-nutating  coordinates:  X2  coordinate  system  The  original  three-dimensional 
incompressible  equations  will  be  labeled  with  a  subscript  0  to  indicate  that  they  are  in  xo  inertial 
frame  and  rewritten  as 


dftoi 


duoi  ,  dtioi 
+ 


dxoi 
1  dp 


=  0 


+  *^7; - ;; - 9oi 


(3) 


(4) 


dtfi  dxQj  pdxoi  dxojdxoj 

The  container  may  undergo  a  motion  with  nonzero  angular  velocities  or  accelerations  with 
respect  to  each  axis  at  any  instant  of  time.  If  a  coordinate  frame,  X|,  is  attached  to  the  spacecraft 
(or  other  vehicle)  undergoing  this  general  motion,  then  three  successive  coordinate  rotations  will 
reflect  this  motion.  The  procedure  to  perform  the  three  coordinate  rotations  is  described  in  detail 
in  Chen'*  and  Chen  and  Fletcher”.  Also,  since  the  container  may  be  attached  to  another  structure 
(satellite  or  spacecraft,  for  example)  by  an  elastic  bar,  another  translation  is  required  to  move  the 
origin  of  the  X|  coordinate  to  the  location  of  the  container  by  the  length  of  the  elastic  bar  /i,  .  After 
combining  the  three  successive  rotations  and  the  translation.  The  relationship  between  xq  and  X2  is 


®2i  —  nijjXoj  hf  or  xoj  —  oifj^X2j  -f-  (5) 

where  a,j  represents  the  elements  of  a  3  x3  transformation  matrix,  [T],  between  xo  and  X|  frames, 
resulting  from  the  above  successive  rotations.  The  transformation  matrix,  [T],  is  expressed  as 
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follows: 

■  CzCs  S^S2C^  -  CiSi  C1C3S2  +  5,53 
[T]=  C2S3  S1S2S2  +  C1C3  (7,5253  -  5,(73 
.  -52  5,(72  C,(72 

where  (7,  =  cosV’i  and  5,  =  sinV’t- 

After  applying  the  chain  rule  to  the  derivative  terms  in  Eqs.  (3)  and  (4)  using  Eq.  (5),  the 

governing  equations  in  the  X2  frame  can  be  expressed  as: 


(6) 


du2i 

dt2 


auaijU2j  +  [ajiajk{x2k  +  hu)  -  hi  +  «2i]|^ 

ax2i 


1  dp  d^U2i 

- —  +  1/ - = — 

p  dx2l  dx2jdx2j 


(7) 


where  U2i  =  ajitioj,  g2i  =  augoi,  hi  =  dhijit  and  an  =  dauldt. 

To  more  conveniently  describe  the  solutions  and  tqjply  the  boundary  conditions,  a  new  relative 
velocity  is  defined  as  follows: 


U21'  =U2i  +  ajiajk{x2k  +  hk)  -  hi 

This  new  relative  velocity  is  always  zero  at  the  wall  of  the  container  no  matter  what  kind  of  motion 
the  container  may  undergo.  The  introduction  of  this  new  relative  velocity  can  greatly  simplify 
the  treatment  of  the  boundary  conditions.  Substituting  the  above  definition  of  the  relative  velocity 
into  Eqs.  (6)  and  (7)  and  omitting  the  primes,  we  have  the  following  equations  written  in  terms  of 
relative  velocity  components: 


dujl  dxL2l 

-  2/3c,,iU2i  -  +  hi)-  0cp,li{^2i  +  hi) 

1  dp  dhi2i  „ 

P  9x21  dx2jdx2j  ‘ 

^fi®2’e —  dljlOLjif  /3cp  li  —  Qkl^ki  Olfc, OtnjOtfcjQlni,  El  =  ‘ZoLnQijhj  hi, 

hi  =  <fhi/dt^  and  dji  =  (fiajifdt^. 


Free  surface  tracking  coordinates:  X3  coordinate  system  When  the  container  undergoes  a 


rotating-nutating  motion,  the  free  surface  sh£q}e  will  change  continuously  with  time.  Equations 
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(8)  and  (9)  can  be  used  to  model  this  motion;  however,  a  third  coordinate  rotation  is  preferred 
in  this  study  for  the  following  two  reasons.  First,  the  kinematic  equation  which  is  used  in 
this  study  to  update  the  free  surface  at  each  time  step  requires  that  the  free  surface  height  be  a 
single-valued  function  of  the  other  two  coordinates.  Therefore  it  is  important  to  keep  this  free 
surface  a  single-valued  function  by  rotating  the  coordinates  as  required  at  each  computational  time 
step.  Second,  rotating  the  coordinates  in  response  to  changes  in  the  orientation  of  the  free  surface 
facilitates  the  establishment  of  the  computational  grid  by  the  present  algebraic  grid  generation 
scheme. 

At  any  instant  of  time,  the  free  surface  may  move  to  a  new  position  with  respect  to  the  a*2 
coordinates  as  shown  in  Fig.  2.  It  is  desirable  to  have  the  X23  axis  remain  normal  to  the  free  surface 
in  an  average  sense.  One  way  to  accomplish  this  is  to  let  the  X2  coordinates  rotate  an  angle  4>t 
counterclockwise  about  the  X22  axis  and  a  successive  counterclockwise  rotation  angle,  about 
the  X3,  axis  as  shown  in  Fig.  2.  A  transformation  matrix,  [5],  is  required  to  transform  from  the  X2 
to  the  X3  coordinates.  The  expression  for  this  transformation  matrix,  [5],  is: 

’  cos  <f>r  sin  <f>r  sin  <l>'^  -  sin  <i>r  cos 

[5]  =  0  cos(^'  sin<^^ 

sin^r  —  COS^rSUK^^  COS  <^r  COS 
The  relationship  between  the  X2  and  X3  coordinates  is: 


=  •S,>X3j 


where  Sij  is  an  element  of  [5|. 

The  chain  rule  is  then  applied  to  Eqs.  (8)  and  (9)  using  Eq.  (10)  and  the  resulting  governing 
equations  in  the  X3  coordinates  are: 

(11) 


+  (uji  +  -  (/».  +  2X„i)u,i  -  -  T2,„ihi 

Ot^  Ox^i 


1  dp  ^  ^  d^Uin 
pdxzrx  dx3jdx3j 


~  93n  + 


(12) 


where  Uyj  —  fifSn  —  ^ln92h  fij  —  ^I,m  —  i0t,lj  "I"  l3cp,lj)^ln^jif 

T'2.ni  =  (/?«,;<  +  0cp.li)sin  and  En  —  SlnEl 
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Generalized  nonorthogonal  coordinates;  z  coordinate  system  It  is  desirable  to  establish 
a  new  coordinate  system  having  the  property  that  the  coordinate  lines  fit  the  boundaries  of  the 
problem  domain  of  interest,  i.e.,  the  liquid  itself  enclosed  by  the  container  wall  and  the  free  surface. 
Let  this  new  coordinate  system  be  designated  by  (r,  Zi).  The  relationship  between  the  (tj,  X3,)  and 
(r,  Zi)  coordinate  systems  can  be  expressed  as: 

r  =  ^3  Z,  =  Zi(x3,,X32,X33,<3) 


By  applying  the  chain  rule  to  the  time  and  spatial  derivative  terms,  the  final  governing  equations 
in  generalized  nonorthogonal  coordinates  can  be  written  as: 


Vj,i 


duji 

dzj 


=  0 


(13) 


+  (ij  +  +  Vj.ifilcX3k)^^  -  ifni  +  2A„j)u3i  + 

1  /  ^^^3n  .  ^^3n  •>  it  if 


(14) 


where  17, j  =  dzijdxjj  and  rjijj  =  d^Zildx^jdxy  are  the  metric  terms  and  Zi  =  dzi/dt^  is  the 
grid  speed  term.  The  detailed  expressions  for  the  metric  terms  and  the  grid  speed  terms  are 
documented  in  Qien'*.  It  should  be  noted  that  Eqs.  (13)  and  (14)  have  been  nondimensionalized 
before  performing  the  generalized  nonorthogonal  coordinates  transformation  by  the  following 
nondimensional  quantities: 


®3.  = 


g3» 

Lref 


U3.  = 


«3i 

Vref' 


f  = 


tre/ 


P-Po 

Pref 


(15) 


where  Lr*/  is  the  radius  of  the  sphere,  Ke/  is  the  reference  velocity  (will  be  defined  later), 
Pi-e/=pKe/»  tref=Lref/Vref  and  po  =  atmospheiic  pressure  or  saturated  vapor  pressure  above  the 
free  surface.  The  superscript  *  has  been  dropped  for  convenience  in  Eqs.  (13)  and  (14)  and  the 
Reynolds  number.  Re,  in  Eq.  (14)  is  defined  as: 


Re  = 


VrefLref 

U 
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Boundary  Conditions 


All  boundary  conditions  are  treated  implicitly.  In  general,  except  for  noslip  boundaries,  the 
governing  equations  are  written  at  boundary  points.  There  are  only  two  types  of  boundaries  for  this 
three-dimensional  configuration  (see  Fig.  3.)  They  are  the  solid  wall  of  the  container  and  the  free 
surface.  Four  boundary  equations  are  required  at  each  boundary  to  close  the  system  of  equations. 

At  the  wall  of  the  spherical  container,  a  noslip  condition  is  used  for  three  velocities  (u^i  =  0) 
and  the  normal  momentum  equation  for  pressure.  The  normal  momentum  equation  is  formed  by 
performing  the  inner  product  of  the  local  unit  normal  vector  and  the  three  momentum  equations, 
Eq.  (14).  The  resulting  normal  momentum  equation  after  simplifying  with  the  noslip  condition 
can  be  found  in  Chen’*  and  Chen  and  Fletcher”. 

At  the  free  surface,  strictly  speaking,  five  equations  are  needed  at  this  boundary  since  one  more 
equation  is  required  for  an  additional  unknown,  i.e.,  the  free  surface  position,  which  is  part  of  the 
solution.  The  so-called  dynamic  equations  will  be  discussed  first.  These  equations,  which  will  be 
coupled  with  the  Navier-Stokes  equations  for  the  interior  points,  are  derived  based  on  the  following 
conditions.  First,  it  is  assumed  that  the  two  tangential  shear  stresses  along  the  free  surface  are 
zero  since  no  external  tangential  forces  are  applied  to  the  surface.  Second,  the  normal  shear  stress 
must  be  continuous  across  the  free  surface  boundary,  and  finally,  the  continuity  equation  must  be 
satisfied  at  this  boundary.  For  the  continuous  normal  stress  condition,  a  further  assumption  for  air 
is  made  to  only  retain  the  pressure  contribution  to  the  normal  stress  equation,  since  the  viscous 
stress  contribution  is  small  for  air  compared  with  the  corresponding  terms  for  the  liquid. 

These  four  equations  in  nondimensional  form  are: 


1.  Continuity  equation 


duji  _ 


2.  Zero  tangential  shear  stress  (two  equations) 

dUn  .  dUr, 


dro 


dT\  dn 

du„  ,  du^ 


dn 


-|-  Ut^  /C|  =  0 

4*  Ur2l^2  —  0 


3.  Continuous  normal  shear  stress 


2  dUn 
Re  dn 


(16) 


(17) 

(18) 


(19) 
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where  n,  r|  and  T2  denote  distances  normal  to  the  free  surface  and  along  the  1st  and  2nd  tangential 
directions  at  the  free  surface  respectively.  U„,  Urt  and  denote  velocity  components  along  the 
n,  T\  and  directions,  respectively,  at  the  free  surface.  The  «i,  /C2  and  n  denote  local  curvature 
terms  and  e  is  the  Weber  number  defined  as 


where  F  is  the  surface  tension  coefficient.  The  detailed  derivation  of  the  above  quantities  can  be 
found  in  Chen'*. 

Finally,  the  additional  unknown,  i.e.,  free  surface  position,  is  determined  from  the  kinematic 
equation  which  is  derived  from  the  Lagrangian  point  of  view^.  Basically,  it  represents  the  fact 
that  fluid  particles  which  lie  on  the  free  surface  must  remain  on  it.  Letting  F  be  the  free  surface 
height  which  is  a  function  of  time  ,  and  the  £31  and  X32  coordinates,  the  condition  that  a  particle  on 
the  free  surface  must  remain  on  the  free  surface  can  be  written  as: 

■^^{F(x31,  £32,^3)  -  *33}  =  0 

Using  the  chain  rule  to  express  this  in  terms  of  the  generalized  nonorthogonal  coordinates  gives 
the  following  representation  for  the  free  surface  kinematic  condition: 

—  =  {«33  +  /3fc®3fc} 

OF 

—  {zi  +  (U31  +  f\k^3k)V\,l  +  (^32  +  /2fca:3fc)j/l,2}-5 — 

UZ\ 

OF 

—  {22  +  («3I  +  f\kX3k)V2,l  +  («32  +  /2fc®3fc)^2,2}‘5 —  (20) 

OZ2 

In  the  above  equation,  the  free  surface  coincides  with  the  Z3  =  constant  surface  (see  Fig.  3). 

The  free  surface  kinematic  equation,  Eq.  (20),  was  used  to  explicitly  establish  a  new  free 
surface  position  after  the  flow  solution  for  the  entire  domain  was  obtained.  Central  differences 
were  used  to  represent  the  spatial  derivative  terms  in  Eq.  (20).  Equation  (20)  is  only  valid  for 
the  interior  points.  At  the  edge  of  the  free  surface,  i.e.,  i  =  l,imax,  j  =  jmax  and  k  =  fcmax,  the 
second-order  Lagrangian  extrapolation  formula  was  used  in  the  physical  domain  in  the  Z2  (radial) 
direction  to  obtain  the  free  surface  positions  for  all  9  directions  from  the  free  surface  position  at 
the  interior  points. 
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The  implementation  of  the  boundary  “equations”  discussed  in  this  section  is  not  trivial  and 
can  be  seen  in  detail  in  Chen**.  Also,  there  were  several  types  of  singularities  in  this  coordinate 
system  (see  Fig.  3)  where  special  treatment  was  necessary'*  *’. 

Numerical  Solution  Algorithm 
The  artificial  compressibility  method 


The  final  governing  equations,  Eqs.  (13)  and  (14)  together  with  the  boundary  equations  at  the 
wall  and  at  the  free  surface,  Eqs.  (16)  to  (19),  close  the  system  of  equations  once  the  free  surface 
position  is  updated  by  the  kinematic  equation,  Eq.  (20).  In  this  study,  a  form  of  the  artificial 
compressibility  method  (first  proposed  by  Chorin**)  was  used  to  solve  these  equations.  The  four 
unknowns,  and  p,  are  obtained  simultaneously  by  this  procedure. 

The  first  step  is  to  add  an  artificial  time  derivative  of  pressure,  dp /dr*,  to  the  continuity 
equation.  This  artificial  pressure  term  not  only  provides  a  linkage  between  the  time  variation  of 
pressure  and  the  divergence  of  the  velocity,  but  also  ensures  that  the  coupled  system  is  nonsingular 
if  central  differences  are  used  in  the  continuity  equation.  The  final  equations  become; 


dp 

dr* 


+  Vj.i 


dtiji 

dzj 


=  0 


(21) 


and 


dujn 

dr 


+  (2j  +  +  TlhifikZ^ik)-^ - (/m  +  2A„i)u3i  + 

uZj  uZj 


1  / 

rJ''’"’”’'- dzfizk 


‘nk,ii~^  )  —  "I”  T2,nihi  "i"  En 

dZk 


(22) 


where  r*  is  a  pseudotime.  Note  that  this  pseudotime  is  also  added  to  the  free  surface  continuity 
equation,  Eq.  (16). 

It  is  important  to  add  this  artificial  time  term  to  the  continuity  equation  after  the  generalized 
coordinate  transformation  is  applied  instead  of  before  if  the  grid  is  moving  in  time.  Pan  and 
Qiakravarthy^  have  pointed  out  that  for  a  moving  grid  system  the  divergence  of  the  velocity  would 
not  be  zero  if  this  term  was  added  before  the  generalized  coordinate  transformation  even  in  steady 
state  calculations. 
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Discretization  of  the  equations 


The  discretization  will  be  described  for  the  form  of  the  equations  given  by  Eq.  (22).  A 
first-order  forward  difference  was  used  for  the  time  terms.  Central  differences  were  used  for  the 
spatial  derivative  terms  in  the  equations.  All  metric  terms  of  the  transformation  were  evaluated 
by  second-order  central  differences  satisfying  the  geometric  conservation  law^'.  The  grid  speed 
terms  were  evaluated  by  a  first-order  forward  difference.  All  nonlinear  terms  were  linearized  by  a 
Newton  method^^.  The  representation  for  the  nonlinear  convective  term  is  illustrated  as: 


(«3i 


dUjn 
dzj 


dzj 


dzj 


r 


(23) 


where  (  u3i  )"''■'  and  (^^  )"■*■'  are  the  values  from  the  previous  iteration  level  of  the  current  time 
level,  n  -I-  1,  The  linearization  error  was  effectively  removed  by  doing  subiterations  at  each  time 
level.  After  Linearization,  the  four  variables,  and  p,  appear  in  all  the  equations  and  the  resulting 
system  of  equations  takes  the  following  form: 


'^■'^ij,k^i+hj,k  +  ^i,j,k^i,j+i,k  +  —  bij^k 


(24) 


which  can  be  rewritten  in  vector  form  as: 

[A]q  =  b  (25) 

where  the  coefficients  to  are  4x4  matrices  and  q  is  the  vector  of  unknowns  (dependent 

_  — ♦ 

variables),  {u-a^py,  and  b  is  the  RHS  vector.  The  difference  molecule  can  be  seen  in  Fig.  4.  The 
A’s  are  the  coefficient  matrices  for  the  unknowns  at  the  positions  indicated  in  the  figures.  The 
resulting  algebraic  system  of  equations,  Eq.  (25),  coupled  with  the  boundary  equations  was  solved 
by  the  CSIP  method  which  will  be  described  below. 


Coupled  strongly  implicit  procedure 

Following  Stone'^,  a  general  iterative  formula  for  Eq.  (25)  may  be  obtained  by  adding  an 
auxiliary  matrix  [P]  to  each  side  of  Eq.  (25)  and  adding  iteration  numbers  to  q  as: 

[A  +  P]^+‘'''+'  =  [P]f +  b  (26) 
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where  n  is  the  time  level  and  k  is  the  iteration  level.  In  the  Stone’s  SIP  method'^  '*,  [P]  is  chosen 
that  [i4  +  P]  can  be  decomposed  as: 

[A  +  P]  =  [L][U]  (27) 


where  [L]  and  [C/]  are,  respectively,  lower  and  upper  triangular  matrices,  each  of  which  has 
only  four  nonzero  elements  for  the  three-dimensional  7-point  formula  in  each  row.  A  partial 
cancellation  parameter  was  introduced  to  reduce  the  influence  of  this  extra  [P]  matrix  by  a  Taylor 
series  expansion  (see  details  in  Stone'^  '*).  After  [L]  and  [U]  are  obtained,  the  following  procedure 
is  used  to  obtain  the  unknown  vector  q. 

Letting  6"+'''+*  =  ^+'>+1  _  and  a  residual  vector  =  b-  Eq.  (26) 


can  be  written  as 


(28) 


Defining  a  provisional  vector  W  by  1^”+  '•*'+'  =  [P]  5’'+  '  the  solution  procedure  can  be  written 
in  two  steps: 

Step  1: 

[L\Wn+\,k+\  ^  ^n+l,k 


Step  2: 


(30) 


The  process  represented  by  Eqs.  (29)  and  (30)  consists  of  a  forward  substitution  to  determine 
^n+i,fc+i  followed  by  a  backward  substitution  to  obtain  p*+'.fc+'.  The  coefficient  matrix  [A],  and 
so  the  [L]  and  \U]  matrices,  need  to  be  updated  at  each  iteration  since  they  contain  unknowns  due 
to  the  linearization  procedure. 

In  the  artificial  compressibility  method,  the  time  term  in  the  continuity  equation  is  artificial  (in 
pseudotime)  even  for  time  accurate  calculations.  It  was  found  that  convergence  was  enlianced  by 
using  a  local  pseudotime.  This  local  pseudotime  was  determined  ba.sed  on  the  following  criterion: 

(^■^  I .  r  (31) 


where  are  the  off-diagonal  coefficient  terms  in  the  continuity  equation  and  the  summation 
is  over  the  six  neighboring  points  at  each  i,j,k  location.  The  Ar*  is  a  local  value  and  varies  in 
space.  The  is  a  constant  to  further  control  the  time  step.  The  choice  of  a  is  problem -dependent. 
Usually  a  value  of  the  order  of  one  will  give  satisfactory  results. 
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The  convergence  at  each  physical  time  step  was  based  on  the  maximum  value  of  the  divergence 
of  the  velocity  field.  For  the  results  presented  here,  this  criterion  is 

|V-K|  =  fe^|<5xlO-  (32) 

The  solution  procedure  for  the  three-dimensional  liquid  sloshing  flow  calculations  can  be 
summarized  as  follows: 

1 .  Set  initial  conditions. 

2.  Update  the  free  surface  position  at  each  time  step  by  the  kinematic  equation  based  on  the 
flow  solution  at  the  previous  time  step. 

3.  Generate  the  grid  under  the  new  free  surface  position. 

4.  Construct  the  coefficient  matrix  [>1]  and  the  right-hand-side  vector  b. 

5.  Call  the  CSIP  solver  to  update  solution  («3<,  p);  go  back  to  step  4  and  subiterate  (until 
convergence)  to  create  a  divergence-free  field  at  each  time  step. 

6.  Go  back  to  step  2  and  move  to  the  next  time  step. 

Results  and  Discussion 

Before  solving  the  more  complicated  three-dimensional  unsteady  liquid  sloshing  problems,  the 
present  algorithm  was  evaluated  by  solving  the  3-D  driven  cavity  problem  for  a  Reynolds  number 
of  100.  The  steady  state  results  were  compared  against  the  data  in  the  literature  and  satisfactory 
agreement  was  observed'*.  Several  cases  for  which  the  steady  state  solution  is  known  analytically 
will  be  discussed  in  the  following  sections. 

Axisymmetric  spin-up 

Three  axisymmetric  spin-up  problems  were  studied.  For  this  type  of  spin-up,  the  tank  rotates 
with  respect  to  its  own  axis  of  symmetry  (/ii=0).  Due  to  the  symmetry  of  this  problem,  the  solution 
should  be  independent  of  position  in  the  circumferential  direction.  This  provides  one  easy  check 
on  the  validity  of  the  code.  As  the  spinning  is  initiated,  the  liquid  and  free  surface  begin  to 
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move  relative  to  the  container  and  eventually  reach  a  steady-state  equilibrium  condition  in  which 
solid-body  rotation  prevails.  Computations  were  made  for  three  different  types  of  spin-up,  all  for 
normal  earth  gravitational  acceleration.  The  three  types  of  spin-up  are  described  as  follows: 

1.  Initially  capped  spin-up:  Initially,  the  spherical  container  half-filled  with  a  liquid  has 
been  spun  about  a  specified  rotation  axis  in  a  constant  rotational  speed  and  has  reached  a 
solid-body  rotation.  A  cap  covers  the  liquid  surface  to  prevent  it  from  rising  up.  At  time 
zero,  the  cap  is  suddenly  removed  (or  broken)  and  the  liquid  surface  starts  to  rise  (or  drop) 
until  another  equilibrium  position  is  reached.  The  initial  absolute  velocity  is  distributed 
according  to  the  condition  of  the  solid-body  rotation.  This  case  was  computed  for  two  values 
of  Reynolds  number. 

2.  Gradual  spin-up:  At  time  zero,  the  spherical  container  half-filled  with  a  liquid  gradually 
starts  to  rotate  with  the  rotational  speed  from  zero  to  a  desired  constant  value  about  a 
specified  rotation  axis.  The  initial  absolute  velocity  is  zero  everywhere. 

3.  Impulsive  spin-up:  At  time  zero,  the  spherical  container  half-filled  with  a  Uquid  impulsively 
starts  to  rotate  with  a  constant  rotational  speed  about  a  specified  rotation  axis  (the  axis  of 
symmetry  of  the  container,  for  the  axisymmetric  spin-up  case).  The  initial  absolute  velocity 
is  zero  everywhere  except  at  the  wall  of  the  container. 

For  the  same  rotational  speed  of  60  rpm,  the  spin-up  phenomena  were  found  to  be  quite  different 
for  these  three  spin-up  types.  Results  for  these  three  axisymmetric  spin-up  cases  are  given  below. 

Initially  capped  spin-up  This  case  was  computed  for  two  Reynolds  numbers,  iZe=21.9  and 
2254.7,  where  the  Reynolds  number  is  based  on  the  radius  of  the  sphere  and  a  reference  velocity 
equal  to  the  radius  times  the  rotational  speed  in  radians  per  second.  These  two  Reynolds  numbers 
can  be  achieved  through  the  rotation  of  a  sphere  6.4  cm  in  radius  at  60  rpm  using  glycerin  and 
kerosene  as  the  fluids,  so  the  two  cases  will  be  referred  to  as  the  glycerin  and  kerosene  cases.  Other 
characteristic  dimensionless  parameters  of  the  problem  include  the  Froude  and  Weber  numbers. 
The  Weber  number  has  been  defined  previously.  The  Froude  number  is  Fr=Ke//\/^,  where 
Vrtj  is  the  same  as  used  in  the  Reynolds  number,  h  is  the  initial  maximum  free  surface  depth  and 
g  is  the  acceleration  of  gravity.  The  Froude  number  was  0.5 1  for  both  of  these  initially  capped 
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cases.  For  the  Re=2l.9  case,  W e=207.6  and  for  i?e=2254.7,  W e=284.9.  The  capped  spherical 
container  was  initially  spun  about  its  axis  of  symmetry  at  a  constant  rotational  speed  until  solid 
body  rotation  prevailed  in  the  liquid.  Since  the  liquid  surface  was  covered  by  a  cap,  there  was  no 
free  surface  motion  at  all.  The  initial  absolute  velocity  distribution  is  as  follows: 

V;  =  0  Ve  =  rw  K  =  0 

where  K  is  the  velocity  component  in  the  radial  direction,  Vg  is  the  velocity  component  in  the 
circumferential  direction,  is  the  velocity  component  in  the  direction  normal  to  the  previous  two 
directions,  t  is  the  distance  in  the  radial  direction  away  from  the  line  of  symmetry  and  w  is  the 
rotational  speed  (60  rpm)  (w.r.t.  ®23  axis).  It  should  be  noted  that  the  governing  equations  were 
expressed  in  terms  of  the  relative  velocity  (relative  to  the  final  solid-body  rotation)  and  therefore 
^3^=0  was  actually  used  as  the  initial  condition  for  velocities. 

At  time  zero,  the  cap  is  suddenly  removed  (or  broken)  and  the  free  surface  starts  to  rise,  from 
its  initial  position,  near  the  wall  of  the  container  and  drop  near  at  the  center  of  the  free  surface  in 
response  to  the  sudden  change  of  the  pressure  field.  Some  selected  velocity  vector  plots  illustrating 
the  general  flow  pattern  at  different  times  are  shown  in  Fig.  5.  The  results  shown  are  in  the  xn 
=  0  plane.  The  time  shown  on  the  figures  has  been  nondimensionalized  using  a  characteristic 
time  based  on  the  radius  of  the  container  and  the  rotational  speed  at  the  wall.  The  dotted  lines 
inserted  in  Fig.  5  indicate  the  analytical  steady  state  equilibrium  (relative  to  the  X2  frame)  free 
surface  position.  The  analytical  steady  state  equilibrium  free  surface  solutions  were  derived  by 
the  present  authors  and  are  listed  in  Chen**.  The  velocities  are  largest  near  the  free  surface  and 
significantly  smaller  near  the  bottom  of  the  container.  As  time  continues,  the  fluid  eventually 
passes  (or  overshoots)  the  equilibrium  position.  By  time  t  =  1.62,  the  magnitude  of  the  flow  has 
been  reduced  and  the  flow  pattern  has  begun  to  reverse  itseif.  'ttus  can  be  seen  in  Fig.  5b  and  more 
clearly  in  Fig.  5c.  This  flow  continues  to  oscillate  about  the  equilibrium  position  but  damps  very 
quickly  until  the  new  equilibrium  position  is  reached  at  about  r  =  15.96  in  Fig.  5d  (see  also  Fig. 
6).  It  should  be  noted  that  the  magnitude  of  the  velocities  in  Fig.  5d  has  become  very  small  as  the 
final  solid-body  rotation  is  approached.  The  velocities  shown  here  are  relative  to  the  solid-body 
rotation  expected  at  steady  state,  as  pointed  out  in  a  previous  section.  The  steady-state  numerical 
free  surface  position  matches  exceptionally  well  with  the  analytical  solution. 

To  permit  a  more  detailed  analysis  of  the  flow  pattern  under  tliis  spin-up  condition,  the  time 
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histories  of  the  free  surface  positions  at  the  wall  of  the  container  and  at  the  center  of  the  free  surface 
and  the  X2j  component  of  the  velocity  were  recorded  for  three  different  grids,  i.e,  11x11x11, 
21x11x21,31x11x31.  Figure  6  shows  the  free  surface  position  at  the  wall  and  at  the  center  of 
the  free  surface  for  glycerin  during  the  spin-up  process.  The  free  siuface  position  can  be  seen  to 
oscillate  about  the  equilibrium  position.  This  oscillation  is  damped  out  quickly  by  the  viscosity  of 
the  fluid.  Figure  7  illustrates  the  same  phenomena  but  shows  the  time  evolution  of  the  component 
of  the  velocity  normal  (x23  component)  to  the  free  surface  at  the  center  of  the  container.  The 
grid  refinement  study  indicated  in  Figs.  6  and  7  shows  that  the  unsteady  free  surface  positions 
and  velocity  were  relatively  insensitive  to  the  grid  distribution  in  the  circumferential  and  height 
(vertical)  directions.  It  is  well  known  that  for  viscous  free  surface  flow  simulations,  there  exists 
an  extremely  thin  boundary  layer  (or  singularity)  near  the  liquid-gas-solid  contact  line.  In  our 
grid  refinement  study,  the  effect  of  this  singularity  tended  to  become  more  evident  and  eventually 
caused  the  numerical  calculations  to  break  down  as  the  grid  spacing  in  the  radial  direction  was 
refined. 

For  this  spin-up  problem,  the  number  of  subiterations  at  the  first  time  step  was  about  50  but  then 
quickly  dropped  to  less  than  10  after  20  time  steps  and  finally  became  1  as  the  solution  approached 
the  final  steady  state.  It  took  about  2  hours  CPU  time  on  the  Apollo  DN  10,000  workstation  for 
the  course  grid  case.  A  nondimensional  time  step  of  0.015  was  used  throughout  the  calculation. 

The  initially  capped  spin-up  calculations  were  repeated  for  a  Reynolds  number  of  2254.7.  This 
was  achieved  by  keeping  all  rotation  parameters  the  same  and  decreasing  the  kinematic  viscosity 
of  the  fluid  by  a  factor  of  about  100  to  a  value  corresponding  to  the  viscosity  of  kerosene.  The 
final  analytical  equilibrium  free  surface  position  is  then  expected  to  be  the  same  as  for  the  glycerin 
case.  With  this  less  viscous  fluid,  the  flow  pattern  was  found  quite  similar  to  the  previous  case  and 
will  not  be  repeated  here;  however  several  interesting  results  deserve  further  discussion. 

Figure  8  indicates  the  variation  of  the  free  surface  position  at  the  wall  and  tank  center  as  a 
function  of  nondimensional  time  during  the  spin-up  process  for  kerosene.  Since  the  viscosity 
of  kerosene  is  a  factor  of  100  less  than  that  of  glycerin,  the  free  surface  oscillations  appear  to 
damp  out  much  more  slowly  than  was  observed  for  glycerin.  This  behavior  is  believed  to  be  real 
although  no  experimental  data  had  been  found  to  date  to  clarify  this  point.  The  final  computed 
steady  state  position  of  the  fi'ee  surface  agrees  reasonably  well  with  the  analytical  solution.  Figure 
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9  shows  the  computed  velocity  component  normal  to  the  free  surface  at  the  center  of  the  container 
as  a  function  of  time.  Slowly  damped  oscillatory  motion  is  evident.  The  spin-up  with  kerosene 
took  about  four  times  longer  than  that  with  glycerin  to  reach  final  steady  state  solid-body  rotation 
(Both  cases  had  the  same  reference  time  and  this  was  estimated  from  the  plots  shown  previously). 

The  kerosene  calculations  were  made  with  the  same  grid  as  used  to  obtain  the  glycerin  results. 
During  the  course  of  early  computations,  it  was  found  that  the  free  surface  developed  a  saw-toothed 
profile  of  small  amplitude  in  the  radial  direction  which  appeared  to  slow  convergence  at  each  time 
step.  The  saw-toothed  profile  might  have  been  due  to  the  use  of  central  differences  in  the  spatial 
derivative  terms  in  the  kinematic  equation  at  the  higher  Reynolds  number.  If  the  use  of  central 
differences  at  high  Reynolds  numbers  was  the  source  of  the  problem,  it  could  have  been  remedied 
by  the  use  of  a  finer  grid  which,  of  course,  would  have  increased  the  required  computational  effort 
considerably.  Instead,  a  small  amount  of  smoothing  was  added  to  remove  this  undesired  profile 
and  stabilize  the  calculation.  The  smoothing  was  of  the  following  form; 

a2  paid 

(33) 

where  s  is  the  smoothing  parameter,  F  is  the  free  surface  height  function  (see  free  surface 
kinematic  equation)  and  Z2  is  the  radial  direction.  A  value  of  s  =  9  x  10~^  was  used  for  this  case. 
The  second  derivative  in  the  expression  above  was  represented,  of  course,  in  difference  form. 
It  should  be  noted  that  the  use  of  the  smoothing  of  the  free  surface  height  function,  F,  for  this 
calculation  resulted  in  less  than  1%  loss  of  the  initial  total  volume.  Although  this  discrepancy  may 
be  considered  insignificant  for  most  purposes,  ways  of  avoiding  this  loss  deserve  further  study  in 
the  future. 

Gradual  spin-up;  liquid:  glycerin  As  mentioned  before,  the  high  frequency  free  surface 
oscillations  were  possibly  due  to  natural  overshoots  arising  from  the  sudden  removal  of  the 
cap  during  the  spin-up  process.  To  further  understand  this  phenomenon,  a  third  test  for  this 
configuration  was  conducted  for  glycerin  again  in  the  following  way.  The  container  was  spun  up 
with  the  rotational  speed  being  gradually  increased  from  0  to  60  rpm  by  a  sine  function  of  time 
during  the  nondimensional  time  interval  from  zero  to  five.  This  rotational  speed  was  specified  as: 

w  =  30(sin  ^  -I- 1 )  rpm,  for  0  <  t  <  5 
where  ^  ^  -  f 
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and 


a;  =  60  rpm,  for  r  >  5 

Figure  10  indicates  the  variation  of  the  free  surface  position  at  the  wall  and  tank  center  as  a 
function  of  nondimensional  time  during  the  gradual  spin-up  process.  The  oscillatory  phenomena 
in  Fig.  6  disappeared  and  instead,  a  nonoscillatory  ramp-up  of  the  free  surface  at  the  wall  and  drop 
at  the  tank  center  was  observed.  The  final  steady  state  free  surface  positions  agree  very  well  the 
analytical  solution. 

Impulsive  spin-up;  liquid;  glycerin  At  time  zero,  the  spherical  container  half-filled  with 
glycerin  impulsively  starts  to  rotate  about  its  axis  of  symmetry.  The  initial  absolute  velocity  was 
zero  everywhere  except  at  the  wall  of  the  container  at  which  a  rotational  speed  of  60  rpm  was 
suddenly  applied.  Due  to  the  use  of  the  relative  velocity  in  the  formulation,  a  negative  distribution 
of  the  solid-body  rotation  velocity  was  specified  everywhere  initially  except  at  the  wall  where  a 
zero  relative  velocity  was  specified.  A  11x11x11  grid  was  used  again  for  this  case.  The  free 
surface  positions  at  the  wall  of  the  container  and  at  the  center  of  the  free  surface  are  shown  in  Fig. 
1 1.  No  free  surface  overshoots  were  observed  in  this  case.  Being  spun  up  impulsively,  the  flow 
reached  the  final  steady  state  equilibrium  position  earlier  than  for  the  previous  gradual  spin-up 
case. 


Asymmetric  spin-up 

When  the  rotation  arm,  hi,  is  nonzero,  the  solutions  will  no  longer  be  symmetric.  A  schematic 
diagram  for  this  type  of  spin-up  is  shown  in  Fig.  12.  This  case  belongs  to  the  initially  capped 
spin-up  type  as  explained  in  the  previous  section.  The  same  container  as  before  was  half  filled 
again  with  glycerin.  It  was  initially  covered  by  a  cap  and  rotated  in  an  orbit  with  a  constant 
rotational  speed  under  the  condition  of  solid-body  rotation.  At  time  zero,  the  cap  was  removed  to 
allow  the  liquid  surface  to  move  under  this  spinning  condition.  The  rotational  speed  was  30  rpm 
and  the  rotational  arm,  h\  (x2i  component  of  hi),  was  12.8  cm  which  was  twice  of  the  radius  of  the 
container.  Based  on  the  above  physical  quantities,  the  characteristic  nondimensional  parameters 
are: 

Re  =  21.9  Fr  =  0.51  We  =  201.6 
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where  the  reference  velocity,  Ke/,  was  based  on  the  rotational  speed  of  the  center  of  the  container, 
i,e.,  Vref  =  w/l  l. 

A  41x11x11  grid  was  used  to  compute  this  case  with  the  41  points  being  placed  in  the 
circumferential  direction.  A  constant  nondimensional  time  step  of  0.01  was  used  for  this 
calculation.  At  the  first  time  step,  170  subiterations  were  required  for  convergence,  but  the 
number  of  subiterations  required  dropped  rapidly  and  varied  between  10  and  15  for  most  of  the 
calculation.  Compared  with  the  previous  axisymmetric  cases,  this  calculation  was  more  difficult  in 
two  respects.  First,  the  free  surface  was  asymmetric  and  more  grid  points  were  required  to  resolve 
the  solution  in  the  circumferential  direction.  The  solution  would  sometimes  diverge  suddenly  if 
the  resolution  of  the  grid  was  not  fine  enough  or  if  the  grid  distribution  after  the  grid  adaptation 
procedure  contained  a  locally  steep  slope.  Second,  more  computational  effort  was  required  to 
obtain  the  solution  at  each  time  step. 

In  this  calculation,  the  value  of  4>r  in  the  the  free  surface  tracking  coordinates  was  no  longer 
zero.  Therefore,  the  present  test  case  also  served  as  a  check  for  this  transformation.  For  this  case, 
the  computation  was  carried  out  until  the  final  solid-body  steady  state  solutions  were  obtained. 

In  Fig.  13  a  series  of  results  showing  the  free  surface  position  at  different  instants  of  time  are 
presented.  The  centrifugal  force  is  larger  at  the  right  hand  side  (RHS)  (far  away  from  the  spin 
axis)  of  the  tank  in  Fig.  13  than  at  the  left  hand  side  (LHS)  (closer  to  the  spin  axis).  In  response  to 
this  sudden  change,  the  free  surface  begins  to  rise  at  the  RHS  and  to  depress  at  the  LHS  from  its 
initial  position,  becoming  curved  as  can  be  seen  in  Figs.  13d-13f  and  finaUy  assumes  a  parabolic 
equilibrium  shape  at  about  r  =  7.2. 

Some  selected  velocity  vector  plots  for  different  times  in  the  i22=0  plane  are  shown  in  Fig.  14 
with  the  analytical  equilibrium  free  surface  position'*  superimposed.  The  largest  velocity  vectors 
occurred  near  the  free  surface.  The  computation  was  carried  out  until  the  nondimensional  time 
equaled  7.2  at  which  time  solid-body  rotation  prevailed.  The  final  free  surface  position  can  be 
seen  to  agree  fairly  well  with  the  analytical  solution. 

Again,  the  numerical  steady  state  free  surface  positions  at  the  wall  of  the  container  were  plotted 
against  the  analytical  solution.  Figure  15  shows  the  time  evolution  of  the  free  surface  position  at 
the  wall  for  {Tositions  of  0  (LHS)  and  180  (RHS)  degrees  (see  also  Fig.  12).  This  plot  indicates 
the  free  surface  rise  at  the  RHS  and  drop  at  the  LHS  from  its  initial  position  (equal  to  zero  for 
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half  fiill  container).  The  small  discrepancy  between  the  current  numerical  solution  for  the  free 
surface  position  and  the  analytical  solution  is  probably  due  to  the  relatively  coarse  grid  used  in  this 
calculation.  Further  studies  with  a  finer  grid  may  help  to  resolve  this  discrepancy.  This  calculation 
took  about  22  hours  of  CPU  time  on  the  Apollo  DN  10,000  workstation. 

Conclusions 

A  coupled  strongly  implicit  solution  strategy  for  unsteady  three-dimensional  free  surface 
flows  has  been  developed  based  on  an  artificial  compressibility  formulation  for  the  Navier-Stokes 
equations.  A  pseudotime  term  has  been  used  in  the  continuity  equation  to  permit  time  accurate 
calculations  to  be  achieved.  The  scheme  appears  capable  of  tracking  the  free  surface  reasonably 
accurately  although  further  verification  of  the  procedure  is  desirable.  An  algebraic  procedure 
for  adjusting  the  grid  between  time  steps  has  proven  to  be  adequate.  Five  different  free  surface 
calculations  have  been  reported.  The  initially  capped  cases  exhibited  an  interesting  Reynolds 
number  dependent  oscillatory  behavior  which  is  believed  to  be  physical  although  no  experimental 
results  appear  to  be  available  for  verification  to  date. 
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APPENDIX  I.  A  Numerical  and  Experimental  Study  of 
Three-Dimensional  Liquid  Sloshing  in  a  Rotating  Spherical  Container. 
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Abstract 

A  numerical  and  experimental  study  of  three  dimensional 
liquid  sloshing  inside  a  panially-hll^  spherical  container 
undergoing  an  orbital  rotating  motion  is  descnbed.  Solutions 
of  the  unsteady.  three-dimensional  Navier- Stokes  equations 
for  the  case  of  a  gradual  spin-up  brom  rest  are  compared  with 
experimental  data  obtained  using  a  rotating  test  ng  dtted  with 
two  liquid- filled  spherical  tanks.  Data  gathered  riom  several 
expenments  are  reduced  in  terms  of  a  dimensionless  tree 
surface  height  for  comparison  with  transient  results  from  the 
numencal  s'lmuiauons.  The  numerical  solutions  are  found  to 
compare  favorably  with  the  expenmentai  data. 

Introduction 

The  motion  of  a  sloshing  liquid  inside  a  moving  container 
has  long  been  of  interest  to  engineen  and  researchers.  Liq¬ 
uid  sloshing  arises  in  many  important  practical  applications, 
including  the  design  of  oil  tatikeR.  railroad  tank  cars,  mis¬ 
siles.  satellites,  and  spacecraft*  The  present  study  is 
concerned  with  sloshing  flows  inside  spherical  containers 
undergoing  motions  characteristic  of  spin-stabilized  satel¬ 
lites.  Previous  research”  in  this  area  has  shown  that  satellites 
containing  parually-tilled  liquid  stores  can  exhibit  an  unsta¬ 
ble  comng  motion  shortly  after  being  released  in  space.  This 
instability  is  thought  to  anse  from  the  sloshing  force  induced 
by  the  tree  suriace  motion  inside  the  fuel  stoiu  themselves. 

One  of  the  distinguishing  chaiactensucs  of  sloshing  flows 
IS  the  presence  of  one  or  more  oee  surixes.  A  free  suriace. 
in  the  present  context,  is  denned  as  the  interixe  between 
the  liquid  and  another  fluid  (usually  a  gas)  which  fills  the 
regions  not  occupied  by  the  fluid.  The  free  surface  adds  an 
atWtional  difficulty  to  the  analysis  of  the  fluid  motion  since 
its  position  is  usually  not  known  a  priori,  and  thus  must  be 
computed  as  part  of  the  solution. 

The  motion  of  the  liquid  is  governed  by  the  three- 
dimensionaL  incompressible  Navier-Stokes  equations.  To 
conveniently  analyze  the  fluid  motion,  one  can  employ  a  co¬ 
ordinate  oa^otmation  which  takes  a  moving,  non-ineitial 
coordinate  system  in  physical  space  to  a  non-moving  coor¬ 
dinate  system  in  computational  space.  The  free  surface  is 
(hen  placed  at  one  boundary  of  the  computational  domain 
(a  practice  known  as  “surface  fitting”).  Both  the  coordinate 
transformation  and  the  desire  to  accommodate  arbitrary  mo¬ 
tions  of  the  container  ultimately  give  rise  to  a  large  number 
of  terms  in  the  governing  equations^.  As  a  tesulL  unsteady 
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calculations  based  on  this  approach  require  enormous  com- 
putaoonai  resources  in  ord^  to  obtain  xcurace  solutions  m 
both  time  and  space. 

A  numerical  model  has  been  developed  by  the  present 
authors^  for  studying  complicated  three-dimensional  liquid 
sloshing  flows  in  rotating  spherical  containen.  This  model 
employs  the  coordinate  transformation/suriace  fitting  ap¬ 
proach  described  above  in  conjunction  with  the  an^cial 
compressibility  formuiabon  for  incompressible  flows^.  The 
resulting  system  of  discrete  equations  is  solved  using  a 
coupled  strongly  implicit  (CSIP)  procedure.  Some  results 
obtained  with  this  model  have  been  presented  in  Ref.  8.  Al¬ 
though  these  results  appear  qualitanvely  correct,  a  rigorous 
assessment  of  their  accuracy  has  not  b^n  made  due  to  the 
lack  of  reliable  experimental  (or  other  numerical)  data. 

To  date,  only  a  few  three-dimensional,  transient  free 
surface  simulations  using  the  incompressible  Navier-Stokes 
equations  have  been  repotted  in  the  open  literature.  Partom*^ 
discussed  the  numerical  simulation  of  three  dimensional  Sow 
in  a  partially-filled  cylinder.  His  work  employed  a  three- 
dimensional  extension  of  the  volume  of  fluid  (VOF)  method 
of  Hirt  and  Nichols*'.  Some  results  for  several  cases  (both 
with  and  without  the  influence  of  gravity)  were  presented: 
however,  no  compartsons  with  experimental  data  were  made. 
Sicilian  and  Tegarc*^  descnbed  transient  flee  suriace  results 
for  flee  suriace  motion  ui  a  partially- filled  container  during 
a  controlled  flee  fall.  Although  their  predicted  forces  agreed 
with  the  trends  in  the  measured  data,  significant  discrepxcies 
soil  existed. 

In  an  effon  to  provide  data  for  the  present  study,  use 
was  made  of  an  existing  experimental  facility  which  was 
originally  developed  to  study  the  kinematics  and  dynamics  of 
spin-stabilized  satellites*^.  The  facility  consisted  of  a  motor- 
driven  rotating  shaft  on  which  two  liquid-filled  spherical 
containers  were  mounted.  The  instrumentation  included 
sensots  for  measuring  the  transient  free  suriace  position  at 
the  wails  of  the  containen.  It  was  recognized  that  data 
obtained  with  these  sensors  could  be  directly  compared  to 
numerical  results,  thereby  providing  a  means  of  validating 
the  numerical  model. 

In  the  following  sections,  the  mathematical  formoladon 
of  the  numerical  model  are  briefly  di.scussed.  along  with  an 
overview  of  the  numerical  solution  algorithm.  Additional 
details  of  the  formulation  and  algorithm  are  provided  in 
Ref.  8.  The  experimental  setup  and  test  procedure  are  then 
described,  followed  by  a  presentation  of  some  numerical  and 
experimental  results. 
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Figure  1:  Schematic  of  a  partially  filled  rocanng-nutatmg 
container  movuie  relative  to  an  menial  frame. 


Mathematical  Formulation 
Governing  equadons 

The  incompressible  Navier-Stokes  equations  for  an 
isothermal,  laminar  flow  can  be  wntten  as 
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where  are  the  velocity  components,  p  is  the  thermody¬ 
namic  pressure,  gi  is  the  accele^on  due  to  gravity,  p  is  the 
density,  u  is  the  idnemaiic  viscosity,  and  zv  are  the  spoual  co¬ 
ordinates.  .As  menaoned  previously,  several  transformations 
of  the  govemmg  equations  are  required  in  order  to  accom¬ 
modate'  Doth  the  crw  sunace  and  a  general  motion  of  the 
container  with  respect  to  an  inertial  cooroinate  system  (see 
Fig.  1).  These  transformations  are  well  documented  in  Refs. 
7  and  8.  and  therefore  will  not  be  repeated  here.  The  final 
governing  equations,  written  in  a  generalized  non-orthogonal 
coordinates  with  respect  to  a  non-inerdal  reference  frame, 
are 
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where  is  the  relative  velocity  component  in  zi  coordinate 
system  (see  Fig.  1).  Re  is  the  Reynolds  number  based  on  the 
radius  of  the  sphericai  container  and  the  itxadonai  speed.  Sf 


Figure  2:  Notation  for  the  S  transfoimatioii. 


Figure  3:  Coordinate  system  for  liquid  sloshing  problem. 


are  the  generalized  coordinates,  r  is  the  physical  dme.  r* 
is  the  Dseudotune  employed  in  the  artificial  compressibility 
method,  and  aie  metric  terms,  and  i,-  is  the  grid 
speed.  Other  quantities  appearing  in  the  above  equations  can 
be  attributed  to  the  transtormation  of  the  governing  equadons 
frdm  an  inertial  to  a  non-inernai  frame.  Additional  details  are 
given  in  Re£s.  7  and  8.  It  should  be  noted  that  the  freesuiface 
tiaddng  crxirdinate  nansfonnadon  described  in  Ref.  8  has 
been  modified  in  this  paper  to  account  for  tangential  free 
suxtace  defarmadon  (which  appears  in  the  cases  examined 
in  the  present  study).  The  new  transtarmadon  matrix  [5]  is 
defined  as  follows: 

'  cos^r  sin^sin^',  -sin<^rCos^' 

[5]=  0  cos^^  sin^r 

sin^r  -cosorsin^',  cos^cos^ 

The  notation  for  this  new  transformadon  is  shown  in  Fignte 
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Numerical  solution  aigorithm 


Figure  4:  Three-<iimcnsional  computational  molecule  for 
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Boundarr  coudidous 


Equations  (3)  and  (4).  together  with  the  boundary  con¬ 
ditions.  yield  a  closed  system  of  equaaons  once  the  free 
surface  posiuon  has  been  updated  by  the  Icinematic  equa¬ 
tion.  A  form  of  the  ardhcial  compressibility  method  (first 
proposed  by  Chorin^  is  used  to  solve  the  equations  in  a 
coupled  manner.  In  discretizing  the  equauons.  first-order 
forward  differences  are  used  for  the  tune  terms,  and  second- 
order  central  differences  for  the  spanal  denvanves.  The 
meinc  terms  have  been  carefully  formulated  in  the  present 
case  so  that  the  geometric  conservanon  law^^  is 
numerically. 

All  nonlinear  terms  are  linearized  using  the  Newton  lin- 
earuation  appioach^^.  This  lineanzanon  produces  a  coupled 
set  of  algebraic  equations  for  the  unlmowns  ui,  and  p.  These 
equations  can  be  written 


.\11  boundary  condidons  are  treated  implicitly.  Since  there 
are  four  unlcnowns  in  the  govemtng  equaaons.  four  boundary 
equaaons  are  required  to  close  the  system.  The  present 
geometry  (Fig.  31  contains  only  two  types  of  boundaries:  ( 1) 
the  solid  waif  of  the  concamer.  and  (2)  the  dee  suriace.  For 
the  solid  wail  boundary  condiuon.  the  no-slip  condiuon  for 
the  velocity  is  invoked.  The  fourth  equation  (the  boundary 
condiuon  for  pressure)  is  derived  from  the  normal  component 
of  the  vector  momentum  equadon  at  the  wall: 

Here.  Mn  denotes  the  normal  momentum  equadon.  n  is  the 
locai  umt  normal  vector  at  the  wail,  and  M  represents  the 
three  momentum  equauons  in  a  vector  form. 

At  the  free  suriace.  several  constraints  are  imposed  to 
obtain  the  boundary  equauons.  First,  the  two  components  of 
tangenual  shear  stress  along  the  free  surface  are  assumed  to 
be  zero.  This  is  justified  since  the  external  tangential  forces 
ixened  bv  the  gas  overlying  the  free  suriace  are  negligibly 
small.  Second,  the  normal  component  of  the  shear  stress  is 
assumed  to  be  conuhuous  across  the  free  suriace.  A  further 
assumpuon  for  air  is  made  that  only  the  pressure  contnbuuon 
IS  sigiuficanu  smee  the  viscous  stress  contnbudon  is  small 
for  air  compared  with  the  corresponding  terms  for  the  Liquid. 
Fuially.  the  continuity  equadon.  £q.  (3),  must  be  satisfied  at 
the  firre  suriace. 

Expressions  for  the  above  boundary  condidons  can  be 
formulated  in  terms  of  the  general  coordinate  ttansformadon 
described  previously.  Sperific  expressions  are  provided  in 
Ref.  7. 

The  free  surface  posidon  is  determined  by  solving  the 
kinemadc  equadon^*.  The  kineniauc  equadon  essentially 
represents  the  fact  that  fluid  panicies  which  lie  on  the  fiee 
surface  must  remain  on  it.  Le^g  F  denote  the  free  suriace 
height  (which  is  a  funedon  of  the  coordinates  zn  and 
and  time),  the  kinemauc  condiuon  for  the  free  surmce  may 
be  expressed  as 

^{F(Z31,Z32,13)  -  Z33}  =0  (5) 

This  equauon  is  used  to  update  the  firee  surface  at  each  time 
step  once  the  velocity  field  has  been  determined  from  the 
Navier-Slokes  solution. 


(6) 

or.  more  compactly. 

[A]g  =  b  (7) 

where  the  coefficients  A*  to  A'  are  4x4  matrices  and  9  is 
the  venor  of  unknowns  (dependent  variables^,  (un,  p)^,  and 

h  is  the  RHS  vector.  The  difference  molecule  :itcnriarwj 
with  Eq.  (7)  is  depicted  in  Fig.  4.  The  resulting  system  of 
algebraic  equations.  Eq.  (7),  which  includes  the  disacsxed 
boundary  equations,  was  solved  by  the  CSIP  method’. 

The  solution  procedure  for  the  three-dimensional  liquid 
slostung  calculations  can  now  be  summarized  as  follows: 

1.  Prescribe  the  initial  condidons. 

2.  Update  the  free  suriace  posidon  (using  the  kinematic 
equauon)  based  on  the  flow  soluoon  k  the  previons 
time  step. 

3.  Generate  a  new  computational  grid  under  the  updated 
fiee  surface  posidon. 

4.  Construct  the  coefficient  matrix  [Aj  and  the  right-hand- 
side  vector  b. 

5.  Call  the  CSIP  solver  to  update  the  solution  (tt3,-.  p);  go 
back  to  step  4  and  iterate  (until  convergence)  to  oeate 
a  divergence-fiee  velocity  field. 

6.  Go  back  to  step  2  and  move  to  the  next  time  step. 

Experimental  Setup 

A  schematic  of  the  test  rig  used  in  the  orbital  spin-op 
experiments  is  shown  in  Fig.  S.  Two  clear-plastic  spherical 
containers  of  radius  r  3  7.41  cm  were  positioned  a  latfial 
distance  h  3  23  cm  ( with  respect  to  the  center  of  the  cooainer) 
from  the  axis  of  rotation.  Both  containeis  were  half-filled 
with  liquid  at  room  tempaaime.  Glyoerm  was  chosen  as  the 
test  fluid  for  the  cases  discussed  in  this  paper. 
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Figure  5:  lUuscrauon  of  currem satellite  tcscng  coaugunuon. 
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The  spherical  containers  were  spun  in  a  simple  orbital 
moaon  ^ut  the  axis  of  rotation  (the  drive  shaft)  by  a 
DC  motor  connected  through  a  senes  of  gear  boxes.  The 
plane  of  this  orbital  mouon  was  icept  normal  to  the  axis  as 
shown.  The  rotational  speed  was  controlled  manually  using 
a  transformer,  and  was  measured  by  a  tachometer  connected 
to  the  motor  drive  train. 

The  instrumentaaon  for  a  typical  spherical  container  is 
illusctaud  in  Fig.  6.  Each  spnere  <3^  ntted  with  three 
light-sensitive  photopotenoometers  to  sense  the  inboard  ( 1). 
outboard  (2)  and  tangential  (3)  free  sunace  positions  at  the 
wall  of  the  container.  All  three  photopotenuometen  were 
oriented  normal  to  the  equaumal  plane  of  the  sphere  at  the 
indicated  circumfeienaal  posmons  (90  degrees  apan).  By 
tinting  the  liquid  to  bloclc  light  cransmis»on.  the  voltage 
output  from  the  phoiopotenuometers  was  made  propoiiioiial 
to  the  fracnon  of  photopotenoometer  sunace  covered  by  the 
liquid.  The  sensidvity  of  this  arrangement  was  enhanced 
by  a  6  volt  light  source  located  at  the  top  of  the  spherical 
container. 

All  data  were  collected  and  stored  using  a  miaocomputer 
outhoed  with  a  high  speed  data  acquismon  board.  The  data 
acquisition  hardware  was  conhgured  to  accept  eight  channels 
of  bipolar  voltage  signals,  with  maximum  sampling  rate  of 
90000  samples  per  second. 

The  photopotenaometers  were  dynamically  calibrated  to 
obtain  a  voltage  versus  free  sunace  height  reianonship  for 
use  in  data  reduction.  This  calibration  was  accomplish^  by 
spuming  the  ng  up  to  a  specihed  rotauonal  speed,  waiting 
for  steady  state  conditions  to  be  established,  and  recording 
the  ouqiut  voltage  produced  by  the  pnoiopotenoometas. 
The  steady  state' position  of  the  free  sunace  (which  was 
determined  from  the  analytical  solution  for  a  given  rotational 
speed)  was  then  correlate  with  the  Icnown  circumferential 
positions  of  the  photopotenuometers. 

Results  and  Discussion 

Computations  were  earned  out  for  the  two  types  of  spin- 
up  desenbed  below.  In  both  cases,  icnesmal  gravity  was 
included  in  the  acceleration  held. 

1.  Initially  capped  spio-up:  A  sphencal  container  half- 
hlled  with  a  liquid  is  spun  about  a  specihed  axis  of 
rotation  at  a  constant  rotanonal  speed  until  solid-body 
rotanon  of  the  liquid  is  achieved.  A  cap  covers  the 
liquid  sunace  to  prevent  it  from  nsing  up.  At  time  zero, 
the  cap  is  suddenly  removed  (or  broten)  and  the  liquid 
suxxace  starts  to  nse  (or  drop)  until  another  eqislibriom 
position  IS  readied.  The  initial  absolute  velocity  is 
dismbaied  according  to  the  condition  of  solid-body 
rotanon. 

2.  Gradual  spio'up:  A  sphencal  container  half-filled  with 
a  liquid  is  gradually  spun  up  finom  test  to  a  piesoibed 
steady  state  rotational  speed.  The  plane  of  the  mooon 
is  nonnal  to  the  axis  of  rotanon.  This  case  corresponds 
to  the  conditions  of  the  experimental  study. 


Figure  6i  Schematic  of  sphencal  container  and  insuumenta-  snin-iip 

tiotL 

A  schematic  of  this  this  case  is  shown  in  Fig.  7.  The  radios 
of  the  container  is  7.62  cm.  and  the  distance  hrom  the  axis  of 
rotation  to  the  center  of  the  container  is  44.7  cm.  The  fluid 
is  piesoibed  as  glycerin  at  room  temperature. 
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Figure  7;  Schematic  for  asynunetnc  sptn-up:  container 
half-fiiled  with  glycerin. 


The  chaiaaerudc  nondimeniional  parameters  tor  this  sit¬ 
uation  ate: 

Ae  =  181.4  Fr  =  3.25  We  =  12002.1 

where  Re  is  the  Reynolds  number.  Fr  is  the  Froude  number, 
and  We  is  the  Weber  number.  The  Froude  and  Weber 
numbers  are  defined  as 

Ft  ^ 

We^pV„,L.,flV 

where  v;«/  is  the  same  as  used  in  the  Reynolds  number,  h  is 
the  initial  maximum  free  surface  depth.  ?  is  the  accelerahon 
due  to  gravity,  and  F  is  the  sunace  tension  coefficient. 
Since  the  liquid  surface  was  covered  by  a  cap.  there  was  no 
Initial  free  sunace  motion.  However,  it  should  be  noted  that 
while  the  minal  relauve  veloaty  was  zero  everywhere,  the 
absolute  velocity  was  nonzero  and  distnbuted  acoording  to 
the  condition  of  solid-body  rotaoon. 

51x11x11  gnd  (5 1  pouiis  in  the  circunuetenoal  direc¬ 
tion  >.  and  a  constant  non-dimensional  tune  step  of  0.0 1  were 
used  for  this  calculation.  The  extremely  high  centnfugai 
force  field  associated  with  this  case  caiisrt  the  fiee  surface 
to  nse  (drop)  almost  to  the  top  (bottom)  of  the  tanlc  during 
the  transient.  In  addition,  the  motion  of  the  fiee  surf^ 
appeared  to  be  more  abrupt  than  in  the  cases  reponed  by  Ref. 
i.  This  abrupt  free  surface  modon  gave  rise  to  numerical 
instabilities  which,  in  turn,  resulted  in  a  sudden  divergence 
of  the  solution  after  a  long  penod  of  time  in  the  caicula- 
uon.  Upon  investigating  the  cause  of  these  instabilities,  the 
following  remedies  were  introduced  into  the  aigonthm. 

First,  it  was  found  that  the  free  surface  tradong  angle, 
must  be  handled  carefiilly  (^'  is  zero  in  this  case,  since 
there  is  no  tangential  acceleration).  As  described  in  Ref. 
3.  the  purpose  of  the  tiaddng  angle  is  to  both  Cadiitate 
the  pre^c  grid  generation  procedure  and  to  keep  the  &ee 
surf^  height  functiaii.  F.  single-valued.  The  indueoce  of 
the  tracking  angle  (and  its  time  rate  of  change)  is  contained 
in  vanoos  terms  of  the  txansfomied  governing  equations. 
For  this  panicnlar  case,  it  was  observed  that  the  &ee  surface 
(and  also  tended  in  nscillain  after  nowriinmnwinal  finw 

r«  U.  whereupoa  the  dme  rate  of  ^  (^)  began  to  grow 
rapidly.  The  magniinde  of  the  terms  iiifioeiiced  by  ^  in  the 


(a)  r  =  0.0 


(b)r=1.8 


(Or  =  2.7 


(d)  r  =  4.5 


(c)  T  =  6.3 


(Or  =  8.1 


(g)r=l3J 


(h)  r  =  34.2 


Figure  8:  Selected  free  surface  plots  for  the  inidaily  capped 
rpm-up  of  a  spherical  container  half-filled  with  glycenn. 


Nonilimetuionil  dine 


(c)r=::.7  (Cl)r  =  4,5 


(c)r  =  6.3  (0”  =  3.1 


(g)r-l3.5  -  (h;r=s34.2 


Figure  9:  Selected  velocity  veaor  plots  at  plane  for 
the  initially  capped  spin-up  of  a  spherical  container  half 
filled  with  glycerin  (The  dotted  line  indicates  the  steady  state 
analytical  free  surface  position) 


Figure  10:  The  time  history  of  the  nondimensional  free 
surface  height  for  the  initially  capped  spin-up  of  a  spherical 
container  half  filled  with  glycenn. 


goveming  equations  finally  became  dominant  and  resulted 
in  the  soluDon  diverging.  To  reduce  the  sensitivity  of  the 
solution  to  this  effect,  the  calculation  of  o,  %'as  mocMed  by 
averaging  angles  at  two  time  levels.  This  treatment  smoothed 
out  the  temporal  variauons  in  both  o,  and  o-.  which,  in  nun. 
helped  eliminate  the  potential  for  unstable  behavior. 

Another  phenomenon  observed  in  the  present  case  was  the 
appearance  of  a  local  saw-toothed  profile  in  the  free  surface 
at  a  non-dimensional  time  of  r = 2.6.  This  profile  propagated 
to  neighboring  pomts.  which  evenmally  resulted  in  a  very 
unfavorable  grid  distribution,  and  ultimately  to  solution 
divergence.  The  cure  for  this  problem  was  to  employ  fint- 
order  upwind  approxunaiions  to  the  spatial  denvative  terms 
in  the  free  surface  Idnemaoc  equation  rather  chan  central 
differences. 

The  final  calculations  for  this  case  were  carried  out  on  an 
.Apollo  DN10(XX)  worlcstauon.  and  requued  about  58  houn 
of  CPU  time  to  reach  steady  state.  The  computed  solution 
is  presented  in  Figs.  8-11.  A  senes  of  results  showing  the 
free  surface  position  at  different  instants  of  time  are  shown 
in  Fig.  3.  Final  steady  state  conditions  are  xnieved  at  about 
rs34.  which  corresponds  to  approximately  one  revolution 
(orbit)  of  the  container.  The  velocity  vecton  are  presented 
in  a  similar  fashion  in  Fig.  9. 

The  free  surface  position  at  the  wall  is  shown  in  Fig.  10. 
The  analytical  free  surface  position  for  the  steady  state,  solid- 
body  rotation  condition  was  obtained  from  Ref.  7.  It  can 
be  seen  that  some  discrepancy  exists  between  the  computed 
steady  state  free  surface  position  and  the  anaiyiical  solution. 
It  is  believed  that  this  discrepant  is  either  due  to  the  use  of 
fint-cader  upwind  differencing  in  the  Idnemadc  equadon  or 
to  the  linear  interpolation  procure  used  to  transfer  the  free 
surface  points  firom  the  old  grid  to  the  new  grid.  Ways  of 
eiiminaiing  these  problems  are  currently  being  invesugated. 

The  number  of  subiteiations  r^uired  at  each  time  step  is 
plotted  in  Fig.  1 1.  The  sudden  increase  in  subiteiadons  at 
nondixnensional  times  between  3  and  S  was  found  to  be  the 
result  of  the  free  surface  angle  oscillation  described  above. 
For  the  majority  of  the  com^tation.  however,  less  than  10 
subiterations  were  needed. 


Gradoal  spioHii 


A  series  of  experiments  were  carried  out  with  the  test  rig 
to  examine  a  gradual  spin-up  from  rest.  The  variadon  of 
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TACHOMETER  DATA;  X  RPU 
FLUO  .  GLYCERIN  :  FlU.  LEVEL  •  0  S 


Figure  1 1:  The  tiine  history  of  the  number  of  subitenitions  at 
each  time  step  for  the  initially  capped  spin-up  of  a  spherical 
container  half  filled  with  glycerin. 


the  rotational  speed  was  controlled  manually  with  the  aim 
of  proaucing  a  transient  of  about  one  to  two  seconds.  The 
recorded  rotational  speeds  (obtained  from  the  tiKthometer) 
were  then  used  as  input  to  the  computer  program. 

Due  to  the  symmetry  of  the  configuration,  photopoten¬ 
tiometer  data  were  obtained  for  one  sphere  only.  During  the 
course  of  calibration,  it  was  found  that  the  signal  from  the 
tangenual  photopotemiometer  (#3)  was  too  small  to  provide 
a  reliable  indication  of  the  free  surface  level.  This  was  due 
prtmanly  to  the  small  free  surface  defiection  ai  that  position 
for  the  tests  conducted.  Also,  the  length  of  the  photopoien- 
tiometers  (as  well  as  other  effects)  limited  the  range  of  free 
surface  deflection  for  which  reliable  calibrations  of  the  other 
photopoteniiometers  could  be  obtained.  Ways  of  extend¬ 
ing  the  sensitivity  and  range  of  the  photopotentiometers  ate 
currently  being  studied. 

Two  sets  of  data  (three  runs  per  set)  were  obtained  for 
nominal  steady  state  speeds  of  30  rpm  and  60  rpm.  One 
run  from  each  set  was  then  selected  for  simulation  with 
the  computer  program.  Appropriate  initial  and  boundary 
condiuons  were  prescribed  for  each  case,  and  the  rotation^ 
speed  as  a  funcuon  of  time  was  specified  using  the  tachometer 
data  from  the  experiment.  It  should  be  noted  that  the 
tachometer  data  were  smoothed  prior  to  use  in  the  program 
in  order  to  filter  out  the  noise  in  the  signal.  The  resulting 
smoothed  and  unsmoothed  (raw)  data  are  shown  in  Figs. 
12-13. 

The  numerical  solutions  were  performed  using  a 
41x11x11  grid  (41  grid  points  in  the  circumferential  di¬ 
rection)  for  3000  non-dimensional  time  steps  (Ar  =  0.03). 
Both  solutions  were  initiated  at  a  physical  time  of  1  second 
(the  time  at  which  the  sphere  begins  to  move  in  the  exper¬ 
imental  time  frame).  The  total  elapsed  physical  time  was 
about  4  seconds.  The  calculations  were  carried  out  on  a 
DECstation  SOOO/200.  and  consumed  about  23  houn  of  CPU 
time  in  both  cases. 

For  comparison  with  the  experiment,  a  non-dimensional 
free  surface  height.  1/r.  was  defined,  where  I  is  the  height 
of  the  free  surf^  above  the  equatorial  plane  (see  Fig.  6). 
Values  of  l/r  at  the  inboard  and  outbo^  posidons  were 
computed  and  stored  at  prescribed  time  intervals  for  later 
analysis.  For  the  cases  discussed  below,  the  maximum 
experimental  uncertainty  in  the  values  of  l/r  was  estimated 
to  be  between  2x  10~^  and  3  x  10~^. 
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Figure  12:  The  transient  rotational  speed  curve  for  the 
gradual  spin-up  of  a  spherical  container  half  filled  with 
glycerin :  30  rpm  case. 


TACHOMETER  DATA:  «0  RPU 
FLUO  •GLYCERIN  :  FILL  LEVEL  •O  S 


Figure  13:  The  transient  rotadonal  speed  curve  for  the 
gradual  spin-up  of  a  spherical  container  half  filled  with 
glycerin :  60  rpm  case. 
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OUTBOARD  FREE  SURFACE  HEIGHT  COUPARISON:  60  RPM 
FLUD  •  GLYCERIN  :  FILL  LEVEL  -  O  S 
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NBOARO  FREE  SURFACE  HEIGHT  CCM  PARISONr  30  RPM 
FLUID  •  GLYCERIN  :  FILL  LEVEL  .  O  S 


Figure  14:  TTie  time  history  ot  the  nondimensional  inboard 
free  sunace  height  for  the  gradual  spin-up  of  a  spherical 
container  half  filled  with  glycenn :  30  rpm  case. 


OUTBOARD  FREE  SURFACE  HE'GHT  COMPARISON'  M  RPM 
-LUIO  •  GLYCERIN  Fill  LEVEL  >03 


Figure  15:  The  time  history  of  the  nondimensional  outboard 
frw  surface  height  for  the  gradual  spin-up  of  a  spherical 
container  half  filled  with  glycerin :  30  ipm  case. 


Figure  16:  The  time  history  of  the  nondimensional  outboard 
fiee  surface  height  for  the  gradual  spin-up  of  a  spherical 
container  half  filled  with  glycerin  :  60  rpm  case. 


The  solution  for  30  rpm  case  is  presented  in  Figs.  14-15.  In 
Figs.  14-15.  the  computed  inboard  and  outboard  free  sunace 
heights  are  compared  with  their  experimental  counterparts. 
It  can  be  seen  that  the  computed  results  are  in  reasonable 
agreement  with  the  experimental  data.  In  particular,  the 
delay  between  the  initiation  of  the  rotation  and  the  response 
of  the  free  surface  appean  to  be  well  predicted,  as  is  the 
general  rate  of  change  of  the  free  sunace  position  with  dme. 
There  does,  however,  appear  to  be  some  smoothing  of  the 
numencal  response  relative  to  the  experunental  data.  The 
differences  between  the  numencal  and  expenmenial  results 
are  attributed  to  both  the  coarse  gnd  used  in  the  numerical 
sunuiation  and  the  uncertainties  inherent  in  the  experimental 
rjRla 

The  solution  for  the  60  rpm  case  is  presented  in  Figs. 
16-18.  For  this  case,  the  defiection  of  the  free  sur^ce  at 
the  inboard  position  exceeded  the  calibration  range,  and  thus 
could  not  be  used.  A  comparison  of  the  computed  outboard 
free  surface  height  response  with  the  experimental  data  is 
shown  in  Fig.  16.  Again,  the  agreement  of  the  computations 
with  experiment  is  generally  good,  although,  as  in  the  30 
rpm  case,  the  response  appem  somewhat  smooth. 

It  is  observed  in  both  cases  that  the  free  sur^ce  tran¬ 
sient  roughly  corresponds  to  the  transient  in  the  tocadonal 
speed,  this  behavior  is  the  result  of  the  high  vtsoosity  of 
the  test  fluid  (glycerin),  the  geometry  and  rotational  speeds 
employed  in  the  tests,  and  the  length  of  the  rotational  speed 
transient.  For  less  viscous  fluids  or  faster  transients,  the  mo¬ 
tion  will  become  more  complex,  with  noticeable  secondary 
oscillanons  persisting  for  some  time  after  the  steady  state 
rotational  sp^  has  been  achieved. 

Selected  plots  of  the  free  surface  and  velocity  fields  are 
presented  in  Fi^.  17-18.  As  the  container  begins  to  accel¬ 
erate.  the  fluid  initially  sloshes  both  tangentially  (rearward) 
and  radially  (outward),  thus  creating  a  highly  distorted  free 
surface  topology.  Eventually,  as  the  steady  state  conditions 
are  approved,  the  free  smiCace  out  into  iu  steady 
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Figure  17:  Selected  free  suitace  plots  for  the  gradual  spin-up 
of  a  spherical  container  half-filled  with  glycerin  :  60  rpm 
case. 


Figure  18:  Selected  velocity  vector  plots  at  zq-O  plane  for 
the  gradual  spin-up  of  a  spherical  container  half  filled  with 
glycerin :  60  rpm  case  (The  dotted  line  indicates  the  initial 
&ee  surface  position. 
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state  connguradon. 

Conciusions 

Numencal  solutions  for  two  classes  of  three-oiinensional 
sloshing  ilows  inside  panially-fidled  sphencai  containers 
were  presented.  The  calculate  transient  free  sunace  po¬ 
sitions  for  the  gradual  spin-up  case  were  compared  with 
corresponding  experimental  data,  and  found  to  be  in  reason¬ 
able  agreemenL  Discrepancies  between  the  numencal  and 
experimental  results  were  attributed  to  both  numencal  errors 
and  experimental  uncertainty.  Despite  these  discrepancies, 
however,  the  essential  behavior  of  the  fluid  appeared  to  be 
well  predicted  by  the  present  numerical  model. 

Work  is  in  progress  to  improve  both  the  numerical  and 
experimental  results  presented  in  this  paper.  Speciflcally. 
the  numerical  solution  procedure  is  being  developed  further 
so  that  accurate  solutions  can  be  obtained  on  flner  gnds.  Par¬ 
ticular  attention  is  being  focused  on  the  vectorizabon  of  the 
CSEP  algonthm.  Improvements  in  the  present  experimental 
facility  will  include  extending  the  accuracy  and  range  of  the 
photO(X}teniiometers.  and  installing  additional  instrumenta¬ 
tion  (such  as  pressure  transducers)  at  selected  positions  on 
the  spherical  container. 
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